
MODELING THE REDSHIFT AND  ENERGY 
DISTRIBUTION OF FAST RADIO BURSTS	�

操小凤 
 
湖北第二师范学院 



 主要内容	�

¨   FRBs 

¨ 数据 

¨  FRB模型限制 

•  恒星相关模型 

•  超导宇宙弦模型 

¨ 总结 



Thornton et al. 2013	�

�  Anomalously high dispersion 
measures (DM~500-1000)	�

1. Fast Radio Bursts	�



2. 数据	� Redshift and energy distributions of FRBs 3

Table 1 Observational data and inferred redshifts and energies

FRB DM (pc cm�3) Pulse width (ms) Fluence (Jyms) Redshift Energy (1040 erg) Reference

010125 790(3) 9.40+0.20
�0.20 2.82 0.65 1.22 Burke-Spolaor & Bannister (2014)

010621 745(10) 7 2.87 0.60 1.10 Keane et al. (2011)

010724 375 5 > 150.00 0.24 7.91 Lorimer et al. (2007)

090625 899.55(1) 1.92+0.83
�0.77 2.19+2.10

�1.12 0.75 1.24 Champion et al. (2016)

110220 944.38(5) 5.60+0.10
�0.10 7.28+0.13

�0.13 0.80 4.58 Thornton et al. (2013)

110626 723.0(3) 1.4 0.56 0.58 0.20 Thornton et al. (2013)

110703 1103.6(7) 4.3 2.15 0.95 2.00 Thornton et al. (2013)

120127 553.3(3) 1.1 0.55 0.42 0.10 Thornton et al. (2013)

121002 1629.18(2) 5.44+3.50
�1.20 2.34+4.46

�0.77 1.48 5.01 Champion et al. (2016)

130626 952.4(1) 1.98+1.20
�0.44 1.47+2.45

�0.50 0.81 0.94 Champion et al. (2016)

130628 469.88(1) 0.64+0.13
�0.13 1.22+0.47

�0.37 0.33 0.13 Champion et al. (2016)

130729 861(2) 15.61+9.98
�6.27 3.43+6.55

�1.81 0.72 1.77 Champion et al. (2016)

131104 779(1) 2.08 2.33 0.64 0.98 Ravi et al. (2015)

140514 562.7(6) 2.80+3.50
�0.70 1.32+2.34

�0.50 0.43 0.24 Petroff et al. (2015)

150418 776.2(5) 0.80+0.30
�0.30 1.76+1.32

�0.81 0.63 0.74 Keane et al. (2016)
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Fig. 1 The distribution of 15 Parkes FRBs in the z � E plane. The solid line represents the observational

energy threshold of the Parkes telescope corresponding to a minimum signal-to-noise ratio of nmin = 10.

by the Milky Way, the IGM, the host galaxy, and the FRB source itself. In view of the large uncertainty of

FRB origin, as usual we assume the DM-contribution from the FRB source to be insignificant, although such

an assumption may not be always correct (e.g. Yu 2014). The DMs in the Milky Way can be calculated from

the NE2001 model (Cordes & Lazio 2002) and here we take a typical value of DM
MW

= 60pc cm�3 for

directions away from the Galactic place (b > 5). For a host galaxy, a representative value of 100 pc cm�3

is used to give DM
host

(z) = 100/(1 + z)pc cm�3. Finally, the IGM contribution is calculated by

DMIGM(z) =

Z z

0

cne(z
0)

(1 + z0)2H(z0)
dz0, (1)

where n
e

(z) = 2.1 ⇥ 10�7(1 + z)3cm�3 is the number density of free electrons and H(z) = H
0

[(1 +

z)3⌦m,0 + ⌦
⇤,0]

1/2 with cosmological parameters as H
0

= 71 km s�1Mpc�1, ⌦m,0 = 0.27, and ⌦
⇤,0 =

0.73. The inferred redshifts of the Parkes FRBs are listed in Table 1. With these redshifts, we can estimate
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evidence. One existing useful constraint comes from the

observational event rate of FRBs, which is estimated to

be on the order of ∼ 104 sky−1 day−1. In addition to a

general calculation of the total event rate, Yu et al. (2014)

suggested using the number distribution of FRBs at dif-

ferent redshift to strengthen the observational constraint

on the models. As a first attempt, they investigated the

superconducting cosmic string burst model and success-

fully minimized the free space of the model parameters,

even though only a very small number of FRBs could

be used then. In the past several years, the number of

FRBs has continuously increased, which makes it pos-

sible to implement some more general statistical studies

(Bera et al. 2016; Caleb et al. 2016; Li et al. 2016; Katz

2016; Oppermann et al. 2016). In this paper, by consid-

ering that most FRB models are related to neutron star

systems, we relate the burst rates of FRBs with cosmic

star formation history by a coefficient which exhibits a

power-law function of redshift. Furthermore, we intro-

duce a power-law intrinsic energy function. Then, fol-

lowing Yu et al. (2014), we constrain the indices of these

power laws by simultaneously fitting the redshift and en-

ergy distributions of FRBs. The obtained results should

be satisfied and accounted for by any candidate model,

which is therefore beneficial for testing and distinguish-

ing different FRB models in future works.

2 OBSERVATIONAL DISTRIBUTIONS OF FRBS

Since the first discovery of FRB 010125 by Lorimer

et al. (2007) with Parkes, so far totally 17 FRBs have

been recorded, including two events, FRB 121102

and FRB 110523, detected by the Arecibo and Green

Bank Telescopes, respectively. In addition, observations

of FRB 121102 indicated there were 16 repeating

bursts, which was a surprise, making it completely

different from the other events (Spitler et al. 2016;

Scholz et al. 2016; Wang & Yu 2016; Li et al. 2016).

In the following statistics, we only take the 15 Parkes

FRBs (as listed in Table 1) into account, in order

to avoid complications due to different telescope

parameters. The data are taken from the website

http://www.astronomy.swin.edu.au/pulsar/frbcat/ (see

Petroff et al. 2016 and references therein).

Excluding FRB 150418, no independent redshift

measurement has been achieved for any other FRBs.

Therefore, as usual, we derive redshift z from the DMs

of the FRBs. In principle, the DM of an FRB can be con-

tributed by the Milky Way, the IGM, the host galaxy and

the FRB source itself. In view of the large uncertainty in

the origin of an FRB, we generally assume the DM con-

tribution from the FRB source is insignificant, although

such an assumption may not always be correct (e.g. Yu

2014). The DMs in the Milky Way can be calculated from

the NE2001 model (Cordes & Lazio 2002) and here we

take a typical value of DMMW = 60 pc cm−3 for direc-

tions away from the Galactic plane (b > 5◦). For a host

galaxy, a representative value of 100 pc cm−3 is used

to give DMhost(z) = 100/(1 + z) pc cm−3. Finally, the

IGM contribution is calculated by

DMIGM(z) =

∫ z

0

cne(z′)

(1 + z′)2H(z′)
dz′, (1)

where ne(z) = 2.1 × 10−7(1 + z)3 cm−3 is the number

density of free electrons and

H(z) = H0[(1 + z)3Ωm,0 + ΩΛ,0]
1/2

with cosmological parameters of

H0 = 71 km s−1 Mpc−1,

Ωm,0 = 0.27 and ΩΛ,0 = 0.73. The inferred redshifts

of the Parkes FRBs are listed in Table 1. With these red-

shifts, we can estimate the isotropic energy releases of

the FRBs by

E = 4πdc(z)2(1 + z)∆νSν∆tobsk(z), (2)

where dc(z) = c
∫ z
0 H(z′)−1dz′ is the comoving dis-

tance, ∆ν = 0.4 GHz is the frequency bandwidth of the

Parkes survey, and Sν and ∆tobs are the average flux den-

sity and the pulse width of the FRBs respectively. The

correction factor k converts the energy from the observa-

tional frequency band into a common emitting frequency

range of νa < ν < νb for all FRBs. By assuming a

power-law spectrum of Sν ∝ ν−β , the k−correction fac-

tor can be calculated by

k(z) = (1 + z)β−1(νb
1−β − νa

1−β)/(ν2
1−β − ν1

1−β).

