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Numerical relativity 2020s
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• Einstein’s equation: Established

• Hydrodynamics/Magntohydrodynamcis/ 
Radiation hydrod/viscous hydro:         
Many good codes 

• Maxwell’s equation;                               
Ideal MHD à induction equation:      
Many good codes (as well as poor ones)

• Neutrino radiation transfer: Last frontier 
but several approximate solvers, e.g., M1 
scheme, are available

Now we can now apply NR to a variety of 
high-energy astrophysical phenomena

+ powerful HPC (>10 PFlops): available



I  Introduction: long gamma-ray bursts

• Real Energy ~ 1051±1 erg (isotropic ~ 1053±1 erg)
• Duration ~ a few—100 sec; luminosity ~ 1049—51 erg/s 
à Relativistic phenomena
• Event rate ~ 10-4 of ordinary supernovae

Credit: Totani

cf  Lsun=4*1033 erg/s

?



I  Introduction: long gamma-ray bursts
• Some of them are associated with high-energy SNe

• Promising engine = Collapsar ~ rotating stellar core 
collapse to a BH + jet (Woosley 1993)

• However, detailed mechanism is still uncertain

Advances in Astronomy 3

GRB-SN bumps
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Figure 3: A mosaic of GRB-SNe (AG + SN). Clear SN bumps are observed for all events except SN 2003dh, for which the SN’s properties
had to be carefully decomposed from photometric and spectroscopic observations [7].*e lack of an unambiguous SN bump in this case is
not surprising given the brightness of its AG relative to the other GRB-SN in the plot: SN 2013dx was at a comparable redshi, (! = 0.145,
compared with ! = 0.1685 for 2003dh), but its AG was much fainter (2–5mag) at a given moment in time.*e redshi, range probed in this
mosaic spans almost an order of magnitude (0.145 < ! < 1.006) and shows the variation in peak observed magnitude for GRB-SNe. It is
important to remember that given the large span of distances probed here, observer-frame "-band samples a wide range of rest-frame SEDs
(from #-band to $-band).
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Figure 4: An example decomposition of the optical ("-band) light curve of GRB 090618 [10]. (a) For a given GRB-SN event, the single-2lter
monochromatic 3ux is attributed as arising from three sources: the AG, the SN, and a constant source of 3ux from the host galaxy. (b) Once
the observations have been dereddened, the host 3ux is removed, either via the image-subtraction technique or by being mathematically
subtracted away. At this point a mathematical model composed of one or more power laws punctuated by break-times is 2t to the early light
curve to determine the temporal behaviour of the AG. (c) Once the AG model has been determined, it is subtracted from the observations
leaving just light from the SN.

GRB-SNe, respectively, which consists of 46 GRB-SNe. It is
the interpretation of these data which forms a substantial
contribution to this review. We have adopted the grading
scheme devised by [17] to assign a signi2cance of the GRB-
SN association to each event, where A is strong spectroscopic
evidence, B is a clear light curve bump as well as some
spectroscopic evidence resembling a GRB-SN, C is a clear
bump consistent with other GRB-SNe at the spectroscopic
redshi, of the GRB, D is a bump, but the inferred SN
properties are not fully consistent with other GRB-SNe or
the bump was not well sampled or there is no spectroscopic
redshi, of theGRB, andE is a bump, either of low signi2cance
or inconsistent with other GRB-SNe.*is is found in Table 3.

*roughout this article we use a ΛCDM cosmology
constrained by [20] of&0 = 67.3 km s−1 Mpc−1, ΩM = 0.315,ΩΛ = 0.685. All published data, where applicable, have

been renormalized to this cosmological model. Foreground
extinctions were calculated using the dust extinction maps
of [21, 22]. Unless stated otherwise, errors are statistical only.
Nomenclature is as follows: ( denotes the standard deviation
of a sample, whereas the root-mean square of a sample is
expressed as RMS. A symbol with an overplotted bar denotes
an average value. LGRB and SGRB are long- and short-
duration GRBs, respectively, while a GRB-SN is implicitly
understood to be associated with an LGRB.*e term )0 refers
to the time that a given GRB was detected by a GRB satellite.

2. Observational Properties

2.1. Photometric Properties. *e observer-frame, optical light
curves (LCs) of GRBs span more than 8–10 magnitudes at a
given observer-frame postexplosion epoch (see, e.g., Figure 1

Cano et al. 2017

AG=afterglow
SN=supernova
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d) Significant 56Ni production,  

with >0.1 solar mass, 
and radio active heating
         56Nià56Coà56Fe



Rotating black hole formation & explosion
Naïve qualitative scenario is
1. Collapse of a massive rotating progenitor
2. Proto neutron star formation
3. Further infall à black hole formation
4. Accretion onto black hole + formation of disk
5. Jet from vicinity of the black hole + explosion

t < a few 100ms                t ~1 s                       t > 1 s

NS B
H

B
H



How to produce a GRB + supernova?

• There are three major questions: 
1. Is the system of a BH  + disk formed?
2. What produces a supernova-like explosion?
3. How a jet is launched?

B
H

B
H

Sec. III—V

Sec. II

Sec. II



II  Supernova-like explosion from a torus 
around a black hole in viscous hydro

• We can accept formation of a black hole and torus,   
if a progenitor star is compact and rapidly rotating
• Stellar evolution researchers have shown it possible 

to have rapidly rotating massive progenitors; 
E.g., Wooley & Heger 2005; Aguilera-Dena et al. 2018, 2020

Fujibayashi et al. ApJ 2023, 956 (2309:02161)



O’Conner-Ott compactness parameter 
for Aguilera-Dena (ApJ 2020) models

1000 -km s 1. The fate of a core-collapse event is then
approximately determined by whether x2.5 is smaller than 4.5,
which leads to a successful neutrino-driven explosion, or
larger, which leads to the formation of a BH. The compactness
parameter of our models at core collapse is illustrated in
Figure 4. Although this test is not sufficient to accurately
predict whether a stellar model will explode or not (Ertl et al.
2016; Müller et al. 2016), more so for fast rotators that have
additional sources of energy that could help a successful
explosion, it still provides useful information on the structure
of a stellar core in the pre-SN stage.

To improve on the predictions of Equation (1), Ertl et al.
(2016) proposed a method to determine the fate of a core-
collapse event with a two-parameter test. They defined the
parameters

= =M m s M4 , 24 ( ) ( )

where m is the Lagrangian mass coordinate and s is the specific
entropy in units of kB, and

m =
=

dm M
dr 1000 km

, 3
s

4
4

( )

the mass gradient evaluated at M4, evaluated in practice by
setting dm=0.3 M and dividing by the change in radius
between M4 and M4+dm. Ertl et al. (2016) provided a
calibration of the two parameters where they found the
boundary between successful and failed explosions. We
evaluate these parameters in our models with the default
parameters in Ertl et al. (2016), showing the exploding models
according to this test as orange dots in Figure 4.

A more sophisticated method to determine explodability was
provided by Müller et al. (2016), who created a semianalytic
model of the formation of a proto-NS and how it grows by

accreting material from its surroundings and injects a fraction
of its neutrino luminosity into the outflowing layers above it,
parameterizing the onset of the explosion with mass, radius,
density, and entropy distribution as inputs from the stellar
model at core collapse and not only yielding the explodability
of a certain model but also providing other parameters of the
explosion.
Since we expect that rotation and magnetic fields increase

the likelihood for a successful explosion, we adopted slightly
more optimistic values for some of the model parameters. In
particular, we employed a smaller value for the efficiency
factor for conversion of accretion energy into ν luminosity,
setting ζ=0.7 instead of 0.8, and a longer cooling timescale
for a 1.5 M NS, setting it to τ1.5=1.5 s instead of 1.2 s. We
found that the dominating effect is to set a shorter τ1.5, which
corresponds to injecting energy more quickly into the layers
above the collapsing core. These choices correspond to
reducing the importance of accretion power in delivering the
energy to the gain region, which was done to mimic an energy
source that depends on the NS binding energy rather than the
accretion rate, similar to the case we would expect in a
magnetorotational mechanism that taps energy from rotation
rather than neutrino emission.
Figure 4 also shows the results of this test, pointing out the

exploding models with orange and blue dots. With few
exceptions, the semianalytic model is compatible with a
dividing line at ξ2.5≈0.45 between NS and BH formation,
which is somewhat higher than the threshold of x » 0.3 0.352.5 –
for the standard case of Müller et al. (2016), as intended.
The nonmonotonic behavior of the compactness parameter

as a function of initial mass, as well as the presence of a few

Figure 3. Kippenhahn diagram following the efficiency of rotational mixing and
the structure of convective and overshooting regions of the 9 M evolutionary
calculation from ZAMS to core collapse as a function of the time remaining
before core collapse. Color denotes the diffusion coefficient due to rotational
mixing (dominated by Eddington–Sweet circulation). Regions hatched with
diagonals denote convective regions, whereas the region hatched with
perpendicular lines, above the hydrogen-burning core, denotes an overshooting
region.

