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Fukushima-Hatsuda (2010); see also 50 Years of QCD Chap.7 (2023)
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Phyics simiar to “water phase diagram” but more complicated…
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Wikipedia
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These are all gaseous states and physical d.o.f are different!

Deconfined Gluons / Quarks

Quarks Confined

Quark Matter ?
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QCD Phase Diagram: Prototype ’86
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High density regions 
better understood, 
but puzzles arise!

Gordon Baym (1986)

How to find 
“Quark Matter” ?
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Asymptotic Freedom in QCD

The theory is perturbative if 
the exchanged momenta are 
larger than  .ΛQCD

αs(Q2) =
1

β0 ln(Q2/Λ2
QCD)

Empirically .ΛQCD ∼ 200MeV

Nuclear physics scale is characterized by  only.ΛQCD
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T ~ 200MeV

~ 1/T

Deconfinement Transition

Strong Coupling Weak Coupling
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Phase Transition at High Energies
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Mq ∼ MN /3 ∼ 350MeV mu ∼ 3MeV, md ∼ 5MeV

Quarks get mass from 
Strong Interaction 
non-perturbatively:

Chiral Transition T ~ 200MeV

Perturbative mass 
of quarks are much 
smaller than :ΛQCD

Dynamical mass generated by Nambu-BCS mechanism.

Strong Coupling Weak Coupling
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Definition of “deconfinement” in old days

Pion Gas + Bag Pressure

Quark-Gluon Plasma

phadron(T ) =
3⇡2

90
T 4 +B

ppert(T ) =
(16 + 21)⇡2

90
T 4

p(T)

Tc =


90

(37� 3)⇡2
B

�1/4
⇠ 160 MeV

T
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High-T: QCD First-Principles
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Wuppertal-Budapest (2010)

⇠ ppert

No clear phase transition in reality…?
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High-T: Interpretation
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 HRG Lattice
pQCD

Rising p from small T is understood by a free gas of 
(thousands of) mesons (Hadron Resonance Gas).

Crossover = Duality Point

Quark-gluon plasma is matter well 
approximated by perturbative QCD.

Experimentally 
confirmed picture
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High-T: Interpretation
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 HRG Lattice pQCD

Called “Crossover”  =  Duality Point

 Interacting hadronic gas 
          ~ Non-perturbative gas of quarks / gluons 
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High-T: Lessons
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* Relativistic Heavy-Ion Collisions

* Lattice QCD First-Principles Simulations

* Effective Models

Quark-gluon plasma confirmed experimentally 
Inconsistency / consistency with hadronic gas / pQCD

Energy / entropy density approaching the SB limit 
Approximate order parameters show phase transitions 
pQCD calculations reproducing LQCD around ∼ 2Tc

Chiral quark models with gluons working well 
Even AdS/CFT models good with phenomenology
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* Relativistic Heavy-Ion Collisions

* Lattice QCD First-Principles Simulations

* Effective Models

Temperature too high 
Isospin / strangeness contents very different

Sign problem extremely serious for  
pQCD convergence slow (resummation necessary)

T < (2-3) μB

Order parameter to distinguish nuclear matter and 
quark matter DOES NOT EXIT !
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Quark Matter ?
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Weak Coupling

Remember the high-T arguments:

This works because both gluons 
and quarks carry typical momenta 
of order  .p ∼ T

However, high-density implies 
quarks carrying  but 
gluons can carry  .

p ∼ T
p ≪ T

Asymptotic freedom not necessarily realized?
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Quark Matter ?
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Screening        vs.        Confinement
Collins-Perry (1975) McLerran-Pisarski (2008)

Debye screened by 
m2

D ∼ g2μ2
Enhanced by the number 
of gluons >> quarks

Πq Πg

Confinement should persist as long as Πg > Πq
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Quark Matter ?
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Quarkyonic Matter
Quark matter keeps confinement (see the previous page).

Baryonic matter has the nature of deconfinement.

N N

¼

Baryon interaction scales with the 
number of quarks — quark matter?

     Nuclear Matter 
  Quark-like Baryonic Matter 
  Quark Matter

≃
≃
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Quark Matter ?

18

NN, NNN, NNNN, …. 
all many-body interactions 
become the same order 
in the color-number scaling 
around ~ 2n0 

Fukushima-Kojo-Weise (2020)

Transition to quark matter 
 ~ Quantum percolation
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Cold and Dense Matter
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No phase transition? What happens there?
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Cold and Dense Matter
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Baryons ~ (Diquark) + Quarks 
Baryons: 8+1 (low-lying) Quarks: 3color × 3flavor = 9

qqq
qqq

Condensate
ExcitationFlavor 

Triplet

Nuclear Matter Quark Matter

⟨nn⟩ ⟨ud⟩
Superfluid Superconductor

They can be smoothly connected: Schaefer-Wilczek (1999)
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Schematic picture of quark-hadron continuity
2

Neutron superfluid Color superconductor
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FIG. 1. Schematic picture of quark-hadron continuity be-
tween neutron superfluid and color superconductor. Cooper
pairing of neutrons (indicated by dashed line) continuously
connects to pairing of quarks in diquark condensates.

negative with increasing energy of the two nucleons, indi-
cating that the pairing interaction turns from attractive
to repulsive with increasing Fermi energy. Consequently,
pairing in the 1

S0 channel is disfavored at high densities
and taken over by pairing in the 3

P2 channel. This prop-
erty is attributed to the significant attraction selectively
generated by the spin-orbit interaction in the triplet P -
wave with total angular momentum J = 2. All other
isospin I = 1 S- and P -wave NN phase shifts are smaller
or repulsive in matter dominated by neutrons. Various
aspects and properties of 3

P2 superfluidity inside neu-
tron stars, from its role in neutron star cooling to pulsar
glitches, are subject to continuing explorations (see, e.g.,
Refs. [27, 28] and [29]). A recent advanced analysis of
pairing in neutron matter based on chiral e↵ective the-
ory (EFT) interactions including three-body forces can
be found in Ref. [30].

Our aim in this work is to investigate the continu-
ity between superfluid neutron matter and two-flavor
quark matter with 1

S0 and 3
P2 superfluidity. Related

two-flavor NJL model studies have been reported in
Refs. [31, 32]. Here our point is to collect and discuss
the arguments which do indeed suggest that the conti-
nuity concept applies to superfluid pairing when passing
from neutron matter to u-d-quark matter with a surplus
of d-quarks, as schematically illustrated in Fig. 1. We
should emphasize that our “continuity” would not ex-
clude rapid but continuous changes in relevant physical
degrees of freedom, but we shall rather focus on a logical
possibility of smooth crossover from neutron matter to
quark matter. In fact, as we will discuss later, the chiral
symmetry breaking in the density region of continuity or
crossover of our interest may be far suppressed than that
in the low-density hadronic phase and in the CFL phase.
One scenario of the phase diagram presumed here is as
follows; the chiral symmetry breaking diminishes in dense
nuclear matter and its scale may become much smaller in
the continuity region between nuclear and quark matter
but yet it is nonzero as we address later. Eventually the
chiral symmetry breaking would be enhanced again once
the CFL condensates form.