Finally we plot the FRB distribution in the z − E plane

in Figure 1, where the k−correction is not included.

3 MODELING THE FRB DISTRIBUTIONS

3.1 FRB Event Rate Density

As the most straightforward consideration, the distribu-

tion of number of FRBs at a given redshift could reflect

the cosmic evolution of their event rate and also the num-

ber of their progenitors, which could provide an informa-

tive and stringent constraint on the candidate progenitor

models of FRBs. For example, Yu et al. (2014) tested the

superconducting cosmic string burst model by fitting the

redshift distribution of four FRBs. Here, we are mainly

concerned with the more traditional FRB models that are

4 Bera et al.

z)−1 dνsrc centred around the frequency νobs = (1+z)−1 νsrc
at the observer. The fluence Fνobs observed in this frequency
interval is

Fνobs =
dNphotonhpνobs

4πr2dνobs
. (4)

where r is the comoving distance corresponding to redshift
z. The usual unit of comoving distance is Mpc. Using eqs.
(3) and (4), we have

Fνobs =
Eφ(νobs(1 + z))

4πr2
. (5)

We now introduce the assumption that the observations
are being carried out using a telescope with an observational
frequency band from ν1 to ν2. In this context it is useful to
introduce the average line profile φ(z) defined as

φ(z) =
1

(1 + z)(ν2 − ν1)

∫ ν2(1+z)

ν1(1+z)

φ(ν) dν . (6)

Further, we also assume that the FRB is located at an angle
θ⃗ relative to the telescope’s beam center, and use B(θ⃗) to
denote the normalized beam pattern. The fluence that will
be observed by this telescope is given by

F =
Eφ(z)B(θ⃗)

4πr2
. (7)

2.1 Pulse Broadening

An electromagnetic pulse from cosmological distances gets
broadened by three factors - cosmic expansion, dispersion
and scattering, the later two due to propagation through the
ionized Inter Stellar Medium (ISM) and the Inter Galactic
Medium (IGM). The cosmic expansion simply broadens the
pulse by a factor of (1+ z). The observed pulse width w for
an extragalactic event with and intrinsic pulse width of wi

is given by

w =
√

w2
cos +w2

DM + w2
sc (8)

where wcos = (1 + z)wi, wDM and wsc are respectively the
contributions to the total pulse width from the cosmologi-
cally broadened intrinsic pulse width,the residual dispersion
across a single frequency channel and scattering in the in-
tervening medium.

The frequency dependent refractive index of the ion-
ized components of the ISM and IGM causes dispersion of a
pulse propagating through it. This dispersion, which has a
ν−2 dependence, spreads the observed pulse over a large time
interval across the entire observational frequency bandwidth
B. The signal is dedispersed by applying appropriate time
delays to synchronize the pulse at all the frequency chan-
nels across the band. However, it is not possible to correct
for the dispersion within a single frequency channel width
∆νc. This introduces a residual dispersion broadening wDM

which, under the assumption ∆νc/ν0 ≪ 1, can be calculated
using

wDM ≈ 8.3 × 106
DM ∆νc

ν3
0

ms (9)

where ν0 is the central frequency of the observation ex-
pressed in MHz and the dispersion measure (DM) is ex-
pressed in pc cm−3. Note that the fact that we are holding

the frequency in the denominator of eq.( 9) fixed at the value
ν0 instead varying it from channel to channel will introduce
a few per cent error in the case of broad band observations.

As mentioned earlier, the total line of sight DM has
roughly three contributions respectively originating from the
Milky Way (DMMW ), the Inter Galactic Medium (DMIGM )
and the host galaxy (DMHost) of the source, and we can
write

DM = DMMW +DMIGM +DMHost . (10)

We can estimate the electron density along different
lines of sight in the Milky Way by from the NE2001 model
(Cordes & Lazio 2002) and use this to calculate DMMW

along the line of sight to the FRB. We use DMMW =
60pc cm−3 as a representative value for directions away from
the Galactic plane (b > 5). For the host galaxy, we assume
that it is similar to the Milky Way with the difference that
we have no idea of the position of the FRB relative to the
disk of the host galaxy and we have to allow for the pos-
sibility that the FRB signal reaches us through the disk of
the host galaxy. We therefore expect that on the average the
FRB signal will traverse a larger distance through the ISM
of the host galaxy as compared to the distance it traverses
through the Milky Way, and we use a slightly larger value
DMHost = 100/(1+z) pc cm−3 for the host galaxy contribu-
tion. The (1 + z) factor here arises due to the cosmological
expansion. We estimate the IGM contribution using (Ioka
2003)

DMIGM (z) =
3cH0Ωb

8πGmP

∫ z

0

(1 + z′)dz′
√

Ωm(1 + z′)3 + ΩΛ

(11)

where mP is the proton mass and the other symbols have
the usual interpretation.

Multipath propagation through the ionized IGM and
the ISM of both the host galaxy and the Milky Way cause
scatter broadening wsc of the pulse. We expect this to pre-
dominantly arise from the IGM due to a geometrical effect
known as the lever-arm effect (Vandenberg 1976). The the-
ory of scatter broadening in the ionized IGM is not well un-
derstood at present, and we consider two scattering models
to calculate the pulse broadening.

(i) Scattering Model I is based on the empirical fit

log wsc = C0 + 0.15 log DMIGM

+ 1.1 (log DMIGM )2 − 3.9 log ν0
(12)

with C0 = −6.46 given by Bhat et al. (2004) for pulsars in
the ISM of our Galaxy. We have used C0 = 3.2 to rescale
this for scattering in the IGM. This value of C0 is based on
the assumption that the reference event FRB 110220 has an
intrinsic pulse width of wi = 1ms. Eq. (9) predicts wDM =
0.17ms for z = 0.8, and we have set the value of C0 so that
eq. (12) gives wsc = 5.3ms required to match the observed
pulse width w = 5.6ms (Table 1). Note that in eq.( 12), we
use ν0 in MHz, wsc in ms, DM in pc cm−3 and log denotes
log10.

(ii) Scattering Model II is based on the tempo-
ral smearing equation for IGM turbulence given by
Macquart & Koay (2013)

wsc(z) =
ksc

ν4ZL

∫ z

0

DH (z′)dz′
∫ z

0

(1 + z′)3DH(z′)dz′ (13)

MNRAS 000, 1–11 (2016)
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the isotropic energy releases of the FRBs by

E = 4⇡dc(z)
2(1 + z)�⌫S⌫�t

obs

k(z), (2)

where dc(z) = c
R z
0

H(z0)�1dz0 is the comoving distance, �⌫ = 0.4 GHz is the frequency bandwidth

of the Parkes survey, S⌫ and �t
obs

are the average flux density and the pulse width of the FRBs. The

correction factor k converts the energy from the observational frequency band into a common emitting

frequency range of ⌫a < ⌫ < ⌫b for all FRBs. By assuming a power law spectrum of S⌫ / ⌫�� , the

k�correction factor can be calculated by k(z) = (1 + z)��1(⌫b
1�� � ⌫a

1��)/(⌫
2

1�� � ⌫
1

1��). Finally

we plot the FRB distribution in the z � E plane in Figure 1, where the k�correction is not included.