Figure 4. Compactness parameter measured at 2.5 M of the core-collapse
models in this study as a function of their initial mass. The dotted line at
ξ2.5=0.45 separates models that might explode (below the line) or implode
(above the line) according to O’Connor & Ott (2011), orange points indicate
models that are predicted to explode according to the explodability of the Ertl
et al. (2016) and Müller et al. (2016) tests, blue points are models that are
predicted to explode according the Müller et al. (2016) test but not the Ertl et al.
(2016) test, the green point is a model that is predicted to explode according to
the Ertl et al. (2016) test but not the Müller et al. (2016) test, and gray points
are models that would not successfully explode according to both tests.
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Black hole
formation
is likely

factors, e.g., high preshock ram pressure, a high binding energy
of the shells surrounding the core, and an unduly high core mass
that leaves little time for a successful explosion to develop
before ongoing accretion onto the NS results in collapse to a BH.
Hence, we expect that common explodability criteria for
nonrotating progenitors will remain qualitatively useful even
for magnetorotational SNe.

The importance of the core compactness in SN models—a
measure of the gravitational binding energy near the core of
pre-SN stars—in determining the final fate of a stellar model
has been pointed out as a possible tool to determine whether
they will successfully explode (O’Connor & Ott 2011; Ugliano
et al. 2012; Sukhbold & Woosley 2014; Müller et al. 2016;

Sukhbold et al. 2018). The core compactness was defined by
O’Connor & Ott (2011) as

x =
=
M M

R M M 1000 km
, 1M

bary( )
( )

and it was recognized as an indicator of whether the collapse of
a nonrotating stellar core leads to a successful explosion (where
neutrino winds are the cause of the explosion) or, conversely,
ends up with the formation of a BH. It was found by Sukhbold
& Woosley (2014) that xM is well determined when measured
at a mass coordinate of 2.5 M at core collapse, which is
defined as the point where the infall velocity in the core reaches

Table 1
Initial Mass, Final Mass, Mass Lost between ZAMS and the Onset of Core Helium Burning, Mass Lost between the End of Helium Burning and Core Collapse of

Evolutionary Sequences in This Work, and Key Parameters of Their Respective Core-collapse Models

Minit Mfin D MH He
a D MHe final

b He Massc Ysurf j M1.5
¯

 j M2̄  j M5̄  ξ2.5 M4 μ4
(M) (M) (M) (M) (M) (1015 cm2 s−1) (1015 cm2 s−1) (1015 cm2 s−1)

4 3.31 0.20 0.32 0.013 0.10 0.51 0.91 9.07 0.13 1.77 0.063
5 4.10 0.22 0.40 0.010 0.09 0.50 1.65 20.9 0.20 1.54 0.136
6 4.89 0.25 0.46 0.011 0.09 1.22 2.07 38.1 0.19 1.82 0.075
7 5.68 0.30 0.49 0.012 0.08 1.07 2.13 25.1 0.13 1.57 0.062
8 6.48 0.36 0.52 0.012 0.08 1.11 2.20 20.6 0.14 1.65 0.058
9 7.28 0.42 0.54 0.003 0.08 1.22 2.30 11.5 0.68 2.36 0.183
10 8.06 0.49 0.56 0.004 0.08 3.01 4.05 20.0 0.50 2.24 0.152
11 8.84 0.56 0.58 0.006 0.08 2.42 3.39 15.6 0.42 2.12 0.123
12 9.61 0.63 0.60 0.009 0.08 2.20 3.31 14.1 0.23 1.88 0.068
13 10.37 0.71 0.62 0.011 0.08 1.24 2.76 12.6 0.21 1.86 0.073
14 11.13 0.78 0.63 0.010 0.08 1.12 2.46 11.0 0.31 2.07 0.092
15 11.89 0.87 0.65 0.011 0.08 1.36 2.76 11.1 0.37 2.15 0.107
16 12.64 0.95 0.66 0.010 0.08 1.46 2.86 9.73 0.54 2.34 0.197
17 13.39 1.04 0.67 0.010 0.08 1.33 2.58 8.96 0.59 2.45 0.163
18 14.15 1.12 0.68 0.010 0.08 1.34 2.64 8.62 0.62 2.49 0.169
19 14.89 1.21 0.69 0.010 0.08 1.19 2.29 8.22 0.65 2.27 0.262
20 15.64 1.29 0.69 0.009 0.09 0.98 1.95 7.93 0.66 2.28 0.278
21 16.39 1.38 0.69 0.008 0.09 1.07 2.17 7.95 0.66 2.15 0.304
22 17.12 1.47 0.70 0.007 0.09 1.06 2.02 8.24 0.63 2.01 0.277
23 17.86 1.56 0.70 0.008 0.09 1.26 2.46 8.88 0.54 2.04 0.285
24 18.60 1.65 0.69 0.008 0.09 0.43 0.93 8.66 0.53 1.71 0.259
25 19.33 1.76 0.69 0.007 0.09 0.33 0.68 8.88 0.47 1.75 0.186
26 20.05 1.87 0.68 0.010 0.09 1.75 3.19 9.29 0.36 1.93 0.115
27 20.78 1.98 0.67 0.007 0.09 1.30 2.46 9.52 0.43 1.85 0.153
28 21.50 2.10 0.66 0.007 0.09 1.56 2.95 9.70 0.40 1.92 0.133
29 22.22 2.24 0.66 0.008 0.09 1.77 3.43 10.4 0.43 2.07 0.124
30 22.95 2.36 0.65 0.008 0.09 1.34 2.63 9.54 0.43 2.08 0.129
31 23.66 2.48 0.64 0.008 0.09 1.17 2.46 9.51 0.43 2.04 0.134
32 24.38 2.62 0.63 0.008 0.09 2.01 3.73 10.5 0.52 2.26 0.137
33 25.10 2.75 0.61 0.008 0.09 2.07 3.75 9.97 0.55 2.28 0.138
34 25.82 2.90 0.60 0.007 0.10 1.97 3.55 10.0 0.60 2.35 0.153
35 26.53 3.04 0.59 0.008 0.10 1.57 2.95 9.44 0.57 2.33 0.149
36 27.24 3.18 0.58 0.007 0.10 1.55 2.82 8.84 0.62 2.37 0.154
37 27.95 3.33 0.57 0.007 0.10 1.86 3.23 9.35 0.68 2.43 0.159
38 28.67 3.49 0.55 0.007 0.10 1.65 2.88 9.01 0.75 2.50 0.178
39 29.37 3.64 0.54 0.008 0.10 2.28 3.78 9.44 0.75 2.54 0.183
40 30.08 3.8 0.53 0.008 0.10 2.08 3.32 9.92 0.78 2.56 0.184
41 30.78 3.97 0.52 0.007 0.10 1.49 2.47 8.33 0.77 2.6 0.173
42 31.49 4.14 0.5 0.007 0.10 2.24 3.50 8.81 0.83 2.63 0.209
43 32.18 4.3 0.49 0.007 0.10 2.06 3.25 9.22 0.84 2.71 0.219
44 32.89 4.49 0.47 0.007 0.10 2.31 3.56 9.05 0.85 2.78 0.238
45 33.59 4.67 0.46 0.006 0.10 1.95 3.01 8.54 0.85 2.84 0.215

Notes. The compactness parameter x2.5 and the values of M4 and μ4 are defined by Equations (1), (2), and (3), respectively.
a Mass lost from between H and He burning, defined as òD = >

<
M M dt

T

T
H He 8 0.5

8 1.2

c

c  .
b Mass lost from He core depletion to the end of the simulation.
c In the envelope.
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M=2.5 solar mass

Metallicity = 0.02 solar abundance, Rotation=600km/s 
à Chemically homogeneous model

9𝑀⊙
~20𝑀⊙

~35𝑀⊙



Specific angular momentum wrt enclosed mass 

• Dashed curves: Specific angular momentum of innermost stable 
circular orbit of BH for given mass m and spin 𝐽 = ∫ 𝑗𝑑𝑚	

• Filled circles show the parameter at the formation of a disk
• Massive BH + disk is a natural outcome (in the absence of 

earlier SN explosion) in their stellar models
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FIG. 1. Specific angular momentum, j, as a function of the
enclosed mass, m, for the models of MZAMS = 9, 20, 35, and
45M� in Ref. [1] (solid curves). We also plot jISCO for a given
black hole of mass m and corresponding angular momentum
J(m) by the dotted curves. The filled circles denote the points
at which j = jISCO is satisfied.

as

j =
1

4⇡r2

Z 2⇡

0

Z ⇡

0
⌦(r)r4 sin3 ✓d✓d' =

2

3
r2⌦(r). (5)

Since j is a function of r, m is as well.
Then, we choose the mass of the black hole, MBH,0,

which is much larger than the maximum mass of cold
neutron stars of . 3M�. The resulting angular momen-
tum, JBH,0, of the black hole is written as

JBH,0 =

Z MBH,0

0
j(m0)dm0. (6)

We note that for the choice of MBH,0, j(m) with any value
of m  MBH,0 has to be smaller than the specific angular
momentum of the innermost stable circular orbit, jISCO,
of a black hole of mass m and angular momentum

J(m) =

Z m

0
j(m0)dm0. (7)

Figure 1 shows j as a function of m for MZAMS = 9,
20, 35, and 45M� of Ref. [1] (solid curves). We also plot
jISCO for a given black hole of mass m and the corre-
sponding angular momentum J(m) by the dotted curves.
The filled circles denote the points at which j = jISCO is
satisfied (we refer to the corresponding mass as MISCO).
Here, jISCO is a function of MBH and J(MBH) [23]. This
figure shows that for any model, j(m) < jISCO is satis-
fied for m < MISCO and indicates that for the progenitor
models with MZAMS = 20, 35, and 45M�, a black hole
is likely to grow to MBH = MISCO ⇡ 8, 15, and 22M�
prior to the disk formation. In the presence of the vis-
cous angular-momentum transport, the disk formation is
delayed and black holes with higher mass can be formed
before the disk formation.