This paper is organized as follows. In Sec. II we de-

FIG. 2. Schematic picture of quark-hadron continuity be-
tween the 3P2 neutron superfluid and the 2SC + hddi color
superconductor.

scribe some general physical properties of dense neu-
tron star matter and motivate the continuity between
hadronic matter and quark matter from a dynamical
point of view. Section III recalls the conventional quark-
hadron continuity scenario based on symmetry breaking
pattern considerations. In Sec. IV, we show how the or-
der parameter of 3

P2 neutron superfluidity can be rear-
ranged into two-flavor superconducting (2SC) hudi and
superfluid hddi diquark condensates. Section V clarifies
the microscopic mechanism that induces the hddi con-
densate in the 3

P2 state. In Sec. VIA, we demonstrate
that the 3

P2 hddi diquark condensate can be related to
a macroscopic observable, namely the pressure compo-
nent of the energy-momentum tensor. This in turn is
an important ingredient in neutron star theories. For
an isolated nucleon it is also a key subject of deeply-
virtual Compton scattering measurements at JLab [33].
In Sec. VIB, discussions are followed by a suggestive ob-
servation for the necessity of “2SC+X” to fit the cooling
pattern, where X may well be identified with the d-quark
pairing. Finally, Sec. VII summarizes our findings.

II. ABUNDANCE OF NEUTRONS AND DOWN
QUARKS IN NEUTRON STAR MATTER

In the extreme environment realized inside neutron
stars, the conditions of �-equilibrium and electric charge
neutrality must be satisfied. A crude but qualitatively
acceptable picture is that of a degenerate Fermi gas of
protons/neutrons and u, d quarks. Interaction e↵ects will
be taken into account later, but let us first consider free
particles and briefly overview the qualitative character of
the matter under consideration. Here, we assume matter
at densities around the onset of u, d quarks where the
onset of strangeness degrees of freedom may not occur
yet. This assumption is in accordance with the current
two-solar-mass pulsar constraints [34].
The �-equilibrium imposes a condition on the chemical

potentials of participating particles:

µn = µp + µe , µd = µu + µe , (1)

These two states cannot be distinguished. 
(Color is not a physical observable.)

Fujimoto 
-Fukushima 
-Weise (2020)
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1st-order disfavored by diquarks

mB

T t-direction

h-
di
re
ct
io
n

V(M) = aM2 + bM4 + cM6 + ⋯
: Mass arises by Nambu mechanisma < 0, b > 0

: 1st-ordera > 0, b < 0

QCD critical point
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Linear term washes out the 1st-order PT.
Hatsuda-Tachibana-Yamamoto-Baym (2006)

V(M) = aM2 + bM4 + cM6 + ⋯
Chiral Anomaly induces:

q̄qq̄qq̄q Kobayashi-Maskawa-’t Hooft int.

⟨qq⟩⟨q̄q̄⟩⟨q̄q⟩ ∼ |Δ |2 M
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 HRG Lattice pQCD

High-T has crossover verified by experiments and QCD.

High-Density
2

FIG. 1. Comparison of the EoS in this work (HDLpt) and
other EoSs. The blue and the orange bands represent our
results and the preceding results from Refs. [12, 23], re-
spectively, with ⇤̄ = µ � 4µ. The green band is from the
�EFT [24]. The red band shows the EoS inferred from the
Neural Networks in the machine learning analysis of the neu-
tron star observation [22]. The dashed black line is the APR
EoS extrapolated from the nuclear side [25].

extrapolated EoSs from the nuclear side, the Bayesian
analysis has been recognized as a powerful instrument
for the inference analysis to identify the most likely EoS
based on the observational data [17–19] (see Ref. [20] for
a review). Recently, the Machine Learning technique has
been also advocated as a complementary method to infer
the EoS [21, 22]. It would be of utmost importance to
make a direct comparison of the inferred EoS candidates
and the QCD-based estimates. To this end, we are urged
to reduce uncertainty and widen the validity region of
the pQCD or HDLpt calculations.

In this Letter we will report the first successful at-
tempt to construct a better convergent EoS from the
HDLpt framework incorporating the strange quark mass
e↵ect. From the technical point of view, we adopt the
resummation schemes in the gluon sector as prescribed
in Ref. [4] and in the quark sector as in Ref. [15] with our
own extension to cope with the strange quark mass. Our
expressions are given in the form of exact integrations
without any expansion in terms of the screening mass as
in Ref. [7].

Central results: Since technical details are cumber-
some, we shall first present our central results in Fig. 1
and then proceed to technical details later. Not to
make the comparison on the figure too busy, we chose
only a few representative EoSs from the nuclear side;
namely, the EoS extrapolated from the chiral E↵ective
Field Theory (�EFT) calculation [24] by the green band,
the Neural Network output in the machine learning anal-
ysis [22] by the red band, and the Akmal-Pandharipande-
Ravenhall (APR) EoS [25] shown by the dashed line.

The orange band in the region, " > 103 MeV/fm3, rep-

FIG. 2. Baryon number density as a function of the quark
chemical potential. In the figure pQCD refers to the results
from Refs. [12, 23] and HDLpt to our results.

resents the results from pQCD [12] for which we utilize
the concise formula as given in Ref. [23]. Higher-order
corrections could be added, but the uncertainty band
is not much changed from Ref. [12]. The uncertainty
band width abruptly diverges, from which it has been
said that pQCD is reliable only at extreme high den-
sities far from reality. At a glance, indeed, we should
understand how di�cult it is to make a robust interpo-
lation between the nuclear and the pQCD EoSs. Now, a
surprise comes from a blue narrow band that represents
results from our HDLpt calculations. The uncertainty
band is drastically reduced and the HDLpt EoS appears
to be merged into the nuclear EoSs smoothly in the inter-
mediate density region. It should be noted that the APR
EoS overshoots ours, but this is due to a well-known flaw
in the APR EoS, i.e., superluminal speed of sound which
violates causality.
One may wonder what causes such a drastic di↵er-

ence on Fig. 1. We can qualitatively understand this
from Fig. 2 in which the baryon number density nB as
a function of the quark chemical potential µ is plotted.
Because the HDLpt sums the quark loops up, nB is the
most sensitive quantity a↵ected by the resummation in
the quark sector. It is an interesting and reasonable ob-
servation that nB is suppressed at fixed µ after the re-
summation: thermodynamic quantities are dominated by
quark quasi-particles, and in HDLpt, quark excitations
are more screened by self-energy insertions, as compared
to pQCD treatments. Therefore, on Fig. 1, the corre-
sponding µ for a given " becomes larger, and the corre-
sponding running coupling ↵s(⇤̄ = ⇠µ), where ⇠ = 1, 2, 4,
is smaller. This qualitative argument partially accounts
for the reduction of the uncertainty band, but not fully
yet. If we plot the pressure P and the energy density "
as functions of µ, respectively, the uncertainty bands are
not such narrow as in Fig. 1. Nevertheless, P (") with
⇤̄ = µ and that with ⇤̄ = 4µ happen to stay close, which

pQCD
A duality region 
where the hadrons 
and quarks may 
coexist.
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FIG. 2. EOS candidates with a crossover (left) and a strong first-order transition (right) interpo-

lated between �EFT (nuclear branch) and pQCD (quark branch). The blue band represents the 1�

uncertainty in �EFT and the orange band represents the renormalization scale uncertainty from