3 MODELING THE FRB DISTRIBUTIONS

3.1 FRB event rate density

As the most straightforward consideration, the number distribution in redshift of FRBs could reflect the

cosmic evolution of their event rate and further of the number of their progenitors, which could provide

an informative and stringent constraint on the candidate progenitor models of FRBs. For example, Yu et al.

(2014) tested the superconducting cosmic string burst model by fitting the redshift distribution of four FRBs.

Here, we mainly concern the FRB models more traditional and usually related to neutron star systems. Thus

we assume that the burst rate density of FRBs at redshfit z is proportional to the star formation rate density

at the same redshift. Nevertheless, for a general consideration, the proportional coefficient between these

two rates is assumed to evolve with redshift as a power-law function as

Ṙ(z) / (1 + z)↵⇢̇⇤(z), (3)

where the index ↵ is a free parameter and the cosmic star formation history can be expressed by (Hopkins

& Beacom 2006)

⇢̇⇤(z) /

8
<

:
(1 + z)3.44, z < 0.97,

(1 + z)�0.26, 0.97  z < 4,
(4)

with ⇢̇⇤(0) = 0.02 M�yr
�1Mpc�3. Then the accumulated number of FRBs for redshifts < z can be given

by

Nobs

<z = T A
4⇡

Z z

z
min

Ṙ(z0)
dV (z0)

1 + z0
, (5)

where T is the duration of each pointing observation (Thornton et al. 2013), A is the sky area of the

survey, the factor (1 + z) represents the cosmological time dilation for an observed rate, and dV (z)/dz =

4⇡dc(z)
2c/H(z) is the comoving volume element. The minimum redshift for the above integration is set

at z = 0.05, which corresponds to a DM of 200pc cm�3 above which the current FRB searches are

implemented.

In figure 2, we confront the observational normalized redshift distribution with the theoretical curves

given by Equation (5) for varying ↵, which exhibits that a very strong evolution of �5 < ↵ < �9 is

required for the number decay at high redshifts. It is seemingly indicated that FRBs could mainly (even

only) happen at low redshifts of z < 1, which may somewhat reflect some intrinsic physical suppression

effects. Nevertheless, in any case, this decay/evolution must also be, at least partially, caused by a telescope

selection due to a flux threshold, which is however neglected in Equation (5).
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Fig. 2 Fittings to the normalized accumulated distribution of redshifts of FRBs (solid histograms) with

Equation (5) for ↵ = �5, �7, �9 from bottom to top (dashed lines), respectively, where the observational

threshold is not taken into account.

3.2 Telescope threshold

An FRB can be detected by a radio telescope when the signal-to-noise ratio is higher than a threshold

number. The signal-to-noise ratio can be defined by dividing the average flux density S⌫ of the signal to

the r.m.s flux density fluctuation �S due to the telescope’s system noise. The system noise can be given by

�S = T
sys

/(G
p
�⌫�t

obs

N
pol

), where T
sys

, G, and N
pol

are the system temperature, the antenna gain

of primary beam, and the number of polarizations, respectively (Bera et al. 2016; Caleb et al. 2016). The

observational integration time �t
obs

can be taken as the pulse width of the FRB. For a fiducial value of

�t
obs

= 1 ms, we have [�S]
1ms

= 0.05 Jy. Then, the observational energy threshold for FRBs can be

estimated by

E
th

(z) = 4⇡dc(z)
2(1 + z)�⌫n

min

�S�t
obs

k(z), (6)

where n
min

is the characteristic minimum signal-to-noise ratio below which the identification opportunity

of an FRB signal decreases drastically.

Due to the system noise �S / �t
�1/2
obs

, the energy threshold is dependent on pulse width as E
th

/

�t
1/2
obs

. Thus, it is necessary to clarify the redshift-dependence of pulse width for determining the threshold.

For an FRB with an intrinsic pulse width �t
burst

located at redshift z, its observed duration is influenced

and determined by the cosmic expansion of the time, the residual dispersion, and the scattering in the

intervening medium, i.e.,

�t
obs

(z) =
q
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burst

(1 + z)2 +�t2
DM

+�t2
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. (7)

Specifically, for a telescope with central frequency ⌫
0

and single frequency channel width �⌫c, the residual

dispersion broadening across the single frequency channel can be approximately given by �t
DM
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8.3 ⇥ 106DM(z)�⌫c/⌫
3

0

ms for �⌫c/⌫0 ⌧ 1. For the Parkes, ⌫
0

= 1382 MHz and �⌫c = 390 kHz.

The theory of scattering broadening in the ionized IGM is unclear. Here we adopt the temporal smearing

equation for IGM turbulence from Macquart & Koay (2013) as
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Fig. 2 Fittings to the normalized accumulated distribution of redshifts of FRBs (solid histograms) with
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threshold is not taken into account.

3.2 Telescope threshold

An FRB can be detected by a radio telescope when the signal-to-noise ratio is higher than a threshold

number. The signal-to-noise ratio can be defined by dividing the average flux density S⌫ of the signal to

the r.m.s flux density fluctuation �S due to the telescope’s system noise. The system noise can be given by

�S = T
sys

/(G
p
�⌫�t

obs

N
pol

), where T
sys

, G, and N
pol

are the system temperature, the antenna gain

of primary beam, and the number of polarizations, respectively (Bera et al. 2016; Caleb et al. 2016). The

observational integration time �t
obs

can be taken as the pulse width of the FRB. For a fiducial value of

�t
obs

= 1 ms, we have [�S]
1ms

= 0.05 Jy. Then, the observational energy threshold for FRBs can be

estimated by

E
th

(z) = 4⇡dc(z)
2(1 + z)�⌫n

min

�S�t
obs

k(z), (6)

where n
min

is the characteristic minimum signal-to-noise ratio below which the identification opportunity

of an FRB signal decreases drastically.

Due to the system noise �S / �t
�1/2
obs

, the energy threshold is dependent on pulse width as E
th

/

�t
1/2
obs

. Thus, it is necessary to clarify the redshift-dependence of pulse width for determining the threshold.

For an FRB with an intrinsic pulse width �t
burst

located at redshift z, its observed duration is influenced

and determined by the cosmic expansion of the time, the residual dispersion, and the scattering in the

intervening medium, i.e.,

�t
obs

(z) =
q
�t2

burst

(1 + z)2 +�t2
DM

+�t2
scat

. (7)

Specifically, for a telescope with central frequency ⌫
0

and single frequency channel width �⌫c, the residual

dispersion broadening across the single frequency channel can be approximately given by �t
DM

(z) ⇡

8.3 ⇥ 106DM(z)�⌫c/⌫
3

0

ms for �⌫c/⌫0 ⌧ 1. For the Parkes, ⌫
0

= 1382 MHz and �⌫c = 390 kHz.

The theory of scattering broadening in the ionized IGM is unclear. Here we adopt the temporal smearing

equation for IGM turbulence from Macquart & Koay (2013) as

�t
scat

(z) =
k
scat

h
1�

p
z/(1 + z)

i

⌫4
0

(1 + z)

Z z

0

H
0

H(z0)
dz0

Z z

0

H
0

(1 + z0)3

H(z0)
dz0, (8)

散射模型 

0.2 0.4 0.6 0.8 1.0 1.2 1.41038

1039

1040

1041

1042

Redshift

En
er
gy
Herg
L



3. FRB模型限制	�

6 X. F. Cao, F. Xiao, & M. Xiao

0.0 0.5 1.0 1.5
0.0

0.2

0.4

0.6

0.8

1.0

Redshift

N
o
rm

a
li

z
e
d

A
c
c
u

m
u
la

te
d

N
u

m
b
e
r

39.5 40.0 40.5 41.0 41.5 42.0
0.0

0.2

0.4

0.6

0.8

1.0

log10!Energy"erg#

N
o
rm

al
iz

ed
A

cc
u

m
u
la

te
d

N
u

m
b

er

Fig. 3 Example fittings to the normalized accumulated distributions of redshifts and energies of FRBs for

↵ = �5 (dashed line) and ↵ = 0 (dotted line) and a spectral index � = �2. The value of � is taken

according to Equation (11).

where the normalization coefficient k
scat

= 4.2 ⇥ 1013 ms MHz4 and a corresponding fiducial intrinsic

width of �t
burst

= 1.3 ms are both obtained by fitting the distribution of the pulse widths of all FRBs.