The next step is to determine the profile of the in-
falling matter located outside the black hole. For this we
approximate that the envelope in the progenitor stars is
in a free-fall state during the collapse. To characterize
the profile, we employ a solution of Oppenheimer-Snyder
collapse (e.g., Ref. [24]) for our free-fall approximation
because the centrifugal e↵ect before the disk formation
is minor for the collapsing matter. Then, the fluid mo-
tion in the stellar envelope during the collapse is given
by

rm(⌧m) =
1

2
rm,0 (1 + cos ⌘) , (8)

⌧m := max(⌧ � ⌧m,0, 0) =

s
r3m,0

8m
(⌘ + sin ⌘) ,(9)

where rm is the areal radius of the mass shell with the
enclosed mass m, rm,0 = rm(⌧m = 0), ⌧m,0 is the starting
time of the free-fall (see below), ⌧m is the free-fall time
of the mass shell, and ⌘ is an auxiliary parameter. For
simplicity, we assume that the matter in the envelope has
zero radial velocity initially and begins to free-fall when
the sound wave propagated from the center reaches the
radius at

⌧m,0 =

Z rm,0

0

dr

cs(r)
. (10)

Then, the black-hole formation time ⌧ = ⌧BH can be
estimated as

⌧BH =

s
R3

BH,0

8MBH,0
(⌘BH + sin ⌘BH) +

Z RBH,0

0

dr

cs(r)
, (11)

where cos ⌘BH = 4MBH,0/RBH,0 � 1 and RBH,0 is the
areal radius of a mass shell with enclosed mass MBH,0.
Note that the mass shell for ⌧m,0 > ⌧BH does not start
infalling. The radial velocity of the matter is then given
approximately by

ur =
@rm
@⌧

=

s
2m (rm,0 � rm(⌧m))

rm,0rm(⌧m)
. (12)

Since we use the spinning black-hole puncture in quasi-
isotropic coordinates for the initialization of geometric
variables (see Appendix A), we need to perform co-
ordinate transformation to quasi-isotropic coordinates
(r̄, ✓,') for consistency as

r̄ =
1

2

⇣
rm � m +

p
r2m � 2mrm + a2m

⌘
, (13)

where am = J(m)/m and we assumed the conservation
of the rest mass, m, and angular momentum J(m) along
the radial geodesic of infalling mass shells. As a result,
the weighted rest-mass density ⇢⇤, angular momentum
density Ĵ' and radial velocity ur̄ (see Appendix A for
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Enclosed mass in a mass shell

Stellar models by Aguilera-Dena et al. 2020

If no SN, BH formation

Inner region:
  Slow rotation
Outer region:
  Rapider



Supernova-like explosion from a torus 
around a black hole in viscous hydro

• We can accept formation of a black hole and torus,   
if a progenitor star is compact and rapidly rotating
• Stellar evolution researchers have shown it possible 

to have rapidly rotating massive progenitors; 
E.g., Wooley & Heger 2005; Aguilera-Dena et al. 2018, 2020

• Another hint: Stellar explosion is not likely to be 
driven by a jet of gamma-ray bursts;                                                      
E.g., Eisenberg, Gottlieb, & Nakar, MNRAS 517 (2022) ;      
dE/dv (v) distribution cannot be reproduced by jets                 
à We need a mechanism for the “explosion”

Fujibayashi et al. ApJ 2023, 956 (2309:02161)



Another hint

Jet-driven explosion 587 

MNRAS 517, 582–596 (2022) 

Table 1. The simulations’ parameters. L j is the jet luminosity (two sided), θ j is the jet (half) opening angle upon launching 
(in degrees), u ∞ ,max = √ 

" 2 0 h 2 0 − 1 is the terminal four-velocity of the jet, and ρ$ ( r ) is the density profile of the star, where 
r is the distance from the centre and x ≡ ( R $ − r ) is the distance from the stellar edge. In all simulations the stellar radius 
is R $ = 10 11 cm and the mass is 10 M $, with the exception of the exponential cut-off luminosity run where the mass is 
1 . 5 M $. t b is the jet breakout time and t e is the central engine duration. 
Jets L j [10 51 erg s −1 ] θ j [deg] u ∞ , max ρ$ ( r ) t b [s] t e [s] 
Canonical 1.0 8 500 ∝ r −2 x 3 8.4 30 
α2.5 1.0 8 500 ∝ r −2.5 x 3 6.9 8.33 
α2.8 1.0 8 500 ∝ r −2.8 x 3 4.5 8.33 
n 1 1.0 8 500 ∝ r −2 x 1 8.4 8.33 
θ4 1.0 4 1000 ∝ r −2 x 3 4.5 8.33 
θ12 1.0 12 333.3 ∝ r −2 x 3 13.5 30 
Strong 3.16 8 500 ∝ r −2 x 3 6.9 18 
Weak 0.1 8 500 ∝ r −2 x 3 18.8 30 
Barely choked 1.0 8 500 ∝ r −2 x 3 − 6.2 
Choked 1.0 8 500 ∝ r −2 x 3 − 2.55 
Exponentially Cutoff Luminosity 32.8 e −t /0.9 s 11.5 347.8 ∝ r −2.65 x 3.5 4.66 300 
Spherical L j [10 51 erg s −1 ] θ j [deg] u ∞ , max ρ$ ( r ) E sph [10 51 erg ] t e [s] 

− − − ∝ r −2 x 3 5.6 −
Jet + spherical L j [10 51 erg s −1 ] θ j [deg] u ∞ , max ρ$ ( r ) E sph [10 51 erg ] t e [s] 

1.0 8 500 ∝ r −2 x 3 41.7 8.33 
are given in Table 1 . In order to verify that we can use 2D simulations 
to study the velocity distribution we use two simulations with an 
identical physical configuration, one in 3D and one in 2D. These two 
simulations are presented as model Lc in Gottlieb et al. ( 2022 ), where 
their numerical setup can be found (see discussion in appendix A ). 

As a canonical grid, we take 3000 grid points in the ˆ z -direction, 
1000 points are uniformly distributed from z i to z = 10 11 cm (one 
stellar radius), and the rest of them have logarithmic mesh spacing 
at larger distances, from z = 10 11 cm to z = 10 13 cm (100 stellar 
radii). In the ˆ r -direction we take 2200 grid points, 200 points are 
uniformly distributed from r = 0 to r = 1 × 10 9 cm , and the rest 
of them have logarithmic mesh spacing at larger distances, from 
r = 1 × 10 9 cm to r = 10 13 cm . Simulations that include a spherical 
e xplosion hav e additional 100 more grid points in the ̂  r -direction, that 
are uniformly distributed from r = 0 to r = 5 × 10 7 cm , in order to 
keep high resolution at the jet injection nozzle. The next 200 points 
have logarithmic mesh spacing from r = 5 × 10 7 cm to r = 1 ×
10 9 cm , and the last 2000 points remain the same. Our convergence 
test is described in appendix B . We stop the simulations at t stop = 300 
s, a long time after the entire envelope is shocked. Since each fluid 
element that doubles its radius approaches homologous expansion, 
at the time that we stop the simulation all the material with v ! 
R ∗/ t stop ≈ 0.01c is expected to be homologous. We verify that indeed 
all the material that is faster than a velocity that is well below v 0 is 
homologous at t stop (see Appendix B for an example). 

One special simulation is the Exponentially Cutoff Luminosity 
case, in which we used a smaller mesh: we take 2000 grid points 
in the ˆ z -direction, 1000 points are uniformly distributed from z i = 
0.7 × 10 9 to z = 10 11 cm (one stellar radius), and the rest of them 
have logarithmic mesh spacing at larger distances, from z = 10 11 cm 
to z = 2 . 1 × 10 11 cm ; in the ̂  r -direction we take 1200 grid points, 200 
points are uniformly distributed from r = 0 to r = 1 × 10 9 cm , and 
the rest of them have logarithmic mesh spacing at larger distances, 
from r = 1 × 10 9 cm to r = 2 . 1 × 10 11 cm . The data analysis of this 
simulation was made by analyzing both the fluxes of the energy 
that escapes the grid, and the energy that remains in the grid at 
the end of the simulation. We verified that the material that left 
the grid at z = 2 . 1 × 10 11 cm reached its terminal velocity (i.e. it is 
homologous; see Appendix B ). 