X = 2 (lower) to X = 4 (upper) using the notation in Ref. [42]. Gray bands show the data-driven

EOSs inferred from the Bayesian (edged by dashed [26] and dotted lines [43, 44]) and deep learning

(edged by a solid line [37, 38]) analyses. The maximum NS masses are 1.98M� (with the central

pressure 0.26GeV/fm3) and 2.32M� for the EOSs with and without crossover, respectively, while

the central pressure is 0.062GeV/fm3 for 1.4M�.

classes according to the critical density of the phase transition. Figure 2 summarizes two

representative scenarios.

III. NUMERICAL SETUPS AND RESULTS

We shall explain the common ingredients for our EOS construction. We note that the

terms, “soft” and “sti↵”, refer to the EOS with p relatively low and high, respectively, for

a given density, ⇢, or energy density, ". At low density (" . 0.25 GeV/fm3 in Fig. 2), a

blue shaded region labeled as “Nuclear Matter” represents the nuclear branch, that is, a

theoretical window predicted from N3LO �EFT [19]. At high density (" & 1 GeV/fm3 in

Fig. 2), the pQCD prediction is shown by an orange shaded region (quark branch) labeled as

“Quark Matter” on the figure. Although these are reliable constraints on the genuine EOS,

we still need to introduce at least two parameters. Here, one parameter, ⇢sti↵, which we

call the sti↵ening density, represents the breakdown point of �EFT, above which the EOS

Fujimoto-Fukushima-Hotokezaka-Kyutoku (2022)

pQCD gives 
very soft EoS

EFT gives 
very soft EoS
χ

Interpolated by 
stiff EoS
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Fujimoto-Fukushima-Murase (2019-2021)
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A peak (or enhancement) in the speed of sound ???

What is the physics underlying this behavior ???

[1st-order]

ε

p c2
s =

dp
dε

≈ 0 Phase transition 
pushes down 
the speed of sound!?
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FIG. 16. Speed of sound (left) and adiabatic compressibility (right) in strangeness-neutral, isospin-symmetric matter versus
temperature. Shown are results for several values of s/nB . The limit s/nB = 1 corresponds to the case of vanishing chemical
potentials. Dashed lines at low temperatures indicate QMHRG2020 model calculations, at high temperatures they show the
non-interacting quark-gluon gas results. In the inset HRG model calculations at lower temperatures are shown. The yellow
band indicates Tpc.
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Appendix A: Constrained partial derivatives

We summarize here relations for partial derivatives of
thermodynamic observables with respect to temperature,
keeping specific external conditions (x, y, z) fixed,

For any thermodynamic function f(T, µB , µQ, µS) we

have

✓
@f

@T

◆

(x,y,z)

=

✓
@f

@T

◆

(µB ,µQ,µS)

(A1)

+

✓
@f

@µB
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(T,µQ,µS)

✓
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✓
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✓
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@µS
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(T,µB ,µQ)

✓
@µS

@T

◆
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.

Similarly one has for two thermodynamic functions
f(T, µB , µQ, µS) and g(T, µB , µQ, µS) the relation

✓
@f

@g

◆

(x,y,z)

=
(@f/@T )

(x,y,z)

(@g/@T )
(x,y,z)

(A2)

In Eqs. A1 and A2 the derivatives of the chemical po-
tentials are taken on lines of constant x(T, µB , µQ, µS),
y(T, µB , µQ, µS) and z(T, µB , µQ, µS) in the space of ex-
ternal parameters (T, µB , µQ, µS). In the lattice QCD
context we usually work in the parameter space (T, µ̂ ⌘

µ/T ). Moreover, we conveniently work with reduced, i.e.
dimensionless, thermodynamic observables, i.e. we want
to replace e.g. ✏̂ = ✏/T 4, etc.
Changing the partial derivatives @µB to @µB/T and

introducing reduced observables is straightforward, as
these derivatives are taken at fixed T . We have for an
observable that has dimension of Tn the relation,

@f

@µB

����
T

= Tn�1
@f̂

@µ̂B

�����
T

. (A3)

Rewriting the temperature derivatives one has to be a

What do we know about high-T and small-  matter?μ

HotQCD Collab. 
  (2212.09043)

Suppressed around the phase transition (~1st-order PT) 
and approaching the conformal limit at high T…
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FIG. 7. Pressure divided by net baryon-number density versus nB/T
3 (left) and nB/n0 (right), respectively. Shown are results

for strangeness-neutral, isospin-symmetric matter at several values of T . In the left hand figure we compare results obtained
from the full Taylor series for the pressure with those obtained in O

�
µ̂4
B

�
only (dashed lines). In the right hand side the grey

bands show a comparison with O
�
g2
�
high-T perturbation theory. The bands shown in both figure are shown up to values of

nB/T
3 or nB/n0 corresponding to µ̂B = 2.5 for T < 200 MeV and µ̂B = 3 otherwise.
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FIG. 8. The µ̂B-dependent contribution to the trace anomaly
in (2 + 1)-flavor QCD for several values of µ̂B . The yellow
band shows the line �((✏� 3p)/T 4)(Tpc(µ̂B)).

with µ̂B(T, n̂B) taken from Eq. 34. Results for
�✏(T, n̂B)/nB and �s(T, n̂B)/nB as functions of n̂B are
shown in Fig 10.

3. Comparison of Taylor series and their resummation

using Padé approximants

As seen already in the analysis of the Taylor expansion
for the pressure and net baryon-number density, Padé ap-
proximants agree well with the Taylor series themselves
at low µ̂B up to the region where we estimated the latter
to provide reliable results [14]. We will extend this ap-
proach here to the analysis of Taylor series for the energy
and entropy densities.