Finally, by substituting Equation (7) into (6), we can get the energy threshold of the Parkes telescope

survey as a function of redshift. This threshold is presented by the solid line in Figure 1, where the uncer-

tain k�correction is not taken into account. As shown, such a threshold is well consistent with the data

distribution.

3.3 Confronting with observation

By considering of the telescope selection by the energy threshold of E
th

, the calculation of accumulated

FRB numbers for redshift range < z can be changed to

Nobs

<z = T A
4⇡

Z z

z
min

Z E
max

E
th

(z)
�(E)Ṙ(z0)dE

dV (z0)

1 + z0
, (9)

where E
max

= 1042 erg is taken and an energy function �(E) is introduced to describe the intrinsic

energy distribution of FRBs, which is assumed to have a power law form as �(E) / E�� . Meanwhile, the

accumulated number for energy range < E is given by

Nobs

<E = T A
4⇡

Z E

E
min

Z z
max

z
min

�(E)Ṙ(z0)
dV (z0)

1 + z0
dE, (10)

where the minimum energy is taken as E
th

(0.05). The maximum redshift z
max

is determined by

max(z
th

, 1.9), where the value of z
th

is solved from the equation E = E
th

(z
th

) and the value of 1.9

corresponds to the maximum DM= 2000pc cm�3 below which the FRB searches were implemented.

Using Equations (9) and (10) we can fit the accumulated number distributions of FRBs in both redshift

and energy. However, due to the simplicity of the model and the deficiency of the data, it is not easy even

impossible to obtain a very precise fitting to the observational distributions. By using �2�test, we find a

rough empirical relationship among the model parameters ↵, �, and � as

� ⇠ (0.150� 0.017� + 0.001�2)↵+ (2.117 + 0.193� + 0.017�2), (11)

with which some relatively good fitting to the observations can be found. Some plausible examples are

presented in Figures 3, 4, and 5 for spectral indices of � = �2, 0, and 2, respectively. By comparing with
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Fig. 3 Example fittings to the normalized accumulated distributions of redshifts and energies of FRBs for

↵ = �5 (dashed line) and ↵ = 0 (dotted line) and a spectral index � = �2. The value of � is taken

according to Equation (11).
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where E
max

= 1042 erg is taken and an energy function �(E) is introduced to describe the intrinsic

energy distribution of FRBs, which is assumed to have a power law form as �(E) / E�� . Meanwhile, the

accumulated number for energy range < E is given by
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where the minimum energy is taken as E
th

(0.05). The maximum redshift z
max

is determined by

max(z
th

, 1.9), where the value of z
th

is solved from the equation E = E
th

(z
th

) and the value of 1.9

corresponds to the maximum DM= 2000pc cm�3 below which the FRB searches were implemented.

Using Equations (9) and (10) we can fit the accumulated number distributions of FRBs in both redshift

and energy. However, due to the simplicity of the model and the deficiency of the data, it is not easy even

impossible to obtain a very precise fitting to the observational distributions. By using �2�test, we find a

rough empirical relationship among the model parameters ↵, �, and � as

� ⇠ (0.150� 0.017� + 0.001�2)↵+ (2.117 + 0.193� + 0.017�2), (11)

with which some relatively good fitting to the observations can be found. Some plausible examples are

presented in Figures 3, 4, and 5 for spectral indices of � = �2, 0, and 2, respectively. By comparing with
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the isotropic energy releases of the FRBs by

E = 4⇡dc(z)
2(1 + z)�⌫S⌫�t

obs

k(z), (2)

where dc(z) = c
R z
0

H(z0)�1dz0 is the comoving distance, �⌫ = 0.4 GHz is the frequency bandwidth

of the Parkes survey, S⌫ and �t
obs

are the average flux density and the pulse width of the FRBs. The

correction factor k converts the energy from the observational frequency band into a common emitting

frequency range of ⌫a < ⌫ < ⌫b for all FRBs. By assuming a power law spectrum of S⌫ / ⌫�� , the

k�correction factor can be calculated by k(z) = (1 + z)��1(⌫b
1�� � ⌫a

1��)/(⌫
2

1�� � ⌫
1

1��). Finally

we plot the FRB distribution in the z � E plane in Figure 1, where the k�correction is not included.

3 MODELING THE FRB DISTRIBUTIONS

3.1 FRB event rate density

As the most straightforward consideration, the number distribution in redshift of FRBs could reflect the

cosmic evolution of their event rate and further of the number of their progenitors, which could provide

an informative and stringent constraint on the candidate progenitor models of FRBs. For example, Yu et al.

(2014) tested the superconducting cosmic string burst model by fitting the redshift distribution of four FRBs.

Here, we mainly concern the FRB models more traditional and usually related to neutron star systems. Thus

we assume that the burst rate density of FRBs at redshfit z is proportional to the star formation rate density

at the same redshift. Nevertheless, for a general consideration, the proportional coefficient between these

two rates is assumed to evolve with redshift as a power-law function as

Ṙ(z) / (1 + z)↵⇢̇⇤(z), (3)

where the index ↵ is a free parameter and the cosmic star formation history can be expressed by (Hopkins

& Beacom 2006)

⇢̇⇤(z) /

8
<

:
(1 + z)3.44, z < 0.97,

(1 + z)�0.26, 0.97  z < 4,
(4)

with ⇢̇⇤(0) = 0.02 M�yr
�1Mpc�3. Then the accumulated number of FRBs for redshifts < z can be given

by

Nobs

<z = T A
4⇡

Z z

z
min

Ṙ(z0)
dV (z0)

1 + z0
, (5)

where T is the duration of each pointing observation (Thornton et al. 2013), A is the sky area of the

survey, the factor (1 + z) represents the cosmological time dilation for an observed rate, and dV (z)/dz =

4⇡dc(z)
2c/H(z) is the comoving volume element. The minimum redshift for the above integration is set

at z = 0.05, which corresponds to a DM of 200pc cm�3 above which the current FRB searches are

implemented.

In figure 2, we confront the observational normalized redshift distribution with the theoretical curves

given by Equation (5) for varying ↵, which exhibits that a very strong evolution of �5 < ↵ < �9 is

required for the number decay at high redshifts. It is seemingly indicated that FRBs could mainly (even

only) happen at low redshifts of z < 1, which may somewhat reflect some intrinsic physical suppression

effects. Nevertheless, in any case, this decay/evolution must also be, at least partially, caused by a telescope

selection due to a flux threshold, which is however neglected in Equation (5).
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Fig. 3 Example fittings to the normalized accumulated distributions of redshifts and energies of FRBs for

↵ = �5 (dashed line) and ↵ = 0 (dotted line) and a spectral index � = �2. The value of � is taken

according to Equation (11).

where the normalization coefficient k
scat

= 4.2 ⇥ 1013 ms MHz4 and a corresponding fiducial intrinsic

width of �t
burst

= 1.3 ms are both obtained by fitting the distribution of the pulse widths of all FRBs.