Figur e 2. The ener gy distribution as a function of the proper velocity of 
three jet-driven stellar explosions. In all simulations the progenitor and jet 
properties are the same, except for the engine work time. In one t e ) t b 
(successful jet – canonical model), in the second the jet launching stops so it 
is choked just upon breakout (barely choked), and in the last the jet is choked 
after reaching approximately 30 per cent of the stellar radius (choked). In the 
successful and barely choked jets v 0 = 0.017c, and in the choked jet v 0 = 
0.012c. For comparison we also include the energy-velocity distribution of 
a spherical explosion of the same progenitor with energy that is similar to 
E c in the successful and barley choked cases. In the spherical explosion all 
the energy is deposited in the bulk of the mass (unlike a jet-driven explosion 
where only the outer cocoon energy is deposited into the envelope), and 
therefore for the spherical explosion v 0 = √ 

2 E/M $ = 0 . 025c. 
3.2 Results 
3.2.1 Jet-driven explosions 
Fig. 2 shows distributions of the energy per logarithmic scale of 
the proper velocity, d E 

d ln ( γβ) , of three jet-driv en e xplosions that hav e 
reached the homologous phase. The jet and progenitor properties are 
typical for LGRBs. Note that the relation between this distribution 
and the density distribution, which is typically plotted in papers 
about SNe, satisfies in the sub-relativistic regime ρ( v ) ∝ d E 

d ln ( v) v −5 . 
All simulations show outflows with a roughly constant amount of 
energy per logarithmic scale of proper v elocity o v er a v elocity range 
that starts at about v 0 and ends at a velocity that depends on whether 
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During the propagation of the jet through the stellar envelope, 
the mixing of the jet material as it flows from the head to the 
cocoon implies that jet material that crosses the reverse shock will 
never re-accelerate to ultra-relativistic velocities. This property is 
shown clearly in the barely choked jet simulation. Thus, in case of a 
successful jet E c is given by equation ( 1 ) and E LGRB ≈ ∫ t e 

t b −R ! /c L j d t . 
The roughly constant luminosity of the prompt emission (when 
av eraged o v er the rapid temporal fluctuations) 2 suggests that L j does 
not increase or decrease significantly o v er the GRB duration. Since 
the jet engine does not know about the breakout, it stands to reason 
that the average jet luminosity does not vary much also at t < t b . Thus, 
we can approximate E c /E LGRB ≈ t b 

t e −t b , where we approximate t b #
R ! / c , as appropriate for a sub-relativistic jet head. Now, since the 
jet engine is not affected by the breakout, we obtain that only in 
a small fraction of successful jets t e − t b $ t b (this fraction is 
quantified in Bromberg et al. 2013 ). The duration distribution of 
GRBs indicates that the number of observed GRBs with t e − t b 
# t b is also small (Bromberg et al. 2013 ). We therefore conclude 
that in typical LGRBs t e − t b ∼ t b and thus if GRBs/SNe are 
generated by jet-driv en e xplosions then E LGRB ∼ E c ∼ E SN (this 
conclusion was already discussed in the past, e.g. by Nakar & Piran 
2017 ). 

Shock breakout : The first light that the jet generates is released 
upon breakout of the shock driven by the jet head and the cocoon. 
The breakout emission depends strongly on the shock velocity (Katz, 
Budnik & Waxman 2010 ; Nakar & Sari 2010 , 2012 ; Levinson & 
Nakar 2020 ), which may vary from ultra-relativistic velocities along 
the jet axis through mildly relativistic velocities at angles of about 
θ j to sub-relativistic velocities at θ # θ j . The result is a signal that 
co v ers a very large range of frequencies from gamma-rays to optical. 
Another property that has a strong effect on the shock breakout is 
whether the shock is parallel or oblique (Matzner, Levin & Ro 2013 ; 
Aartsen et al. 2017 ; Irwin et al. 2022 ). In a breakout driven by a jet, 
there is a relatively small angular range around the polar angle where 
the shock is parallel and o v er most of the stellar edge it is oblique. 
The observational signature of a jet-driven breakout from a stellar 
surf ace w as not calculated to date. 

UV/Optical cooling emission: As the outflow expands, it radiates 
the part of the internal energy that was deposited by the shocks 
in what is known as the ‘cooling emission’. The time-scale of this 
emission of each fluid element depends on its velocity. Nakar & 
Piran ( 2017 ) provided an analytic estimate of the cocoon cooling 
emission assuming that the outflow energy is distributed uniformly 
per logarithmic scale of the proper velocity. This assumption was 
guided by preliminary numerical results. Here we show that this 
distribution is universal, and therefore the prediction of Nakar & 
Piran ( 2017 ) holds true. 

UV/optical line absorption and emission: Probably the best ob- 
servational method to probe the velocity distribution of the ejection 
is via early spectra. As time passes the expansion of the outflow 
exposes different layers of the ejecta via line emission and absorption 
which are imprinted on the UV/optical spectra. Thus, temporally 
consecutive spectra can provide a ‘tomography’ of the outflow mass 
and composition as a function of velocity. These methods have been 
used e xtensiv ely to study all types of SNe, where the key for probing 
2 LGRBs are highly variable but the luminosity of the various pulses does not 
seems to vary, on average, during the entire duration of the burst. Namely, 
pulses that are seen at the beginning of the burst are as bright, on average, 
as pulses seen towards the end of the prompt emission (e.g. Nakar & Piran 
2002 ). 

Figur e 7. Ener gy distribution, as deri ved from observ ations of a number 
of stripped envelope SNe and the associated GRB (if there is one). The 
distributions are all normalized so their peaks coincide at v 0 . The distribution 
at low velocities (around v 0 ) were derived based on early SN spectra. The 
mildly relativistic measurements/limits are based on radio and sometimes 
X-ray emission (see discussion on the limits of SN2002ap in the text). The 
ultra-relativistic measurement of GRB 030329 is based on the prompt gamma- 
ray emission and the afterglow. The distributions are taken from the following 
references: SN 2002ap: Mazzali et al. ( 2002 ), Berger, Kulkarni & Che v alier 
( 2002 ), Bj ̈ornsson & Fransson ( 2004 ); SN1998bw/ ll grb980425: Iwamoto 
et al. ( 1998 ), Li & Che v alier ( 1999 ); SN1997ef: Mazzali et al. ( 2000 ); 
SN2008D: Mazzali et al. ( 2008 ); SN2003dh/LGRB030329: Mazzali et al. 
( 2003 ), Mesler & Pihlstr ̈om ( 2013 ). 

the fastest moving ejecta is to look at early times, hours to days, 
before the lines in the fast layers become optically thin. The velocity 
distribution that we find in this paper predicts that in jet-driven 
explosions at v > v 0 the spectra can be fitted by an ejecta with 
ρ( v ) ∝ ∼ v −5 . 

Radio emission: The radio emission is a v ery sensitiv e probe of 
the fastest material since the synchrotron emission from the forward 
shock driven by this material into the circum-burst medium is bright 
in the radio. This emission is extremely sensitive to the shock 
velocity, and thus an explosion with a mildly relativistic outflow 
is expected to produce a bright radio emission. It is most useful 
as it enables a reliable measurement of the outflow velocity and a 
robust lower limit of its energy (Pacholczyk 1970 ; Che v alier 1998 ; 
Barniol Duran, Nakar & Piran 2013 ). It also provides a rough 
estimate of the outflow energy which depends on the uncertain 
microphysical parameters. When the radio light is accompanied 
by a detectable X-ray emission from inverse Compton radiation, 
it provides tight constraints on the energy in the shocked region 
(and a measurement of the microphysical parameters; Che v alier & 
Fransson 2006 ). Additional tight constraints can be obtained in case 
that the radio image is resolved. In jet-driven explosion E MR ∼ E SN 
and therefore we expect to see radio emission that is dominated (at 
least on a time-scale of months to years) by a mildly relativistic 
material with a comparable amount of energy to that carried by 
material moving at v 0 , as measured by the optical SN emission. 

6  C O M PA R I S O N  TO  OBSERVATIONS  
Fig. 7 shows the energy distribution as a function of the proper 
velocity of a number of stripped envelope SNe. One of these 
is LGRB/SN, one ll GRB/SN, and three are not associated with 
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Engine of supernova explosion is not likely to be GRB jet

Eisenberg, Gottlieb, & Nakar, MNRAS 517 (2022)
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Viscous heating rate in a disk around BH
• Suppose BH mass ~ 10 Msun and disk mass ~ 1 Msun

• A torus/disk is magnetized and turbulence is induced by 
magnetorotational instability à viscosity is induced
• Viscous heating rate of tori/disks:
 

Alpha disk model with 𝜈 = 𝛼!𝑐"#Ω$%; Ω = &'!"
(#

, 𝛼! = O(0.01)

• If viscous heating power can be injected efficiently to 
the infalling matter, (luminous) explosion may occur   
à Investigate in numerical simulation!

2

Ė⌫ ⇠ ⌫Mtorus⌦2, and thus,

Ė⌫ ⇠ 4 ⇥ 1052 erg/s
⇣ ↵⌫

0.03

⌘✓
Mtorus

M�

◆

⇥
✓

cs
109 cm/s

◆2 ✓ MBH

10M�

◆�1/2 ✓ R

10MBH

◆�3/2

,(1)

where Mtorus is the torus mass, cs is the sound veloc-
ity, ⌦ is the angular velocity written approximately asp

MBH/R3 with MBH and R being the black hole mass
and cylindrical radius, and ⌫ is the shear viscous coe�-
cient, which is written in the alpha viscous prescription
as [8]

⌫ = ↵⌫csH, (2)

with ↵⌫ the so-called alpha parameter and H the scale
height of the torus approximately written as H = cs/⌦.
Here, the viscosity is supposed to be induced e↵ectively
by magnetohydrodynamics turbulence; see e.g., Refs [9–
15], which shows ↵⌫ = O(10�2). In the presence of mat-
ter infall onto the disk/torus, strong shear layers are also
formed at the shock surfaces outside the disk/torus, and
hence, the viscous heating can be even more enhanced.

The timescale of the viscous heating in the disk/torus
is written as

t⌫ :=
R2

↵⌫csH

⇡ 4.7 s
⇣ ↵⌫

0.03

⌘�1
✓

cs
109 cm/s

◆�2

⇥
✓

MBH

10M�

◆1/2 ✓ R

10MBH

◆1/2

, (3)

and thus, the total dissipated energy is approximately

Ė⌫t⌫ ⇠ MtorusMBH

R

⇡ 1.8 ⇥ 1053 erg

✓
Mtorus

M�

◆✓
10MBH

R

◆
. (4)

Hence, if a fraction of the viscous heating energy con-
tributes to the outflow of the matter, it is possible to
achieve a supernova-like explosion with a very high explo-
sion energy of order 1052 erg in the presence of a compact
and high-mass torus of Mtorus ⇠ 0.1–1M�.