We use Padé approximants for thermodynamic observ-
ables derived from the Taylor series of the pressure in two
ways. On the one hand we construct Padé approximants
based on the Taylor series for a given observable, e.g.

the energy and entropy density series given in Eqs. 13
and 14 can be resummed using Padé approximants simi-
lar to that of the pressure series given in Eq. 23 by just
replacing the expansion coe�cients P2k by ✏2k or �2k, re-
spectively. On the other hand we use the P-Padé , i.e.
appropriate derivatives of the Padé approximants for the
pressure, for the energy and entropy densities as given in
Eqs. 24 and 25.

In Fig. 11 (left) we compare 6th and 8th-order Tay-
lor series for �p̂ with corresponding [4,2], [2,4] and [4,4]
Padé approximants introduced in Eqs. 20-23. Corre-
sponding results for �✏̂ are shown in Fig. 11 (right). In
the figure for the pressure (top, left) we compare the
6th-order Taylor expansion results with the two possible
[n,m] Padé approximants that use up to 6th-order ex-
pansion coe�cients. As can be seen the [4,2] Padé agrees
with the Taylor series result while the [2,4] Padé di↵ers
from these two in the temperature interval 150 MeV .
T . 180 MeV. In the (bottom, left) figure shows a com-
parison of the 8th-order Taylor expansion results with
the [4,4] Padé approximant. They are in good agreement
with each other. Moreover, as can be seen from the inset,
for large values of µ̂B the [2,4] and [4,4] Padé approxi-
mants stay in much better agreement with each other
than the [4,2] and [4,4] Padé approximants or, equiva-
lently, the 6th and 8th-order Taylor series. Similar con-
clusions can be drawn for the energy density shown in
the right hand part of the figure.

In Fig. 12 we compare at fixed values of the temper-
ature 8th-order Taylor expansion results with the [4,4]
Padé approximant as well as the P-Padé results for pres-
sure, energy and entropy densities that we have discussed
above and in Sec. II C. We generally find that the P-
Padé results for bulk thermodynamic observables are in
better agreement with the Taylor series results than the
[4,4] or [3,4] Padé approximants. This may not be too
surprising, as both approaches are based on a thermody-

Energy-momentum tensor in hydro variables:
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band indicates Tpc.
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Appendix A: Constrained partial derivatives

We summarize here relations for partial derivatives of
thermodynamic observables with respect to temperature,
keeping specific external conditions (x, y, z) fixed,

For any thermodynamic function f(T, µB , µQ, µS) we

have
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Similarly one has for two thermodynamic functions
f(T, µB , µQ, µS) and g(T, µB , µQ, µS) the relation
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In Eqs. A1 and A2 the derivatives of the chemical po-
tentials are taken on lines of constant x(T, µB , µQ, µS),
y(T, µB , µQ, µS) and z(T, µB , µQ, µS) in the space of ex-
ternal parameters (T, µB , µQ, µS). In the lattice QCD
context we usually work in the parameter space (T, µ̂ ⌘

µ/T ). Moreover, we conveniently work with reduced, i.e.
dimensionless, thermodynamic observables, i.e. we want
to replace e.g. ✏̂ = ✏/T 4, etc.
Changing the partial derivatives @µB to @µB/T and

introducing reduced observables is straightforward, as
these derivatives are taken at fixed T . We have for an
observable that has dimension of Tn the relation,
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Rewriting the temperature derivatives one has to be a
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FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.
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FIG. 7. Pressure divided by net baryon-number density versus nB/T
3 (left) and nB/n0 (right), respectively. Shown are results

for strangeness-neutral, isospin-symmetric matter at several values of T . In the left hand figure we compare results obtained
from the full Taylor series for the pressure with those obtained in O

�
µ̂4
B

�
only (dashed lines). In the right hand side the grey

bands show a comparison with O
�
g2
�
high-T perturbation theory. The bands shown in both figure are shown up to values of

nB/T
3 or nB/n0 corresponding to µ̂B = 2.5 for T < 200 MeV and µ̂B = 3 otherwise.
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FIG. 8. The µ̂B-dependent contribution to the trace anomaly
in (2 + 1)-flavor QCD for several values of µ̂B . The yellow
band shows the line �((✏� 3p)/T 4)(Tpc(µ̂B)).

with µ̂B(T, n̂B) taken from Eq. 34. Results for
�✏(T, n̂B)/nB and �s(T, n̂B)/nB as functions of n̂B are
shown in Fig 10.

3. Comparison of Taylor series and their resummation

using Padé approximants

As seen already in the analysis of the Taylor expansion
for the pressure and net baryon-number density, Padé ap-
proximants agree well with the Taylor series themselves
at low µ̂B up to the region where we estimated the latter
to provide reliable results [14]. We will extend this ap-
proach here to the analysis of Taylor series for the energy
and entropy densities.

We use Padé approximants for thermodynamic observ-
ables derived from the Taylor series of the pressure in two
ways. On the one hand we construct Padé approximants
based on the Taylor series for a given observable, e.g.

the energy and entropy density series given in Eqs. 13
and 14 can be resummed using Padé approximants simi-
lar to that of the pressure series given in Eq. 23 by just
replacing the expansion coe�cients P2k by ✏2k or �2k, re-
spectively. On the other hand we use the P-Padé , i.e.
appropriate derivatives of the Padé approximants for the
pressure, for the energy and entropy densities as given in
Eqs. 24 and 25.

In Fig. 11 (left) we compare 6th and 8th-order Tay-
lor series for �p̂ with corresponding [4,2], [2,4] and [4,4]
Padé approximants introduced in Eqs. 20-23. Corre-
sponding results for �✏̂ are shown in Fig. 11 (right). In
the figure for the pressure (top, left) we compare the
6th-order Taylor expansion results with the two possible
[n,m] Padé approximants that use up to 6th-order ex-
pansion coe�cients. As can be seen the [4,2] Padé agrees
with the Taylor series result while the [2,4] Padé di↵ers
from these two in the temperature interval 150 MeV .
T . 180 MeV. In the (bottom, left) figure shows a com-
parison of the 8th-order Taylor expansion results with
the [4,4] Padé approximant. They are in good agreement
with each other. Moreover, as can be seen from the inset,
for large values of µ̂B the [2,4] and [4,4] Padé approxi-
mants stay in much better agreement with each other
than the [4,2] and [4,4] Padé approximants or, equiva-
lently, the 6th and 8th-order Taylor series. Similar con-
clusions can be drawn for the energy density shown in
the right hand part of the figure.