Finally, by substituting Equation (7) into (6), we can get the energy threshold of the Parkes telescope

survey as a function of redshift. This threshold is presented by the solid line in Figure 1, where the uncer-

tain k�correction is not taken into account. As shown, such a threshold is well consistent with the data

distribution.
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Fig. 3 Example fittings to the normalized cumulative distributions of redshifts and energies of FRBs for α = −5 (dashed line) and
α = 0 (dotted line) and a spectral index β = −2. The value of γ is taken according to Eq. (11).
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Fig. 4 The same as Fig. 3 but for β = 0.
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Fig. 5 The same as Fig. 3 but for β = 2.

where the normalization coefficient

kscat = 4.2 × 1013 ms MHz4

and a corresponding fiducial intrinsic width of

∆tburst = 1.3 ms

are both obtained by fitting the distribution of the pulse

widths of all FRBs. However, the contribution to the

scattering broadening from the host galaxy medium is

ignored arbitrarily, even though this contribution could

sometimes be dominant (Xu & Zhang 2016).
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where the normalization coefficient

kscat = 4.2 × 1013 ms MHz4

and a corresponding fiducial intrinsic width of

∆tburst = 1.3 ms

are both obtained by fitting the distribution of the pulse

widths of all FRBs. However, the contribution to the

scattering broadening from the host galaxy medium is

ignored arbitrarily, even though this contribution could

sometimes be dominant (Xu & Zhang 2016).
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Finally, by substituting Equation (7) into (6), we can

get the energy threshold of the Parkes telescope survey

as a function of redshift. This threshold is represented

by the solid line in Figure 1, in which the uncertain

k−correction is not taken into account. As shown, such a

threshold is very consistent with the distribution of data.

3.3 Confronting with Observations

By considering telescope selection by the energy thresh-

old Eth, the calculation of cumulative numbers of FRBs

in redshift range < z can be changed to

Nobs
<z = T

A

4π

∫ z

zmin

∫ Emax

Eth(z)
Φ(E)Ṙ(z′)dE

dV (z′)

1 + z′
, (9)

where Emax = 1042 erg is taken and an energy function

Φ(E) is introduced to describe the intrinsic energy dis-

tribution of FRBs, which is assumed to have a power-law

form of Φ(E) ∝ E−γ . Here the energy function is taken

to be constant and its possible redshift dependence has

been included in the coefficient (1 + z)α. Moreover, the

cumulative number for energy range < E is given by

Nobs
<E = T

A

4π

∫ E

Emin

∫ zmax

zmin

Φ(E)Ṙ(z′)
dV (z′)

1 + z′
dE, (10)

where the minimum energy is taken as Eth(0.05). The

maximum redshift zmax is determined by max(zth, 1.9),
where the value of zth is solved from the equation E =
Eth(zth) and the value of 1.9 corresponds to the max-

imum DM= 2000 pc cm−3 below which FRB searches

are conducted.

Using Equations (9) and (10) we can fit the cumu-

lative distributions of number of FRBs in both redshift

and energy. However, due to the simplicity of the model

and lack of data, it is not easy, or even possible, to ob-

tain a very precise fitting to the observed distributions.

By using a χ2 test, we find a rough empirical relation-

ship among the model parameters α, β and γ of

γ ∼(0.150 − 0.017β + 0.001β2)α

+ (2.117 + 0.193β + 0.017β2),
(11)

with which some relatively good fittings to the observa-

tions can be found. Some plausible examples are pre-

sented in Figures 3, 4 and 5 for spectral indices β = −2,

0 and 2, respectively. By comparing with Figure 2, the

evolution effect could be significantly suppressed and

even the non-evolving case can also not be ruled out.

Nevertheless, the model parameters are still highly de-

generate.

4 SUMMARY AND DISCUSSIONS

By introducing a power-law energy function and assum-

ing that the burst rates of FRBs track cosmic star forma-

tion history by a redshift-dependent coefficient, we try to

fit the redshift and energy distributions of FRBs, where

the selection effect due to the telescope threshold and the

spectral correction to the observed fluxes are taken into

account. As a result, we obtain some plausible fittings

with an empirical relationship among the three power-

law indices. This indicates that the simple power-law em-

pirical expressions for the burst rates and energy func-

tion are workable and effective, just as are some analog-

ical studies of gamma-ray bursts (e.g., Cao et al. 2011;

Yu et al. 2012). The obtained values of the power-law

indices can provide some independent and useful con-

straints on the candidate models of FRBs. For example,

if the case of α = 0 can be finally confirmed by future

observations, it would be indicative that the phenomena

associated with FRBs are probably due to the death of

some peculiar main-sequence stars. In this case, a model

relying on collapses of newly-born neutron stars could be

favored.
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3.2 例如：超导宇宙弦模型	�

Chudnovsky et al. 1986	�

2

and c is the speed of light. The frequency of the radiation can
be given by

⌫ ⇠ 1
�te
⇠ �

3c
L
. (1)

The relativistic beaming e↵ect lead the radiation to be beamed
within a small cone of solid angle ⌦ = 2⇡(1 � cos ✓) ⇠ ⇡✓2,
where the half opening angle is determined by ✓ ⇠ ��1. Then,
the energy released into unit frequency band and unit solid
angle can be estimated to (Cai et al 2012)

d2E
d⌫d⌦

⇠ kemI2L2

c3 , (2)

where the numerical coe�cient kem ⇠ 10 and I is the elec-
tric current in the SCS loop in the comoving frame. For an
observer at a specific direction, a specific frequency ⌫ would
be detected and an isotropically-equivalent energy would be
derived by (Yu et al. 2014)

Eiso ⇠ 4⇡⌫
d2E

d⌫d⌦
. (3)

Meanwhile, the energy spectrum of the radiation can be given
by

E⌫ =
dE
d⌫
/ ⌫�2/3, (4)

where the relationship ✓ ⇠ ��1 ⇠ (⌫L/c)�1/3 is used. The
maximum values of the Lorentz factor and thus of the ra-
diation frequency can be written as �max = µ1/2c2/I and
⌫max ⇠ �3

maxc/L ⇠ µ3/2c7/(I3L), where µ is the string tension
(i.e., mass per unit length of the string).

From Eqs. (1�3), we can express the length of SCS loops
that produced FRBs by observational quantities of FRBs as
follows:

L ⇠
 

c3Eiso

4⇡kemI2⌫o fz

!1/2

, (5)

where the current I is taken as a constant and ⌫o = ⌫/ fz is
the observational frequency. Alternatively, by taking a cosmic
evolving current as usual as I ⇠ (e2/~)BL with B = B0 f 2

z , the
loop length reads

L ⇠
0
BBBB@

~2c3Eiso

4⇡e4kemB2
0⌫o f 5

z

1
CCCCA

1/4

, (6)

where e is the electron charge, ~ is the reduced Planck con-
stant, and B0 is the present strength of cosmic magnetic fields.
Then the angle of view can be written as

✓ ⇠
 

4⇡kemI2

cEiso⌫o fz

!1/6

, (7)

for a constant current and

✓ ⇠
0
BBBB@

4⇡ce4kemB2
0 fz

~2Eiso⌫3o

1
CCCCA

1/12

, (8)

for an evolving current.
For a SCS loop that formed at cosmological time ti with an

initial length Li, it can shrink due to electromagnetic radia-
tion with a power of Pem = kemIµ1/2c and due to gravitational
radiation with a power of Pgw = kgwGµ2c, where the coe�-
cient kgw = 50 and G is the gravitational constant. Following
Vachaspati (2008), the initial length of a SCS loop of length
L at redshift z can be calculated by Li ⇠ L[1 + (t � ti)/⌧],
where ⌧ = µLc2/(Pem + Pgw) is the shrinking timescale of the
loop, t ⇡ (1/H0) f �3/2

z is the cosmological time at which the
observed SCS burst is radiated, H0 is the Hubble constant, and
fz ⌘ (1+z). The formation time of the loop is considered to be
much earlier than the radiation time, i.e., ti ⌧ t. Furthermore,
since it is usually obtained that L ⌧ Li, we can approximate
Li ⇠ Lt/⌧ ⇠ kgwGµt/c, where the second equality is obtained
for Pew ⌧ Pgw (Yu et al. 2014).