In this paper we continue our exploration of this prob-
lem for more massive progenitor stars with zero-age
main-sequence mass MZAMS = 35 and 45M� as well
as MZAMS = 20M�. Following our previous work, we
employ the stellar evolution models by Aguilera-Dena et
al. [1]. Since these stars are compact and very massive
at the onset of the stellar core collapse, we may expect
that a black hole is formed shortly after the stellar core
collapse and core bounce [16] (but see Ref. [17] for a
counter example). Thus, in this work, we assume the
black hole formation after the core bounce without an
explosion in the proto-neutron star stage. Under this as-
sumption, we prepare an initial condition composed of

a spinning black hole and infalling matter field by solv-
ing constraint equations of general relativity. The ini-
tial condition is prepared for the phase with no accretion
disk/torus formation. With such initial data, we per-
form a neutrino-radiation viscous hydrodynamics simula-
tion in full general relativity paying particular attention
to the disk/torus formation and evolution, and subse-
quent development of the matter outflow, which leads to
a supernova-like explosion.

This paper is organized as follows: In Sec. II, we sum-
marize the progenitor models which we employ and then
describe how to set up the initial condition composed of
a spinning black hole and infalling matter. Section III
presents the results of new numerical-relativity simula-
tions focusing on the mechanism of the explosion, explo-
sion energy, the ejecta property, and predicted light curve
of the supernova-like explosion. Section IV is devoted to
a summary. In Appendix A, we describe a formulation
for the initial-value problem of general relativity that we
employ in this paper. In Appendix B and C, supple-
mental numerical results are presented. Throughout this
paper we basically use the geometrical units of c = 1 = G
where c and G are the speed of light and gravitational
constant, respectively, but when it is necessary to clarify
the units, we recover G and c. kB denotes Boltzmann’s
constant.

II. MODELS AND INITIAL CONDITIONS

We employ massive and very compact progenitor stars
among the stellar evolution models of Ref. [1]. Specifi-
cally, we select the stars with the mass of the zero-age
main-sequence state, MZAMS = 20, 35, and 45M�. For
these stars, we may suppose that a black hole would be
formed in a short timescale after the core bounce [16] 1.

Assuming the conservation of the specific angular mo-
mentum during the formation of a black hole and sub-
sequent black-hole growth, it is possible to approxi-
mately determine the mass and angular momentum of
the formed black hole for a given profile of the specific
angular momentum as a function of mass j(m) [21, 22],
if the region with the mass smaller than m collapses to
the black hole without forming a disk. Here, m is the
total mass with the specific angular momentum less than
j. In the following, we assume that the angular velocity
profile ⌦ is a function of spherical radius only, as is done
in the stellar evolution calculation [1], and thus, the spe-
cific angular momentum j represents the angular average

1 Even for extremely compact progenitor stars, supernova explo-
sion may occur and a black hole may not be formed via neu-
trino heating [17] and/or via magnetohydrodynamics e↵ects [18–
20], although our previous simulations for the 20M� progenitor
model indicate that the assumption of the black-hole formation
may be valid for the progenitor models of Ref. [1].

Very large!



20 solar mass model; an=0.03 viscous + neutrino rad-hydro
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Explosion energy for 9 and 20 solar-mass models

• Typical explosion energy ~ 1051 erg, comparable to the 
typical supernovae energy

à We may expect SN-like explosions but not high-energy 
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Exploring larger-mass models

• Numerical simulation for larger-mass models is 
expensive (longer timescale for BH growth)
• BH formation and early evolution may be skipped, 

because matter simply collapses to a BH and free-
falls into the BH until disk formation
• Start from a BH + infalling matter with free fall 

from the original progenitor models
Fujibayashi et al. arXiv: 2309:02161; PRD 109 (2024)



Final stellar radius depends only weakly on the initial mass: 
R* ~ 300,000 km, i.e., compact (=good for jet penetration)

here. Note that, although the current models are precisely at
core collapse, whereas the previous ones are calculated at a
time shortly before, the remaining lifetime before the core
collapse of previous models is of the order of a few seconds,
such that the final masses are well defined. Differences in final
masses will become important for the explosive event that
follows from this evolutionary channel, since they will
determine the ejecta mass, the boundary between core collapse
and the onset of pulsational pair instability, and the amount
of radiation produced by CSM interaction. This is further
discussed in Section 4.
The middle panel of Figure 1 reflects the difference in final

total helium mass in the envelope. The helium content in the
envelope is higher in most cases in the current work due to the
higher final masses retained by the models at core collapse.
Despite the considerable difference in final mass, reaching up
to 25% in some cases, particularly at higher initial masses, all
of these models retain less than 0.013 M of helium in their
envelopes. We do not expect helium lines to form in these
progenitors, since they retain very little helium, and all of the
remaining helium is located in a carbon-/oxygen-rich layer that
will lower the probability of exciting helium lines, as opposed
to the case of a Type Ib progenitor that has a pure helium and
nitrogen layer (Dessart et al. 2017, 2015). Furthermore,
excitation of helium lines depends on the mixing of 56Ni,
which may be differently distributed in the ejecta in the case of
a successful explosion coming from one of our progenitors,
likely resulting in a Type Ic SN in any case (Yoon et al. 2019).
As can be seen in the bottom panel of Figure 1, the final radii

are not significantly affected by the additional mass, except for
the cases below about 8 M. This is not unexpected, since the
radius is determined by a competition of the increasingly
stronger neutrino losses stars experience during the late
evolutionary stages and the formation of a helium-burning
shell. In lower-mass models, the relatively larger helium
content in the envelope ignites earlier than in the ALMS18
models, and due to the larger lifetime, the helium-burning shell
manages not only to halt the neutrino-driven contraction but to
produce an expansion of the envelope.
Another important consequence of a more efficient angular

momentum loss is that the immediate CSM mass—produced in
the final ≈1000 yr by the combined effect of neutrino-driven
contraction and fast rotation—will be smaller and the ejecta
more massive. The CSM mass, quantified by D MHe final, the
mass lost from core helium depletion until core collapse, as
discussed in detail by ALMS18, has to remain close to the star,
since it is lost by centrifugal acceleration, which decays quickly
as the mass moves away from the star and cannot be
accelerated by radiation. A comparison between these quan-
tities is shown in Figure 2. It is striking that some of these CSM
masses are reduced by about half by the different treatment of
angular momentum losses, but they will still play a significant
role in some of the expected transients (see Section 4).

3. Results

As detailed in Section 2.1, the global properties and
conclusions from ALMS18 remain valid after reperforming
the simulations with the changes described in Section 2.2. The
main parameters of our pre-SN models are summarized in
Table 1. This section is divided as follows. In Section 3.1 we

Figure 1. Comparison of different key properties of core-collapse models in
this study (orange) with the final models from ALMS18 (blue). Panels show the
final masses (top), helium masses in the envelope (excluding the helium formed
in the core due to photodisintegration of iron; middle), and radii (bottom) as a
function of initial mass.
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Why high-mass has advantage for high energy?
• Compactness of progenitor stars 

𝐶∗ ≡
𝑀∗

𝑅∗
	 𝑀∗: Stellar	mass, 𝑅∗: Radius

• Mass accretion rate ̇	𝑀∗ ∝
3∗
4$$
∝ 3∗

5∗

6/8
= 𝐶∗

%
&

 𝑡""=
#∗"

$%∗
 :  free fall timescale

• Progenitor models: 𝑅∗ ≈ 300,000 km irrespective 
of the stellar mass 

à Higher mass models result in higher mass 
accretion rate 

à High efficiency in viscous energy generation



Exploring larger-mass models

35 solar mass progenitor model = 15 solar mass, spin 
0.66 BH + 12 matter infalling (+ mass loss)
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FIG. 1. Specific angular momentum, j, as a function of the
enclosed mass, m, for the models of MZAMS = 9, 20, 35, and
45M� in Ref. [1] (solid curves). We also plot jISCO for a given
black hole of mass m and corresponding angular momentum
J(m) by the dotted curves. The filled circles denote the points
at which j = jISCO is satisfied.

as

j =
1

4⇡r2

Z 2⇡

0

Z ⇡

0
⌦(r)r4 sin3 ✓d✓d' =

2

3
r2⌦(r). (5)

Since j is a function of r, m is as well.
Then, we choose the mass of the black hole, MBH,0,

which is much larger than the maximum mass of cold
neutron stars of . 3M�. The resulting angular momen-
tum, JBH,0, of the black hole is written as

JBH,0 =

Z MBH,0

0
j(m0)dm0. (6)

We note that for the choice of MBH,0, j(m) with any value
of m  MBH,0 has to be smaller than the specific angular
momentum of the innermost stable circular orbit, jISCO,
of a black hole of mass m and angular momentum

J(m) =

Z m

0
j(m0)dm0. (7)

Figure 1 shows j as a function of m for MZAMS = 9,
20, 35, and 45M� of Ref. [1] (solid curves). We also plot
jISCO for a given black hole of mass m and the corre-
sponding angular momentum J(m) by the dotted curves.
The filled circles denote the points at which j = jISCO is
satisfied (we refer to the corresponding mass as MISCO).
Here, jISCO is a function of MBH and J(MBH) [23]. This
figure shows that for any model, j(m) < jISCO is satis-
fied for m < MISCO and indicates that for the progenitor
models with MZAMS = 20, 35, and 45M�, a black hole
is likely to grow to MBH = MISCO ⇡ 8, 15, and 22M�
prior to the disk formation. In the presence of the vis-
cous angular-momentum transport, the disk formation is
delayed and black holes with higher mass can be formed
before the disk formation.