In Fig. 12 we compare at fixed values of the temper-
ature 8th-order Taylor expansion results with the [4,4]
Padé approximant as well as the P-Padé results for pres-
sure, energy and entropy densities that we have discussed
above and in Sec. II C. We generally find that the P-
Padé results for bulk thermodynamic observables are in
better agreement with the Taylor series results than the
[4,4] or [3,4] Padé approximants. This may not be too
surprising, as both approaches are based on a thermody-
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Appendix A: Constrained partial derivatives

We summarize here relations for partial derivatives of
thermodynamic observables with respect to temperature,
keeping specific external conditions (x, y, z) fixed,

For any thermodynamic function f(T, µB , µQ, µS) we

have
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Similarly one has for two thermodynamic functions
f(T, µB , µQ, µS) and g(T, µB , µQ, µS) the relation
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In Eqs. A1 and A2 the derivatives of the chemical po-
tentials are taken on lines of constant x(T, µB , µQ, µS),
y(T, µB , µQ, µS) and z(T, µB , µQ, µS) in the space of ex-
ternal parameters (T, µB , µQ, µS). In the lattice QCD
context we usually work in the parameter space (T, µ̂ ⌘

µ/T ). Moreover, we conveniently work with reduced, i.e.
dimensionless, thermodynamic observables, i.e. we want
to replace e.g. ✏̂ = ✏/T 4, etc.
Changing the partial derivatives @µB to @µB/T and

introducing reduced observables is straightforward, as
these derivatives are taken at fixed T . We have for an
observable that has dimension of Tn the relation,
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dense NS matter in deep cores.
Here we propose the trace anomaly scaled by the en-

ergy density as a measure of conformality. The sound
velocity is expressed solely in terms of the normalized
trace anomaly, and in this sense the latter is a more in-
formative quantity than v2s . Here, we extract the trace
anomaly from the EoSs inferred from the NS data [44, 47–
49]. We discuss the conformal limits h⇥iT,µB ! 0 and
v2s ! 1/3, and clarify the di↵erence. We show that the
enhancement in the sound velocity is not in contradiction
with conformality. We then discuss the possibility that
the trace anomaly is positive definite at all densities. We
give a number of arguments for the positivity of the trace
anomaly and discuss implications for NS physics.

Trace anomaly at finite baryon density: Scale trans-
formations lead to the dilatation current j⌫D = xµTµ⌫

for which @⌫j⌫D = Tµ
µ = ⇥ [50]. For conformal theo-

ries ⇥ = 0 but in QCD both quark masses and the trace
anomaly explicitly break the scale invariance [51, 52]

⇥ =
�

2g
F a
µ⌫F

µ⌫
a + (1 + �m)

X

f

mf q̄fqf , (1)

where �/2g = �(11� 2Nf/3)↵s/8⇡+O(↵2
s) is the QCD

beta function and �m = 2↵s/⇡+O(↵2
s) is the anomalous

dimension of the quark mass.
At finite T and/or µB, the expectation value involves a

matter contribution as h⇥i = h⇥iT,µB + h⇥i0 where h⇥i0

represents the vacuum expectation value at T = µB = 0.
In this work we will focus on the matter contribution
only and yet it is customary to call h⇥iT,µB the trace
anomaly. The matter part of the trace anomaly satisfies
the following relation:

h⇥iT,µB = "� 3P . (2)

If thermal degrees of freedom are dominated by massless
particles as is the case in the high-T limit, the Stefan-
Boltzmann law is saturated and P ⇠ T 4 at high tem-
perature or P ⇠ µ4

B at high density, so that " = 3P .
Conversely, using thermodynamic relations, one can show
that h⇥iT,µB = 0 implies P / T 4 or P / µ4

B, respectively.
Thus, h⇥iT,µB is a probe for the thermodynamic contents
of matter.

The physical meaning of the trace anomaly is trans-
parent from the following relations:

h⇥iT,µB=0

T 4
= T

d⌫T
dT

,
h⇥iT=0,µB

µ4
B

= µB
d⌫µ
dµB

, (3)

where we quantify the e↵ective degrees freedom by ⌫T ⌘

P/T 4 and ⌫µ ⌘ P/µ4
B for hot matter at µB = 0 and dense

matter at T = 0, respectively. These imply that the
trace anomaly is proportional to the increasing rate of the
thermal degrees of freedom as the temperature/density
grows up.
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FIG. 1. Normalized trace anomaly read out from four inde-
pendent EoSs inferred from NS data; the blue solid line from
Ref. [44], the orange dashed line from Ref. [47], the green
dotted line from Ref. [48], and the red dot-dashed line from
Ref. [49]. We show two ab initio calculations (�EFT and
pQCD) and (a) and (b) are interpolations with 1� band by
the Gaussian process applied to di↵erent regions of NS data.

Here, we propose to use

� ⌘
h⇥iT,µB

3"
=

1

3
�

P

"
. (4)

as a measure of the trace anomaly [53]. The thermo-
dynamic stability and the causality require P > 0 and
P  ", respectively. Therefore �2/3  � < 1/3. In the
scale-invariant limit � ! 0.
We can decompose the sound velocity as

v2s =
dP

d"
= v2s, deriv + v2s, non-deriv , (5)

where the derivative and the non-derivative terms are
determined by �:

v2s, deriv ⌘ �
d�

d⌘
, v2s, non-deriv ⌘

1

3
�� . (6)

Here, ⌘ ⌘ ln("/"0) and "0 is the energy density at nu-
clear saturation density. We choose "0 = 150MeV/fm3

throughout this work. From these expressions it is evi-
dent that the restoration of conformality renders � ! 0
and d�/d⌘ ! 0, so that v2s ' v2s, non-deriv ! 1/3 in the
conformal limit at asymptotically high density.

Trace anomaly from the NS observations: In Fig. 1,
we show � extracted from various P (") constrained by
NS observables [44, 47–49]. The error band represents the
1� credible interval corresponding to the error in P (").
Since " is treated as an explanatory variable, the relative
error in �(") is assumed to be the same as that in P (").
For all these data � ⇠ 0 within the error at relatively

low energy density. Note that the red dash-dotted curve
in Fig. 1 follows from the analysis including pQCD as

“Trace Anomaly” inferred from the NS data

Quick recovery of 
             conformality ? 
Unexpected from QCD 

Why? How? Really?
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FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.
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dense NS matter in deep cores.
Here we propose the trace anomaly scaled by the en-

ergy density as a measure of conformality. The sound
velocity is expressed solely in terms of the normalized
trace anomaly, and in this sense the latter is a more in-
formative quantity than v2s . Here, we extract the trace
anomaly from the EoSs inferred from the NS data [44, 47–
49]. We discuss the conformal limits h⇥iT,µB ! 0 and
v2s ! 1/3, and clarify the di↵erence. We show that the
enhancement in the sound velocity is not in contradiction
with conformality. We then discuss the possibility that
the trace anomaly is positive definite at all densities. We
give a number of arguments for the positivity of the trace
anomaly and discuss implications for NS physics.