B. Event rate and number of SCS bursts

Using the initial lengths of SCS loops, the di↵erential num-
ber density of the loops at radiation time t can be expressed as
dn/dLi ⇠

h
L5/2

i (ct)3/2
i�1

and (Lict)�2 in the cases of that the
loops are formed in the radiation-dominated era and matter-
dominated era, respectively (Cai et al. 2012a,b). Since FRBs
were only observed at relatively small redshifts, the corre-
sponding number density of loops should be considered in the
matter-dominated era, which can be expressed as (Cai et al.
2012a,b)

dn(z)
dLi

⇠
0
BBBB@1 +

r
cteq

Li

1
CCCCA

1
L2

i (ct)2

⇠
r

cteq

Li

1
L2

i (ct)2
/ t�9/2, (9)

where teq ⇠ 2 ⇥ 1012 s is the time of radiation-matter equality
and the second equality is derived by assuming Li ⌧ cteq that
is usually satisfied by the loops responsible for FRBs (Yu et
al. 2014).

The event rate density of SCS bursts at redshift z within the
energy range of Eiso and Eiso + dEiso can be calculated by

dṄ(z, Eiso) =
✓2

4Posc

dn(z)
dL

dL
dEiso

dEisodVp(z) (10)

where dVp(z) ⇡ 54⇡(c/H0)3 f �11/2
z ( fz�1)2dz is the proper cos-

mic volume. On one hand, for a certain redshift fixing the time
interval, we adopt dn(z)/dL ⇡ (Li/L)dn(z)/dLi. On the other
hand, we can derive the expression of dL/dEiso from Eq. (5)
or (6). Consequently, we can get

dṄ
dEisodVp(z)

⇠ 1.1 ⇥ 10�36I5/3
16 µ

�3/2
17 ⌫

1/6
o,9

E�11/6
iso,40 f 65/12

z erg�1Gpc�3yr�1 (11)

and

dṄ
dEisodVp(z)

⇠ 1.4 ⇥ 10�36B5/6
0,�6µ

�3/2
17 ⌫

�1/4
o,9

ü 辐射谱形 
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evidence. One existing useful constraint comes from the

observational event rate of FRBs, which is estimated to

be on the order of ∼ 104 sky−1 day−1. In addition to a

general calculation of the total event rate, Yu et al. (2014)

suggested using the number distribution of FRBs at dif-

ferent redshift to strengthen the observational constraint

on the models. As a first attempt, they investigated the

superconducting cosmic string burst model and success-

fully minimized the free space of the model parameters,

even though only a very small number of FRBs could

be used then. In the past several years, the number of

FRBs has continuously increased, which makes it pos-

sible to implement some more general statistical studies

(Bera et al. 2016; Caleb et al. 2016; Li et al. 2016; Katz

2016; Oppermann et al. 2016). In this paper, by consid-

ering that most FRB models are related to neutron star

systems, we relate the burst rates of FRBs with cosmic

star formation history by a coefficient which exhibits a

power-law function of redshift. Furthermore, we intro-

duce a power-law intrinsic energy function. Then, fol-

lowing Yu et al. (2014), we constrain the indices of these

power laws by simultaneously fitting the redshift and en-

ergy distributions of FRBs. The obtained results should

be satisfied and accounted for by any candidate model,

which is therefore beneficial for testing and distinguish-

ing different FRB models in future works.

2 OBSERVATIONAL DISTRIBUTIONS OF FRBS

Since the first discovery of FRB 010125 by Lorimer

et al. (2007) with Parkes, so far totally 17 FRBs have

been recorded, including two events, FRB 121102

and FRB 110523, detected by the Arecibo and Green

Bank Telescopes, respectively. In addition, observations

of FRB 121102 indicated there were 16 repeating

bursts, which was a surprise, making it completely

different from the other events (Spitler et al. 2016;

Scholz et al. 2016; Wang & Yu 2016; Li et al. 2016).

In the following statistics, we only take the 15 Parkes

FRBs (as listed in Table 1) into account, in order

to avoid complications due to different telescope

parameters. The data are taken from the website

http://www.astronomy.swin.edu.au/pulsar/frbcat/ (see

Petroff et al. 2016 and references therein).

Excluding FRB 150418, no independent redshift

measurement has been achieved for any other FRBs.

Therefore, as usual, we derive redshift z from the DMs

of the FRBs. In principle, the DM of an FRB can be con-

tributed by the Milky Way, the IGM, the host galaxy and

the FRB source itself. In view of the large uncertainty in

the origin of an FRB, we generally assume the DM con-

tribution from the FRB source is insignificant, although

such an assumption may not always be correct (e.g. Yu

2014). The DMs in the Milky Way can be calculated from

the NE2001 model (Cordes & Lazio 2002) and here we

take a typical value of DMMW = 60 pc cm−3 for direc-

tions away from the Galactic plane (b > 5◦). For a host

galaxy, a representative value of 100 pc cm−3 is used

to give DMhost(z) = 100/(1 + z) pc cm−3. Finally, the

IGM contribution is calculated by

DMIGM(z) =

∫ z

0

cne(z′)

(1 + z′)2H(z′)
dz′, (1)

where ne(z) = 2.1 × 10−7(1 + z)3 cm−3 is the number

density of free electrons and

H(z) = H0[(1 + z)3Ωm,0 + ΩΛ,0]
1/2

with cosmological parameters of

H0 = 71 km s−1 Mpc−1,

Ωm,0 = 0.27 and ΩΛ,0 = 0.73. The inferred redshifts

of the Parkes FRBs are listed in Table 1. With these red-

shifts, we can estimate the isotropic energy releases of

the FRBs by

E = 4πdc(z)2(1 + z)∆νSν∆tobsk(z), (2)

where dc(z) = c
∫ z
0 H(z′)−1dz′ is the comoving dis-

tance, ∆ν = 0.4 GHz is the frequency bandwidth of the

Parkes survey, and Sν and ∆tobs are the average flux den-

sity and the pulse width of the FRBs respectively. The

correction factor k converts the energy from the observa-

tional frequency band into a common emitting frequency

range of νa < ν < νb for all FRBs. By assuming a

power-law spectrum of Sν ∝ ν−β , the k−correction fac-

tor can be calculated by

k(z) = (1 + z)β−1(νb
1−β − νa

1−β)/(ν2
1−β − ν1

1−β).

Finally we plot the FRB distribution in the z − E plane

in Figure 1, where the k−correction is not included.