The next step is to determine the profile of the in-
falling matter located outside the black hole. For this we
approximate that the envelope in the progenitor stars is
in a free-fall state during the collapse. To characterize
the profile, we employ a solution of Oppenheimer-Snyder
collapse (e.g., Ref. [24]) for our free-fall approximation
because the centrifugal e↵ect before the disk formation
is minor for the collapsing matter. Then, the fluid mo-
tion in the stellar envelope during the collapse is given
by

rm(⌧m) =
1

2
rm,0 (1 + cos ⌘) , (8)

⌧m := max(⌧ � ⌧m,0, 0) =

s
r3m,0

8m
(⌘ + sin ⌘) ,(9)

where rm is the areal radius of the mass shell with the
enclosed mass m, rm,0 = rm(⌧m = 0), ⌧m,0 is the starting
time of the free-fall (see below), ⌧m is the free-fall time
of the mass shell, and ⌘ is an auxiliary parameter. For
simplicity, we assume that the matter in the envelope has
zero radial velocity initially and begins to free-fall when
the sound wave propagated from the center reaches the
radius at

⌧m,0 =

Z rm,0

0

dr

cs(r)
. (10)

Then, the black-hole formation time ⌧ = ⌧BH can be
estimated as

⌧BH =

s
R3

BH,0

8MBH,0
(⌘BH + sin ⌘BH) +

Z RBH,0

0

dr

cs(r)
, (11)

where cos ⌘BH = 4MBH,0/RBH,0 � 1 and RBH,0 is the
areal radius of a mass shell with enclosed mass MBH,0.
Note that the mass shell for ⌧m,0 > ⌧BH does not start
infalling. The radial velocity of the matter is then given
approximately by

ur =
@rm
@⌧

=

s
2m (rm,0 � rm(⌧m))

rm,0rm(⌧m)
. (12)

Since we use the spinning black-hole puncture in quasi-
isotropic coordinates for the initialization of geometric
variables (see Appendix A), we need to perform co-
ordinate transformation to quasi-isotropic coordinates
(r̄, ✓,') for consistency as

r̄ =
1

2

⇣
rm � m +

p
r2m � 2mrm + a2m

⌘
, (13)

where am = J(m)/m and we assumed the conservation
of the rest mass, m, and angular momentum J(m) along
the radial geodesic of infalling mass shells. As a result,
the weighted rest-mass density ⇢⇤, angular momentum
density Ĵ' and radial velocity ur̄ (see Appendix A for
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Stellar models by Aguilera-Dena et al



35 solar mass model; an=0.03 + neutrino hydro

MBH=15 solar mass & BH spin=0.66 at t=0 

Te
m

pe
ra

tu
re

   
   

   
   

  R
es

t-m
as

s d
en

si
ty Entropy/baryon           Electron fraction

Fujibayashi et al. 2023, arXiv: 2309:02161 



collapse is proportional to M!=tff ∝ C3=2
! , where tff ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R3
!=M!

p
is the free-fall timescale. Thus, the mass-infall

rate is higher for the larger-compactness progenitor models.
The higher mass-infall rate enhances the viscous and shock
heating rates around the inner region of the disk/torus,
which result in the larger explosion energy for the more
massive progenitor models.
For models with larger values of αν, the explosion energy

and ejecta mass are naturally larger. Fundamentally, the
viscous effect should come effectively from the magneto-
hydrodynamical turbulence and hydrodynamical shear in
the present context. Thus, the explosion energy and ejecta
mass can be accurately determined only by a magneto-
hydrodynamics simulation. However, the present study

indicates that the dependence of these quantities on αν is
not very strong; even for the10=3 times larger value ofαν, the
explosion energy and ejecta mass increase within a factor
of 2. In particular, the explosion energy and ejectamass show
similar values forMZAMS ¼ 35M⊙ with αν ¼ 0.03 and 0.06.
Therefore, it is reasonable to conclude that the explosion
energy can reach Eexp ∼ 1052 erg with the ejecta mass of
Mej ¼ 4–5M⊙ for the present choice of the massive pro-
genitor stars, if the turbulent state is excited and the resulting
effective viscosity with αν ¼ ∅ð10−2Þ is generated around
the inner region of the accretion disk/torus.
The modification of the initial angular momentum profile

for the progenitor stars ofMZAMS ¼ 35M⊙ has an impact on
the explosion energy and ejecta mass, in particular, for the

FIG. 6. Time evolution of the explosion energy (left) and ejecta mass (right) for models of MZAMS ¼ 20M⊙ (upper row), 35M⊙
(middle row), and 45M⊙ (lower row). For MZAMS ¼ 20M⊙, we also plot the result in Ref. [5] by the dashed curves.

SUPERNOVALIKE EXPLOSIONS OF MASSIVE ROTATING … PHYS. REV. D 109, 023031 (2024)

023031-11

High explosion energy and ejecta mass!

• Explosion energy ~ 1052 erg >> 1051 erg
• Ejecta mass ~ 4—5 solar mass
• 56Ni mass (radio active source) > 0.15 solar mass

Ejecta mass

à Large enough for Hypernovae!

Explosion energy in units of 1051 erg

1052 erg



IV. SUMMARY

We studied the fate after the collapse of rotating massive
stars that form a black hole and a disk/torus by performing a
neutrino-radiation viscous-hydrodynamics simulation in
general relativity and employing the stellar evolution
models by Aguilera-Dena et al. [6] as initial data.
Specifically, we employed rapidly rotating and compact
progenitor stars as base models and constructed a system of
a spinning black hole and infalling matter as the initial
conditions. For most of the models we employed, a system
of a black hole surrounded by a massive torus is formed
during the time evolution.
Because of the viscous heating as well as shock heating

around the surface of the torus, thermal energy is generated
and becomes the source for the explosion of the system. For
the massivemodels (MZAMS ¼ 35M⊙ and 45M⊙), the ejecta

mass is 4 − 5M⊙ and the explosion energy is∼1052 erg, i.e.,
much larger than typical supernovae. The explosion energy is
enhanced for larger viscous coefficients. By contrast, the
explosion energy for the 20M⊙ model is of order 1051 erg.
The primary reason for this difference is that, for the more
massive models, the compactness of the progenitor stars is
larger, themass infall rate to the central part is higher, and as a
result, the viscous and shock heating efficiency are enhanced
to get large explosion energy.
For MZAMS ¼ 35M⊙, we performed simulations artifi-

cially varying the initial angular momentum for a fairly
wide range. For its change by "20%, the explosion energy
and ejecta mass do not vary significantly. However, for the
reduction by 50%, we did not find the torus formation and
explosion in our simulation time, although a small-mass
disk is formed. This indicates that, for high-energy explo-
sion from the torus, a rapid rotation of the progenitor stars
that results in a rapidly spinning black hole with χ ≳ 0.7
and a massive torus with mass ≳1M⊙ is necessary.
For the simulations with the original progenitor models

of Ref. [6], the final black hole spin is always 0.75–0.85,
and thus, a rapidly spinning black hole is the outcome. The
final black hole mass is ≈10–30M⊙, which are 50%–60%
of the progenitor mass. Even for the model with initially
reduced angular momentum (model AD35x0.5-21.5) the
final dimensionless spin is ≈0.6. Since the black hole
dimensionless spin is high, in the presence of electro-
magnetic fields, the Blandford-Znajek effect is likely to
play an important role [42] for launching an energetic jet or
outflow along the spin axis of the black hole. If a relativistic
jet is produced, a gamma-ray burst will be also launched (see
Refs. [43–45] for simulation works). Our present explo-
sion models may naturally explain the association between
the gamma-ray burst and supernovalike explosion [46] if a
jet is really launched. To demonstrate that a relativistic jet is
indeed launched, it is necessary to perform a magneto-
hydrodynamics simulation, which is one of our follow-up
works to be done. In the presence of a jet, energy available
for the explosion and 56Ni production is additionally

FIG. 9. Bolometric light curves for all exploded models in this
paper. Light curves for different models are plotted in different
colors and line thicknesses. The filled circles along each curve
indicate the time at which the ejecta becomes optically thin to
thermal photons. The shaded regions denote templates of the
bolometric light curves with standard deviations for type Ib, Ic,
and Ic-BL taken from Ref. [38].

FIG. 8. MNi as a function of the explosion energy Eexp (left) and average ejecta velocity vej (right). The open symbols denote the
observational data for stripped-envelope supernovae, some of which are broad-lined type Ic supernovae, taken from Refs. [34,35].