Trace anomaly at finite baryon density: Scale trans-
formations lead to the dilatation current j⌫D = xµTµ⌫

for which @⌫j⌫D = Tµ
µ = ⇥ [50]. For conformal theo-

ries ⇥ = 0 but in QCD both quark masses and the trace
anomaly explicitly break the scale invariance [51, 52]

⇥ =
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mf q̄fqf , (1)

where �/2g = �(11� 2Nf/3)↵s/8⇡+O(↵2
s) is the QCD

beta function and �m = 2↵s/⇡+O(↵2
s) is the anomalous

dimension of the quark mass.
At finite T and/or µB, the expectation value involves a

matter contribution as h⇥i = h⇥iT,µB + h⇥i0 where h⇥i0

represents the vacuum expectation value at T = µB = 0.
In this work we will focus on the matter contribution
only and yet it is customary to call h⇥iT,µB the trace
anomaly. The matter part of the trace anomaly satisfies
the following relation:

h⇥iT,µB = "� 3P . (2)

If thermal degrees of freedom are dominated by massless
particles as is the case in the high-T limit, the Stefan-
Boltzmann law is saturated and P ⇠ T 4 at high tem-
perature or P ⇠ µ4

B at high density, so that " = 3P .
Conversely, using thermodynamic relations, one can show
that h⇥iT,µB = 0 implies P / T 4 or P / µ4

B, respectively.
Thus, h⇥iT,µB is a probe for the thermodynamic contents
of matter.
The physical meaning of the trace anomaly is trans-

parent from the following relations:

h⇥iT,µB=0

T 4
= T

d⌫T
dT

,
h⇥iT=0,µB

µ4
B

= µB
d⌫µ
dµB

, (3)

where we quantify the e↵ective degrees freedom by ⌫T ⌘

P/T 4 and ⌫µ ⌘ P/µ4
B for hot matter at µB = 0 and dense

matter at T = 0, respectively. These imply that the
trace anomaly is proportional to the increasing rate of the
thermal degrees of freedom as the temperature/density
grows up.
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FIG. 1. Normalized trace anomaly read out from four inde-
pendent EoSs inferred from NS data; the blue solid line from
Ref. [44], the orange dashed line from Ref. [47], the green
dotted line from Ref. [48], and the red dot-dashed line from
Ref. [49]. We show two ab initio calculations (�EFT and
pQCD) and (a) and (b) are interpolations with 1� band by
the Gaussian process applied to di↵erent regions of NS data.

Here, we propose to use

� ⌘
h⇥iT,µB

3"
=

1

3
�

P

"
. (4)

as a measure of the trace anomaly [53]. The thermo-
dynamic stability and the causality require P > 0 and
P  ", respectively. Therefore �2/3  � < 1/3. In the
scale-invariant limit � ! 0.
We can decompose the sound velocity as

v2s =
dP

d"
= v2s, deriv + v2s, non-deriv , (5)

where the derivative and the non-derivative terms are
determined by �:

v2s, deriv ⌘ �
d�

d⌘
, v2s, non-deriv ⌘

1

3
�� . (6)

Here, ⌘ ⌘ ln("/"0) and "0 is the energy density at nu-
clear saturation density. We choose "0 = 150MeV/fm3

throughout this work. From these expressions it is evi-
dent that the restoration of conformality renders � ! 0
and d�/d⌘ ! 0, so that v2s ' v2s, non-deriv ! 1/3 in the
conformal limit at asymptotically high density.

Trace anomaly from the NS observations: In Fig. 1,
we show � extracted from various P (") constrained by
NS observables [44, 47–49]. The error band represents the
1� credible interval corresponding to the error in P (").
Since " is treated as an explanatory variable, the relative
error in �(") is assumed to be the same as that in P (").
For all these data � ⇠ 0 within the error at relatively

low energy density. Note that the red dash-dotted curve
in Fig. 1 follows from the analysis including pQCD as
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dense NS matter in deep cores.
Here we propose the trace anomaly scaled by the en-

ergy density as a measure of conformality. The sound
velocity is expressed solely in terms of the normalized
trace anomaly, and in this sense the latter is a more in-
formative quantity than v2s . Here, we extract the trace
anomaly from the EoSs inferred from the NS data [44, 47–
49]. We discuss the conformal limits h⇥iT,µB ! 0 and
v2s ! 1/3, and clarify the di↵erence. We show that the
enhancement in the sound velocity is not in contradiction
with conformality. We then discuss the possibility that
the trace anomaly is positive definite at all densities. We
give a number of arguments for the positivity of the trace
anomaly and discuss implications for NS physics.

Trace anomaly at finite baryon density: Scale trans-
formations lead to the dilatation current j⌫D = xµTµ⌫

for which @⌫j⌫D = Tµ
µ = ⇥ [50]. For conformal theo-

ries ⇥ = 0 but in QCD both quark masses and the trace
anomaly explicitly break the scale invariance [51, 52]

⇥ =
�

2g
F a
µ⌫F

µ⌫
a + (1 + �m)

X

f

mf q̄fqf , (1)

where �/2g = �(11� 2Nf/3)↵s/8⇡+O(↵2
s) is the QCD

beta function and �m = 2↵s/⇡+O(↵2
s) is the anomalous

dimension of the quark mass.
At finite T and/or µB, the expectation value involves a

matter contribution as h⇥i = h⇥iT,µB + h⇥i0 where h⇥i0

represents the vacuum expectation value at T = µB = 0.
In this work we will focus on the matter contribution
only and yet it is customary to call h⇥iT,µB the trace
anomaly. The matter part of the trace anomaly satisfies
the following relation:

h⇥iT,µB = "� 3P . (2)

If thermal degrees of freedom are dominated by massless
particles as is the case in the high-T limit, the Stefan-
Boltzmann law is saturated and P ⇠ T 4 at high tem-
perature or P ⇠ µ4

B at high density, so that " = 3P .
Conversely, using thermodynamic relations, one can show
that h⇥iT,µB = 0 implies P / T 4 or P / µ4

B, respectively.
Thus, h⇥iT,µB is a probe for the thermodynamic contents
of matter.

The physical meaning of the trace anomaly is trans-
parent from the following relations:

h⇥iT,µB=0

T 4
= T

d⌫T
dT

,
h⇥iT=0,µB

µ4
B

= µB
d⌫µ
dµB

, (3)

where we quantify the e↵ective degrees freedom by ⌫T ⌘

P/T 4 and ⌫µ ⌘ P/µ4
B for hot matter at µB = 0 and dense

matter at T = 0, respectively. These imply that the
trace anomaly is proportional to the increasing rate of the
thermal degrees of freedom as the temperature/density
grows up.
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FIG. 1. Normalized trace anomaly read out from four inde-
pendent EoSs inferred from NS data; the blue solid line from
Ref. [44], the orange dashed line from Ref. [47], the green
dotted line from Ref. [48], and the red dot-dashed line from
Ref. [49]. We show two ab initio calculations (�EFT and
pQCD) and (a) and (b) are interpolations with 1� band by
the Gaussian process applied to di↵erent regions of NS data.