3 MODELING THE FRB DISTRIBUTIONS

3.1 FRB Event Rate Density

As the most straightforward consideration, the distribu-

tion of number of FRBs at a given redshift could reflect

the cosmic evolution of their event rate and also the num-

ber of their progenitors, which could provide an informa-

tive and stringent constraint on the candidate progenitor

models of FRBs. For example, Yu et al. (2014) tested the

superconducting cosmic string burst model by fitting the

redshift distribution of four FRBs. Here, we are mainly

concerned with the more traditional FRB models that are

2

and c is the speed of light. The frequency of the radiation can
be given by

⌫ ⇠ 1
�te
⇠ �

3c
L
. (1)

The relativistic beaming e↵ect lead the radiation to be beamed
within a small cone of solid angle ⌦ = 2⇡(1 � cos ✓) ⇠ ⇡✓2,
where the half opening angle is determined by ✓ ⇠ ��1. Then,
the energy released into unit frequency band and unit solid
angle can be estimated to (Cai et al 2012)

d2E
d⌫d⌦

⇠ kemI2L2

c3 , (2)

where the numerical coe�cient kem ⇠ 10 and I is the elec-
tric current in the SCS loop in the comoving frame. For an
observer at a specific direction, a specific frequency ⌫ would
be detected and an isotropically-equivalent energy would be
derived by (Yu et al. 2014)

Eiso ⇠ 4⇡⌫
d2E

d⌫d⌦
. (3)

Meanwhile, the energy spectrum of the radiation can be given
by

E⌫ =
dE
d⌫
/ ⌫�2/3, (4)

where the relationship ✓ ⇠ ��1 ⇠ (⌫L/c)�1/3 is used. The
maximum values of the Lorentz factor and thus of the ra-
diation frequency can be written as �max = µ1/2c2/I and
⌫max ⇠ �3

maxc/L ⇠ µ3/2c7/(I3L), where µ is the string tension
(i.e., mass per unit length of the string).

From Eqs. (1�3), we can express the length of SCS loops
that produced FRBs by observational quantities of FRBs as
follows:

L ⇠
 

c3Eiso

4⇡kemI2⌫o fz

!1/2

, (5)

where the current I is taken as a constant and ⌫o = ⌫/ fz is
the observational frequency. Alternatively, by taking a cosmic
evolving current as usual as I ⇠ (e2/~)BL with B = B0 f 2

z , the
loop length reads

L ⇠
0
BBBB@

~2c3Eiso

4⇡e4kemB2
0⌫o f 5

z

1
CCCCA

1/4

, (6)

where e is the electron charge, ~ is the reduced Planck con-
stant, and B0 is the present strength of cosmic magnetic fields.
Then the angle of view can be written as

✓ ⇠
 

4⇡kemI2

cEiso⌫o fz

!1/6

, (7)

for a constant current and

✓ ⇠
0
BBBB@

4⇡ce4kemB2
0 fz

~2Eiso⌫3o

1
CCCCA

1/12

, (8)

for an evolving current.
For a SCS loop that formed at cosmological time ti with an

initial length Li, it can shrink due to electromagnetic radia-
tion with a power of Pem = kemIµ1/2c and due to gravitational
radiation with a power of Pgw = kgwGµ2c, where the coe�-
cient kgw = 50 and G is the gravitational constant. Following
Vachaspati (2008), the initial length of a SCS loop of length
L at redshift z can be calculated by Li ⇠ L[1 + (t � ti)/⌧],
where ⌧ = µLc2/(Pem + Pgw) is the shrinking timescale of the
loop, t ⇡ (1/H0) f �3/2

z is the cosmological time at which the
observed SCS burst is radiated, H0 is the Hubble constant, and
fz ⌘ (1+z). The formation time of the loop is considered to be
much earlier than the radiation time, i.e., ti ⌧ t. Furthermore,
since it is usually obtained that L ⌧ Li, we can approximate
Li ⇠ Lt/⌧ ⇠ kgwGµt/c, where the second equality is obtained
for Pew ⌧ Pgw (Yu et al. 2014).

B. Event rate and number of SCS bursts

Using the initial lengths of SCS loops, the di↵erential num-
ber density of the loops at radiation time t can be expressed as
dn/dLi ⇠

h
L5/2

i (ct)3/2
i�1

and (Lict)�2 in the cases of that the
loops are formed in the radiation-dominated era and matter-
dominated era, respectively (Cai et al. 2012a,b). Since FRBs
were only observed at relatively small redshifts, the corre-
sponding number density of loops should be considered in the
matter-dominated era, which can be expressed as (Cai et al.
2012a,b)

dn(z)
dLi

⇠
0
BBBB@1 +

r
cteq

Li

1
CCCCA

1
L2

i (ct)2

⇠
r

cteq

Li

1
L2

i (ct)2
/ t�9/2, (9)

where teq ⇠ 2 ⇥ 1012 s is the time of radiation-matter equality
and the second equality is derived by assuming Li ⌧ cteq that
is usually satisfied by the loops responsible for FRBs (Yu et
al. 2014).

The event rate density of SCS bursts at redshift z within the
energy range of Eiso and Eiso + dEiso can be calculated by

dṄ(z, Eiso) =
✓2

4Posc

dn(z)
dL

dL
dEiso

dEisodVp(z) (10)

where dVp(z) ⇡ 54⇡(c/H0)3 f �11/2
z ( fz�1)2dz is the proper cos-

mic volume. On one hand, for a certain redshift fixing the time
interval, we adopt dn(z)/dL ⇡ (Li/L)dn(z)/dLi. On the other
hand, we can derive the expression of dL/dEiso from Eq. (5)
or (6). Consequently, we can get

dṄ
dEisodVp(z)

⇠ 1.1 ⇥ 10�36I5/3
16 µ

�3/2
17 ⌫

1/6
o,9

E�11/6
iso,40 f 65/12

z erg�1Gpc�3yr�1 (11)

and

dṄ
dEisodVp(z)

⇠ 1.4 ⇥ 10�36B5/6
0,�6µ

�3/2
17 ⌫

�1/4
o,9
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since it is usually obtained that L ⌧ Li, we can approximate
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since it is usually obtained that L ⌧ Li, we can approximate
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dṄ
dEisodVp(z)

⇠ 1.1 ⇥ 10�36I5/3
16 µ

�3/2
17 ⌫

1/6
o,9

E�11/6
iso,40 f 65/12

z erg�1Gpc�3yr�1 (11)

and

dṄ
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and c is the speed of light. The frequency of the radiation can
be given by
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L
. (1)

The relativistic beaming e↵ect lead the radiation to be beamed
within a small cone of solid angle ⌦ = 2⇡(1 � cos ✓) ⇠ ⇡✓2,
where the half opening angle is determined by ✓ ⇠ ��1. Then,
the energy released into unit frequency band and unit solid
angle can be estimated to (Cai et al 2012)

d2E
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⇠ kemI2L2

c3 , (2)

where the numerical coe�cient kem ⇠ 10 and I is the elec-
tric current in the SCS loop in the comoving frame. For an
observer at a specific direction, a specific frequency ⌫ would
be detected and an isotropically-equivalent energy would be
derived by (Yu et al. 2014)
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d2E
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. (3)

Meanwhile, the energy spectrum of the radiation can be given
by
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where the relationship ✓ ⇠ ��1 ⇠ (⌫L/c)�1/3 is used. The
maximum values of the Lorentz factor and thus of the ra-
diation frequency can be written as �max = µ1/2c2/I and
⌫max ⇠ �3

maxc/L ⇠ µ3/2c7/(I3L), where µ is the string tension
(i.e., mass per unit length of the string).

From Eqs. (1�3), we can express the length of SCS loops
that produced FRBs by observational quantities of FRBs as
follows:
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where the current I is taken as a constant and ⌫o = ⌫/ fz is
the observational frequency. Alternatively, by taking a cosmic
evolving current as usual as I ⇠ (e2/~)BL with B = B0 f 2
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where e is the electron charge, ~ is the reduced Planck con-
stant, and B0 is the present strength of cosmic magnetic fields.
Then the angle of view can be written as
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for an evolving current.
For a SCS loop that formed at cosmological time ti with an

initial length Li, it can shrink due to electromagnetic radia-
tion with a power of Pem = kemIµ1/2c and due to gravitational
radiation with a power of Pgw = kgwGµ2c, where the coe�-
cient kgw = 50 and G is the gravitational constant. Following
Vachaspati (2008), the initial length of a SCS loop of length
L at redshift z can be calculated by Li ⇠ L[1 + (t � ti)/⌧],
where ⌧ = µLc2/(Pem + Pgw) is the shrinking timescale of the
loop, t ⇡ (1/H0) f �3/2

z is the cosmological time at which the
observed SCS burst is radiated, H0 is the Hubble constant, and
fz ⌘ (1+z). The formation time of the loop is considered to be
much earlier than the radiation time, i.e., ti ⌧ t. Furthermore,
since it is usually obtained that L ⌧ Li, we can approximate
Li ⇠ Lt/⌧ ⇠ kgwGµt/c, where the second equality is obtained
for Pew ⌧ Pgw (Yu et al. 2014).