FUJIBAYASHI, LAM, SHIBATA, and SEKIGUCHI PHYS. REV. D 109, 023031 (2024)

023031-14

56Ni mass by nucleosyntyhesis calculation;  
comparison with observation for stripped envelop SNe

Observational data: Taddis et al.,  A & A 621 A71 (2019); Gomez et al., ApJ 941, 107 (2022)

Good agreement with observational data

Larger progenitor mass

BH + massive disk can be the 
central engine of stellar explosion 

Note:  r-process elements



III  GRMHD (+ neutrino) simulations: jets

üGRB jets cannot be driven by viscous hydrodynamics
üViscous effects come from magnetohydrodynamical 

(MHD) effects in reality
àViscous hydrodynamics should be replaced by MHD
àPerform MHD simulation with the same initial 

condition: BH + infalling matter!
• Axisymmetric simulation, to perform a simulation for 

>10 sec (as a first step; 3D is necessary ultimately)
• Initial magnetic field?? Broadly, two possibilities
1. Fossil poloidal field (easy to do, often done)
2. Poloidal field developed in the disk through MRI   

(more realistic, but super expensive)

Shibata et al. 2023, arXiv: 2309.12086; PRD 109, 2024



Promising generation mechanism of GRB jets
= Blandford-Znajek mechanism (1977)

• Suppose the presence of a spinning black 
hole penetrated by magnetic fields
• Rotational kinetic energy of BH is 

extracted by the magnetic field
• Luminosity (f = w/WH, c=BH spin)

Explosion energy and black-hole spin evolution in collapsar scenarios

Masaru Shibata,1, 2 Sho Fujibayashi,1 Alan Tsz-Lok Lam,1 Kunihito Ioka,2 and Yuichiro Sekiguchi2, 3

1Max-Planck-Institut für Gravitationsphysik (Albert-Einstein-Institut),
Am Mühlenberg 1, D-14476 Potsdam-Golm, Germany

2Center for Gravitational Physics and Quantum Information,
Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto, 606-8502, Japan

3Department of Physics, Toho University, Funabashi, Chiba 274-8510, Japan
(Dated: August 10, 2023)

We explore the collapsar hypothesis for long gamma-ray bursts by performing axisymmetric
neutrino-radiation magnetohydrodynamics simulation in full general relativity for the first time. In
this paper, we pay particular attention to the explosion energy and the evolution of the black-hole
spin. We show that for the case that high magnetic-field strengths with an aligned field configu-
ration are initially given, a jet is launched before the formation of disk and torus and the matter
accretion onto the black hole is halted by the strong magnetic pressure after a jet launch, leading to
the spin-down of the black hole due to the Blandford-Znajek mechanism. The spin-down timescale
depends strongly on the magnetic-field strength initially given because the magnetic-field strength
on the black-hole horizon, which is determined by the mass accretion rate at the jet launch, depends
strongly on the initial condition, although the total explosion energy appears to be high & 1053 erg
depending only weakly on the initial field strength and configuration for such a case. For the models
in which the magnetic-field configuration is not suitable for quick jet launch, the torus is formed
and after a long-term magnetic-field amplification, a jet can be launched. For this case, the matter
accretion onto the black hole continues even after the jet launch and black-hole spin-down is not
found.

I. INTRODUCTION

The collapsar model [1, 2] is the widely accepted model
for explaining the central engine of long gamma-ray
bursts. In this model, one supposes a massive, rotating,
and magnetised progenitor that collapses into a black
hole. After the formation of a spinning black hole, one
assumes that the black hole is threaded by a poloidal
magnetic field with a su�ciently high field strength, with
which the Poynting luminosity by the Blandford-Znajek
mechanism [3] is su�ciently high. Motivated by this idea,
a number of general relativistic magnetohydrodynamics
simulations (in the fixed black-hole spacetime) have been
performed in the last two decades (e.g., Refs. [4–9]), and
indicated that jets are indeed launched in the presence
of strong poloidal magnetic fields penetrating spinning
black holes, which are hypothetically assumed.

In the force-free approximation, the Poynting luminos-
ity associated with the Blandford-Znajek mechanism is
approximately written as (e.g., Ref. [10])

dE

dt
⇡ 4

3
(Br)2M4

BH
r̂
3

+
!(⌦H � !), (1)

where B
r is the typical radial magnetic-field strength on

the black-hole horizon, MBH is the black-hole mass, and
r̂+ = 1 +

p
1 � �2 with � being the black-hole spin and

MBHr̂+ being the radius of the black-hole horizon in the
Boyer-Lindquiest coordinates (e.g., Ref. [11]), ! is the
angular velocity of the characteristic mode of the elec-
tromagnetic emission, ⌦H is the angular velocity of the
black hole written as (e.g., Ref. [11])

⌦H =
�

2MBHr̂+
. (2)

Throughout this paper we use the geometrical units in
which c = 1 = G where c and G are the speed of light
and gravitational constant, respectively. We note that
dMBH/dt = �dE/dt in the absence of matter accretion
onto the black hole, and that the source of the Poynting
luminosity is the rotational kinetic energy of the black
hole. We also note that Eq. (1) is valid only when the
poloidal magnetic field penetrates the entire surface of
the horizon. If the poloidal magnetic field penetrates a
part of the horizon surface, the luminosity is lower.

Although ! is a function of spatial coordinates deter-
mined by the detailed magnetic-field profile, we consider
it as a constant for simplicity and set it as ! = f⌦BH

where f is assumed to be a constant as well because pre-
vious numerical studies often showed that f is ⇠ 1/2 (see,
e.g., Ref. [10]). Then, Eq. (1) is written as

dE

dt
⇡ f(1 � f)

3
(Br

MBH�)
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⇡ 2.1 ⇥ 1050 f1/2
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1/2

✓
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10M�

◆2

⇥
✓

B
r

2 ⇥ 1014 G

◆2 ⇣
�

0.7

⌘2
✓
r̂+

2

◆
erg/s, (3)

where f1/2 = f/(1/2). In the following we consider
the typical values of B

r, MBH, and � as 1014–1015 G,
⇠ 10M�, and& 0.5 because with these values, the typical
luminosity of long gamma-ray bursts can be reproduced
assuming that the conversion e�ciency of the Poynting
luminosity to gamma-ray luminosity is of order 10%.

Associated with the energy extraction, the angular
momentum of the black hole is also extracted with the

Typical gamma-ray luminosity of GRBs could be produced

E.g., McKinney & Gammie ApJ (2004)

Outflow energy and black-hole spin evolution in collapsar scenarios
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We explore the collapsar scenario for long gamma-ray bursts by performing axisymmetric neutrino-
radiation magnetohydrodynamics simulations in full general relativity for the first time. In this
paper, we pay particular attention to the outflow energy and the evolution of the black-hole spin.
We show that for a strong magnetic field with an aligned field configuration initially given, a jet is
launched by magnetohydrodynamical e↵ects before the formation of a disk and a torus, and after
the jet launch, the matter accretion onto the black hole is halted by the strong magnetic pressure,
leading to the spin-down of the black hole due to the Blandford-Znajek mechanism. The spin-down
timescale depends strongly on the magnetic-field strength initially given because the magnetic-field
strength on the black-hole horizon, which is determined by the mass infall rate at the jet launch,
depends strongly on the initial condition, although the total jet-outflow energy appears to be huge
> 1053 erg depending only weakly on the initial field strength and configuration. For the models in
which the magnetic-field configuration is not suitable for quick jet launch, a torus is formed and after
a long-term magnetic-field amplification, a jet can be launched. For this case, the matter accretion
onto the black hole continues even after the jet launch and black-hole spin-down is not found. We
also find that the jet launch is often accompanied with the powerful explosion of the entire star with
the explosion energy of order 1052 erg by magnetohydrodynamical e↵ects. We discuss an issue of
the overproduced energy for the early-jet-launch models.

I. INTRODUCTION

The collapsar model [1, 2] is the widely accepted model
for explaining the central engine of long gamma-ray
bursts. In this model, one supposes a massive, rotating,
and magnetised progenitor star that collapses into a black
hole. After the formation of a spinning black hole, one
assumes that the black hole is penetrated by a poloidal
magnetic field with a su�ciently high field strength, with
which the Poynting luminosity by the Blandford-Znajek
mechanism [3] is su�ciently high. Motivated by this idea,
a number of general relativistic magnetohydrodynamics
simulations (in the fixed black-hole spacetime) have been
performed in the last two decades (e.g., Refs. [4–10]), and
indicated that jets are indeed launched in the presence of
strong poloidal magnetic fields that penetrate a spinning
black hole, which are hypothetically assumed.

In the force-free approximation, the Poynting luminos-
ity associated with the Blandford-Znajek mechanism is
approximately written as (e.g., Ref. [11])

dE

dt
⇡ 4

3
(Br)2M4

BH
r̂
2

+
(r̂+ + 2)!(⌦BH � !), (1)

where B
r is the typical value of the (lab-frame) radial

magnetic-field strength on the black-hole horizon, MBH

is the black-hole mass, r̂+ = 1 +
p

1 � �2 with � be-
ing the black-hole spin and MBHr̂+ being the radius of
the black-hole horizon in the Boyer-Lindquist coordinates
(e.g., Ref. [12]), ! is an angular velocity function of the
electromagnetic field, and ⌦BH is the angular velocity of

the black hole written as (e.g., Refs. [12, 13])

⌦BH =
�

2MBHr̂+
. (2)

Throughout this paper we use the geometrical units in
which c = 1 = G where c and G are the speed of light
and gravitational constant, respectively. We note that
dMBH/dt = �dE/dt in the absence of matter accretion
onto the black hole, and that the source of the Poynting
luminosity is the rotational kinetic energy of the black
hole. We also note that Eq. (1) is valid only when the
poloidal magnetic field penetrates the entire surface of
the black-hole horizon. If the poloidal magnetic field pen-
etrates a part of the surface, the luminosity is lower.
Although ! is a function of spatial coordinates deter-

mined by the detailed magnetic-field profile, we consider
it as a constant for simplicity and set it as ! = f⌦BH

where f is assumed to be a constant as well because pre-
vious numerical studies often showed that f is ⇠ 1/2 (see,
e.g., Ref. [11]). Then, Eq. (1) is written as

dMBH

dt
⇡ �f(1 � f)

3
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where f1/2 = f/(1/2). In the following we consider the
typical values of Br, MBH, and � as 1014 G, ⇠ 10M�, and
& 0.5 because with these values, the typical luminosity
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Shibata et al. 2023, arXiv: 2309.12086

15 solar mass, spin=0.66 BH + 10.5 solar mass 
infalling matter



Weaker magnetic field case: no jets in 15s but later yes
Bmax=1010.5 G
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GRMHD results with initially poloial field
• In the presence of poloidal magnetic fields, the field 

strength is amplified by winding associated with BH 
spin, and a jet is driven by the Blandford-Znajek effect 
when magnetic pressure overcomes the ram pressure, 

i.e.,                
9&

:;
> 𝜌<=>?@@𝑣<=>?@@8      (*)

• Then B on the horizon is approximately fixed: 
𝐵~7.5×10&'G (#$%&''

&)(*/,-"

&/.
(
/)*+,--
0/.