Here, we propose to use

� ⌘
h⇥iT,µB

3"
=

1

3
�

P

"
. (4)

as a measure of the trace anomaly [53]. The thermo-
dynamic stability and the causality require P > 0 and
P  ", respectively. Therefore �2/3  � < 1/3. In the
scale-invariant limit � ! 0.
We can decompose the sound velocity as

v2s =
dP

d"
= v2s, deriv + v2s, non-deriv , (5)

where the derivative and the non-derivative terms are
determined by �:

v2s, deriv ⌘ �
d�

d⌘
, v2s, non-deriv ⌘

1

3
�� . (6)

Here, ⌘ ⌘ ln("/"0) and "0 is the energy density at nu-
clear saturation density. We choose "0 = 150MeV/fm3

throughout this work. From these expressions it is evi-
dent that the restoration of conformality renders � ! 0
and d�/d⌘ ! 0, so that v2s ' v2s, non-deriv ! 1/3 in the
conformal limit at asymptotically high density.

Trace anomaly from the NS observations: In Fig. 1,
we show � extracted from various P (") constrained by
NS observables [44, 47–49]. The error band represents the
1� credible interval corresponding to the error in P (").
Since " is treated as an explanatory variable, the relative
error in �(") is assumed to be the same as that in P (").
For all these data � ⇠ 0 within the error at relatively

low energy density. Note that the red dash-dotted curve
in Fig. 1 follows from the analysis including pQCD as

Δ ∝ ε − 3p

∝
d

dμ ( p
μ4 )

Thermodynamic 
degrees of freedomNegative trace anomaly implies 

the presence of “condensates”.
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Thinking experiment: Rotating superfluid

Quark Vortex

Hadronic Vortex

How can they be connected?

Rotate the bucket filled 
with quarks 
Upper part : Hadronic Vortex 
Lower part : Quark Vortex

? ? ?
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Superfluid vortices pinned in the NS cores

Quark 
Matter

Nuclear 
Matter Any interface?
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Superfluid-vortex continuity
2

Abelian vortex.1 Thus one might envisage a join with a
continuous baryon velocity, as shown in Fig. 1(b), where a
boojum connects three hadronic vortices with three non-
Abelian CFL vortices [10, 11]. However, as we discuss in
this paper, one does not have to make a join involving
three vortices in the hadronic phase, but rather one can
make a baryon-velocity conserving join between a single
hadronic vortex and a single non-Abelian vortex in the
CFL phase, as shown in Fig. 1(c), without any need for a
boojum. To the extent that the various flavor quantum
numbers permit a smooth transition from the hadronic
to the CFL quark phase, angular momentum carrying
states remain consistent with quark-hadron continuity.

To spell out this picture in detail, we first discuss more
precisely the nature of quark-hadron continuity between
the hadronic and quark phases. On the deconfined quark
side the (ideal) CFL phase contains u (up), d (down),
and s (strange) quarks, all with the same mass, with a
Fermi sea equally populated with all three flavors and
all three colors of quarks. The corresponding hadronic
phase, three-flavor hyperonic matter, contains all mem-
bers of the light baryon flavor octet – n, p, ⇤, ⌃0, ⌃±,
⌅0, and ⌅� – all of the same mass. In the ground state
at finite density, the particles populate a Fermi sea with
all states of the octet equally present.

Both phases break chiral symmetry [1] and U(1)B, with
the same symmetry breaking pattern [SU(3)L⌦SU(3)R⌦
U(1)B ! SU(3)V]. In both phases BCS pairing leads
to breaking of U(1)B symmetry and superfluidity. The
hadronic dibaryon condensate is a flavor singlet formed
from two paired flavor octets. The CFL phase is usu-
ally described in the unitary gauge, in which the ground
state has a diquark condensate with the same color-flavor
orientation everywhere.2 In the hadronic phase, chiral
symmetry is spontaneously broken by a quark-antiquark
chiral condensate, producing a light octet of pseudoscalar
mesons, i.e., ⇡0, ⇡±, K0, K̄0, K±, and ⌘. The CFL con-
densate spontaneously breaks chiral symmetry, produc-
ing a light octet of pseudoscalar mesons [14–16]. Pre-
vious studies [2, 3, 17, 18] have established the conti-
nuity between the low-energy excitations of such three-
flavor hadronic and three-flavor quark matter.3 The nine
single-quark excitations of di↵erent colors and flavors can
be mapped, in the unitary gauge, onto the baryon octet
plus a baryon singlet which is usually not mentioned in
discussions of the confined phase because it is much heav-
ier than the octet baryons [3].

1
In Ref. [8] these configurations were referred to as “semi-

superfluid strings,” however we will call them “non-Abelian vor-

tices” to emphasize the presence of non-Abelian color magnetic

flux in the core combined with vortex-like global rotation of the

quark condensate.
2
With full three-flavor symmetry, CFL pairing is the most sta-

ble [12, 13].
3
This continuity is an example of the complementarity between

the confined and Higgs phases of a non-Abelian gauge theory

[19].
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FIG. 2. Schematic illustration of the smooth evolution of

a hadronic vortex into a non-Abelian CFL vortex. In the

hadronic phase, the phase of the condensate corresponding

to paired baryons (six quarks) increases by 2⇡ in winding

around the vortex core. In the CFL phase in the gauge-fixed

picture, one component of the order parameter picks up a

phase 2⇡ in winding, as shown. In the gauge-invariant picture

the phase of the entire six-quark order parameter changes by

2⇡ in winding.

One can further understand quark-hadron continuity
in terms of the anomaly-induced coupling between the
chiral and diquark condensates [20, 21]. The implica-
tions of quark-hadron continuity for the QCD phase di-
agram are reviewed in Ref. [22], and for neutron stars in
Ref. [23].

Figure 2 summarizes our results. In the confined phase
(upper half of the figure) the hadronic vortex carries an-
gular momentum via the circulation of a gauge-invariant
dibaryon condensate which acquires a phase of 2⇡ when
transported around the core. This vortex can be con-
tinuously connected to a non-Abelian CFL vortex [8] in
the CFL quark phase (lower half of the figure) where the
vortex has the same baryon circulation, but it arises in
the unitary gauge from three diquark condensates, one of
which acquires a phase of 2⇡ when transported around
the core. On the other hand, in the gauge-invariant pic-
ture, described in detail in Sec. IIID, the phase increase
is attributed to the entire six quark order parameter.