B. Event rate and number of SCS bursts

Using the initial lengths of SCS loops, the di↵erential num-
ber density of the loops at radiation time t can be expressed as
dn/dLi ⇠

h
L5/2

i (ct)3/2
i�1

and (Lict)�2 in the cases of that the
loops are formed in the radiation-dominated era and matter-
dominated era, respectively (Cai et al. 2012a,b). Since FRBs
were only observed at relatively small redshifts, the corre-
sponding number density of loops should be considered in the
matter-dominated era, which can be expressed as (Cai et al.
2012a,b)
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where teq ⇠ 2 ⇥ 1012 s is the time of radiation-matter equality
and the second equality is derived by assuming Li ⌧ cteq that
is usually satisfied by the loops responsible for FRBs (Yu et
al. 2014).
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dṄ(z, Eiso) =
✓2

4Posc

dn(z)
dL

dL
dEiso

dEisodVp(z) (10)

where dVp(z) ⇡ 54⇡(c/H0)3 f �11/2
z ( fz�1)2dz is the proper cos-

mic volume. On one hand, for a certain redshift fixing the time
interval, we adopt dn(z)/dL ⇡ (Li/L)dn(z)/dLi. On the other
hand, we can derive the expression of dL/dEiso from Eq. (5)
or (6). Consequently, we can get

dṄ
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dṄ
dEisodVp(z)

⇠ 1.4 ⇥ 10�36B5/6
0,�6µ

�3/2
17 ⌫

�1/4
o,9

ü 本征爆发率 
ü 光度函数 

2

and c is the speed of light. The frequency of the radiation can
be given by

⌫ ⇠ 1
�te
⇠ �

3c
L
. (1)

The relativistic beaming e↵ect lead the radiation to be beamed
within a small cone of solid angle ⌦ = 2⇡(1 � cos ✓) ⇠ ⇡✓2,
where the half opening angle is determined by ✓ ⇠ ��1. Then,
the energy released into unit frequency band and unit solid
angle can be estimated to (Cai et al 2012)

d2E
d⌫d⌦

⇠ kemI2L2

c3 , (2)

where the numerical coe�cient kem ⇠ 10 and I is the elec-
tric current in the SCS loop in the comoving frame. For an
observer at a specific direction, a specific frequency ⌫ would
be detected and an isotropically-equivalent energy would be
derived by (Yu et al. 2014)

Eiso ⇠ 4⇡⌫
d2E

d⌫d⌦
. (3)

Meanwhile, the energy spectrum of the radiation can be given
by

E⌫ =
dE
d⌫
/ ⌫�2/3, (4)

where the relationship ✓ ⇠ ��1 ⇠ (⌫L/c)�1/3 is used. The
maximum values of the Lorentz factor and thus of the ra-
diation frequency can be written as �max = µ1/2c2/I and
⌫max ⇠ �3

maxc/L ⇠ µ3/2c7/(I3L), where µ is the string tension
(i.e., mass per unit length of the string).

From Eqs. (1�3), we can express the length of SCS loops
that produced FRBs by observational quantities of FRBs as
follows:

L ⇠
 

c3Eiso

4⇡kemI2⌫o fz

!1/2

, (5)

where the current I is taken as a constant and ⌫o = ⌫/ fz is
the observational frequency. Alternatively, by taking a cosmic
evolving current as usual as I ⇠ (e2/~)BL with B = B0 f 2

z , the
loop length reads

L ⇠
0
BBBB@

~2c3Eiso

4⇡e4kemB2
0⌫o f 5

z

1
CCCCA

1/4

, (6)

where e is the electron charge, ~ is the reduced Planck con-
stant, and B0 is the present strength of cosmic magnetic fields.
Then the angle of view can be written as

✓ ⇠
 

4⇡kemI2

cEiso⌫o fz

!1/6

, (7)

for a constant current and

✓ ⇠
0
BBBB@

4⇡ce4kemB2
0 fz

~2Eiso⌫3o

1
CCCCA

1/12

, (8)

for an evolving current.
For a SCS loop that formed at cosmological time ti with an

initial length Li, it can shrink due to electromagnetic radia-
tion with a power of Pem = kemIµ1/2c and due to gravitational
radiation with a power of Pgw = kgwGµ2c, where the coe�-
cient kgw = 50 and G is the gravitational constant. Following
Vachaspati (2008), the initial length of a SCS loop of length
L at redshift z can be calculated by Li ⇠ L[1 + (t � ti)/⌧],
where ⌧ = µLc2/(Pem + Pgw) is the shrinking timescale of the
loop, t ⇡ (1/H0) f �3/2

z is the cosmological time at which the
observed SCS burst is radiated, H0 is the Hubble constant, and
fz ⌘ (1+z). The formation time of the loop is considered to be
much earlier than the radiation time, i.e., ti ⌧ t. Furthermore,
since it is usually obtained that L ⌧ Li, we can approximate
Li ⇠ Lt/⌧ ⇠ kgwGµt/c, where the second equality is obtained
for Pew ⌧ Pgw (Yu et al. 2014).

B. Event rate and number of SCS bursts

Using the initial lengths of SCS loops, the di↵erential num-
ber density of the loops at radiation time t can be expressed as
dn/dLi ⇠

h
L5/2

i (ct)3/2
i�1

and (Lict)�2 in the cases of that the
loops are formed in the radiation-dominated era and matter-
dominated era, respectively (Cai et al. 2012a,b). Since FRBs
were only observed at relatively small redshifts, the corre-
sponding number density of loops should be considered in the
matter-dominated era, which can be expressed as (Cai et al.
2012a,b)

dn(z)
dLi

⇠
0
BBBB@1 +

r
cteq

Li

1
CCCCA

1
L2

i (ct)2

⇠
r

cteq

Li

1
L2

i (ct)2
/ t�9/2, (9)

where teq ⇠ 2 ⇥ 1012 s is the time of radiation-matter equality
and the second equality is derived by assuming Li ⌧ cteq that
is usually satisfied by the loops responsible for FRBs (Yu et
al. 2014).

The event rate density of SCS bursts at redshift z within the
energy range of Eiso and Eiso + dEiso can be calculated by

dṄ(z, Eiso) =
✓2

4Posc

dn(z)
dL

dL
dEiso

dEisodVp(z) (10)

where dVp(z) ⇡ 54⇡(c/H0)3 f �11/2
z ( fz�1)2dz is the proper cos-

mic volume. On one hand, for a certain redshift fixing the time
interval, we adopt dn(z)/dL ⇡ (Li/L)dn(z)/dLi. On the other
hand, we can derive the expression of dL/dEiso from Eq. (5)
or (6). Consequently, we can get

dṄ
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4.总结	�

通过对FRB红移分布和光度分布对模型进行限制 
 

Ø  观测数据的积累和更新 
Ø  散射效应的红移依赖 
Ø  辐射谱形对流量的k改正 

Ø 本征爆发率 
Ø  光度函数积分 