This paper is organized as follows. In Sec. II we re-
view the generic properties of vortices in a superfluid. In
Sec. III we discuss the vortex configurations that exist
in three-flavor hadronic and quark matter. After dis-
cussions of hadronic vortices in Sec. III A, we describe
two di↵erent vortex configurations that have been con-
structed in three-flavor quark matter, the Abelian CFL
vortices in Sec. III B and the non-Abelian CFL vortices
in Sec. III C. and then we show how the non-Abelian
vortex can be continuously connected with the hadronic
vortex. In Sec. IIID we show how these non-Abelian
vortices can be understood in a gauge-invariant descrip-
tion, and in Sec. III E we explore the consequences of
explicit breaking of the SU(3) flavor symmetry. Finally,
in Sec. IV we discuss the role of color magnetic flux. We
focus throughout on the properties of connecting single
vortices, and leave the discussion of an array of vortices

Alford-Baym-Fukushima-Hatsuda-Tachibana (2018)

Supercurrent coupled with 
surrounding condensates
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Abelian vortex.1 Thus one might envisage a join with a
continuous baryon velocity, as shown in Fig. 1(b), where a
boojum connects three hadronic vortices with three non-
Abelian CFL vortices [10, 11]. However, as we discuss in
this paper, one does not have to make a join involving
three vortices in the hadronic phase, but rather one can
make a baryon-velocity conserving join between a single
hadronic vortex and a single non-Abelian vortex in the
CFL phase, as shown in Fig. 1(c), without any need for a
boojum. To the extent that the various flavor quantum
numbers permit a smooth transition from the hadronic
to the CFL quark phase, angular momentum carrying
states remain consistent with quark-hadron continuity.

To spell out this picture in detail, we first discuss more
precisely the nature of quark-hadron continuity between
the hadronic and quark phases. On the deconfined quark
side the (ideal) CFL phase contains u (up), d (down),
and s (strange) quarks, all with the same mass, with a
Fermi sea equally populated with all three flavors and
all three colors of quarks. The corresponding hadronic
phase, three-flavor hyperonic matter, contains all mem-
bers of the light baryon flavor octet – n, p, ⇤, ⌃0, ⌃±,
⌅0, and ⌅� – all of the same mass. In the ground state
at finite density, the particles populate a Fermi sea with
all states of the octet equally present.

Both phases break chiral symmetry [1] and U(1)B, with
the same symmetry breaking pattern [SU(3)L⌦SU(3)R⌦
U(1)B ! SU(3)V]. In both phases BCS pairing leads
to breaking of U(1)B symmetry and superfluidity. The
hadronic dibaryon condensate is a flavor singlet formed
from two paired flavor octets. The CFL phase is usu-
ally described in the unitary gauge, in which the ground
state has a diquark condensate with the same color-flavor
orientation everywhere.2 In the hadronic phase, chiral
symmetry is spontaneously broken by a quark-antiquark
chiral condensate, producing a light octet of pseudoscalar
mesons, i.e., ⇡0, ⇡±, K0, K̄0, K±, and ⌘. The CFL con-
densate spontaneously breaks chiral symmetry, produc-
ing a light octet of pseudoscalar mesons [14–16]. Pre-
vious studies [2, 3, 17, 18] have established the conti-
nuity between the low-energy excitations of such three-
flavor hadronic and three-flavor quark matter.3 The nine
single-quark excitations of di↵erent colors and flavors can
be mapped, in the unitary gauge, onto the baryon octet
plus a baryon singlet which is usually not mentioned in
discussions of the confined phase because it is much heav-
ier than the octet baryons [3].

1
In Ref. [8] these configurations were referred to as “semi-

superfluid strings,” however we will call them “non-Abelian vor-

tices” to emphasize the presence of non-Abelian color magnetic

flux in the core combined with vortex-like global rotation of the

quark condensate.
2
With full three-flavor symmetry, CFL pairing is the most sta-

ble [12, 13].
3
This continuity is an example of the complementarity between

the confined and Higgs phases of a non-Abelian gauge theory

[19].
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FIG. 2. Schematic illustration of the smooth evolution of

a hadronic vortex into a non-Abelian CFL vortex. In the

hadronic phase, the phase of the condensate corresponding

to paired baryons (six quarks) increases by 2⇡ in winding

around the vortex core. In the CFL phase in the gauge-fixed

picture, one component of the order parameter picks up a

phase 2⇡ in winding, as shown. In the gauge-invariant picture

the phase of the entire six-quark order parameter changes by

2⇡ in winding.

One can further understand quark-hadron continuity
in terms of the anomaly-induced coupling between the
chiral and diquark condensates [20, 21]. The implica-
tions of quark-hadron continuity for the QCD phase di-
agram are reviewed in Ref. [22], and for neutron stars in
Ref. [23].

Figure 2 summarizes our results. In the confined phase
(upper half of the figure) the hadronic vortex carries an-
gular momentum via the circulation of a gauge-invariant
dibaryon condensate which acquires a phase of 2⇡ when
transported around the core. This vortex can be con-
tinuously connected to a non-Abelian CFL vortex [8] in
the CFL quark phase (lower half of the figure) where the
vortex has the same baryon circulation, but it arises in
the unitary gauge from three diquark condensates, one of
which acquires a phase of 2⇡ when transported around
the core. On the other hand, in the gauge-invariant pic-
ture, described in detail in Sec. IIID, the phase increase
is attributed to the entire six quark order parameter.

This paper is organized as follows. In Sec. II we re-
view the generic properties of vortices in a superfluid. In
Sec. III we discuss the vortex configurations that exist
in three-flavor hadronic and quark matter. After dis-
cussions of hadronic vortices in Sec. III A, we describe
two di↵erent vortex configurations that have been con-
structed in three-flavor quark matter, the Abelian CFL
vortices in Sec. III B and the non-Abelian CFL vortices
in Sec. III C. and then we show how the non-Abelian
vortex can be continuously connected with the hadronic
vortex. In Sec. IIID we show how these non-Abelian
vortices can be understood in a gauge-invariant descrip-
tion, and in Sec. III E we explore the consequences of
explicit breaking of the SU(3) flavor symmetry. Finally,
in Sec. IV we discuss the role of color magnetic flux. We
focus throughout on the properties of connecting single
vortices, and leave the discussion of an array of vortices
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Topological 1st-order PT ?

No magnetic flux

Cherman-Sen-Yaffe (2018)

eiΦ = 1

Quantized flux (1/3) QED 
+ (2/3) QCDeiΦ = ei2π/3

Discontinuous 
(Interface)
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Summary

Our understanding about quark matter completely 
overriden in recent 15 years. 

Nuclear matter and quark matter: no order 
parameter, no phase transition, probably. 

Peak in the speed of sound = Quick recovery of 
conformal symmetry in dense matter. 

Higher-form symmetry may detect 1st-order?
39