)

• Poynting luminosity is higher for stronger initial field 
because of Eq. (*); rinfall is higher in earlier phase

• Stellar explosion often accompanies with the explosion 
energy of order 1052 erg or more in this setting
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Initially high field strength
à Higher Poynting luminosity
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Evolution of black holes: spin down in MAD state

• Spin-down timescale = 30—300 s for strong jet models
    à Rotational kinetic energy is the source of jets
• Spin-down timescale is shorter for stronger initial field
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Problem: Huge total Poynting energy problem

• 𝐸12 = 𝐿12	×	(spin-down timescale)
• For strong poloidal field models, EBZ > 1053 erg:       

Larger than GRB + afterglow + SN energy!?
• This cannot be accepted
• The spin-down timescale should be much longer than 

GRB timescale ~ 10—100 s! And later, magnetic field 
should be dissipated

àFossil poloidal fields must not be very strong

Magnetic field lines that penetrate BH should be 
developed in a later stage



IV  How to get poloidal magnetic fields that 
penetrate black hole?

• Many numerical simulations assume aligned poloidal 
magnetic fields that penetrate black hole initially 
à  Jet is launched as we show in this talk
• However, this is the “assumption=result” simulation
• The most important question (for me) is “how and 

when such magnetic field is established”
• Our belief: In the torus/disk surrounding the BH, 

magnetic fields are amplified, and due to the matter 
accretion (together with the magnetic fields), a 
magnetic field that penetrates the BH is formed.
• We need to resolve MHD instability in the disk; it is 

super expensive but necessary



Phenomenological approach: Add dynamo term

written as functions of ρ, Ye, and T where ε, P,
hð¼ c2 þ εþ P=ρÞ, ρ, Ye and T are the specific internal
energy, pressure, specific enthalpy, rest-mass density,
electron fraction, and matter temperature, respectively.
We choose the lowest rest-mass density to be 0.1 g=cm3

in the table, and the atmosphere density for ρ% ≔ ρut
ffiffiffiffiffiffi−gp

in the hydrodynamics simulation is chosen to be 103 g=cm3

in the central region of r ≤ 100 km and it is decreased
down to 1 g=cm3 with the dependence of ∝ r−3 in the outer
region (i.e., for the far region it is 1 g=cm3). Here uμ and g
denote the four velocity of the fluid and the determinant of
the spacetime metric gμν, respectively. ρ% obeys the con-
tinuity equation in the form of

∂tρ% þ ∂iðρ%viÞ ¼ 0; ð1Þ

where vi ¼ ui=ut is the three velocity, dxi=dt. From
Eq. (1), the conserved rest mass is defined by

M% ≔
Z

ρ%d3x: ð2Þ

B. Maxwell’s equations

First we write down the equations for the electromag-
netic fields, which are derived from Maxwell’s equations:

∇μFμν ¼ −4πjν; ð3Þ

∇μ
%Fμν ¼ 0: ð4Þ

Here ∇μ is the covariant derivative with the respect to gμν,
Fμν is the electromagnetic tensor, jμ is the current four
vector, and %Fμν is the dual of Fμν defined by

%Fμν ≔
1

2
ϵμναβFαβ; ð5Þ

with ϵμναβ the Levi-Civita tensor of ϵtxyz ¼
ffiffiffiffiffiffi−gp

. Using the
unit timelike vector normal to the spacelike hypersurface,
nμ, we define the electric and magnetic fields by

Eμ ≔ Fμνnν; ð6Þ

Bμ ≔
1

2
nαϵαμνβFνβ; ð7Þ

and thus, the electromagnetic tensor and its dual are written
as

Fμν ¼ nμEν − nνEμ þ ϵμναBα; ð8Þ

%Fμν ¼ ϵμναEα − nμBν þ nνBμ; ð9Þ

where ϵναβ ¼ nμϵμναβ. Since Eμnμ ¼ Bμnμ ¼ 0, Et ¼
Bt ¼ 0. Note the definition of nμ ¼ −α∇μt with α the
lapse function.
Then Maxwell’s equations are written in terms of Eμ and

Bμ as follows: For the constraint equations,

DkEk ¼ 4πρe; ð10Þ

DkBk ¼ 0; ð11Þ

and for the evolution equations,

∂tEi − LβEi ¼ αKEi −DkðαϵkijBjÞ − 4παj̄i; ð12Þ

∂tBi − LβBi ¼ αKBi þDkðαϵkijEjÞ; ð13Þ

where ρe ≔ −jana and j̄i ≔ γikjk with γij the spatial metric
defined by γμν ≔ gμν þ nμnν. Dk denotes the covariant
derivative with respect to γij, βi the shift vector, K the
trace of the extrinsic curvature Kij, and Lβ denotes the Lie
derivative with respect to βi. We numerically solve the
evolution equations in the forms [34]

∂tEi ¼ −∂kðβiEk − βkEi þ αϵkijBjÞ
− 4πðJ i −QβiÞ; ð14Þ

∂tBi ¼ −∂kðβiBk − βkBi − αϵkijEjÞ; ð15Þ

where Ei ≔ ffiffiffi
γ

p
Ei, Bi ≔ ffiffiffi

γ
p

Bi, J i ≔ ffiffiffiffiffiffi−gp
j̄i, and Q ≔ffiffiffi

γ
p

ρe with γ ¼ detðγijÞ (in curvilinear coordinates, the
definition should be appropriately modified by excluding
the contribution of the coordinates in γ). We note
ð−gÞ ¼ α2γ. In this notation, the constraint equations are
written in the simple forms as

∂iEi ¼ 4πQ; ð16Þ

∂iBi ¼ 0: ð17Þ

To close the equations, we in general need the Ohm’s
law, for which we here write as

jμ ¼ ρ̃euμ þ σcðFμνuν þ αd%FμνuνÞ; ð18Þ

where ρ̃e ≔ −jμuμ ¼ w−1ðρe − σcEμuμ þ σcαdBμuμÞ is the
charge density observed in the frame comoving with the
fluid, and σc is the conductivity with w ≔ −nμuμ ¼ αut.
Note that the resistivity is defined by η ≔ 1=ð4πσcÞ. The
third term in the right-hand side of Eq. (18) denotes a
dynamo term (in the simplest version) with αd being the so-
called α-dynamo parameter (see, e.g., Ref. [35] for the
dynamo theory and Ref. [36] for the relativistic formu-
lation). The dynamo term is a phenomenological one and
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• The dimensionless coefficient ad is related to dynamo 
      for hypothetical amplification of fields. 𝐽3 ∝ 𝛼4𝐵3
• Magnetic field is amplified exponentially until the 

saturation is reached : ∝	exp(wmaxt) 

conductivityFor the dynamo instability to take place in the remnant
neutron star, the typical scale of the unstable mode
estimated broadly by ∼π=ð2kfastÞ should not be larger than
the radius of the neutron star ∼10 km. Thus, the condition
to get the dynamo instability in the neutron star
becomes αdσ2c ≳ 1010 s−2.
For the fastest-growing mode, the growth rate is

written as

ωmax ¼
3

4

!
πα2dσcS

2
Ω

4

"
1=3

¼ 46 s−1
!
jαdj
10−4

"
2=3

×
!

σc
3 × 107 s−1

"
1=3

!
jSΩj

103 rad=s

"
2=3

: ð2:13Þ

Thus, for massive neutron stars of mass ∼2.5 M⊙ for which
jSΩj is typically of Oð103Þ rad=s, the growth timescale of
the electromagnetic fields is of order 10 ms. For accretion
disks around a compact object of mass ∼3–10 M⊙, jSΩj
can be slightly smaller, but for a compact orbit of radius
∼100 km, the growth timescale is also as short as ∼102 ms.
For an accretion disk which orbits far from the central
object, jSΩj is smaller≪ 103 rad=s, and the timescale of the
dynamo action is longer. Specifically, jSΩj is approximately
proportional to R−3=2

disk; where Rdisk denotes the typical radius
of the accretion disk, and thus, ωmax is approximately
proportional to R−1

disk. This implies that for distant orbits, the
dynamo action becomes inefficient, if the values of σc and
αd for the noncompact disks are as large as those for the
compact disks.
Equation (2.10) shows that in addition to the growth (or

damping) the electromagnetic field oscillates with the
angular frequency of

ωosc ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jαdSΩjkkc

2

r
¼ 61 s−1

!
jαdj
10−4

"
1=2

×
!

jSΩj
103 rad=s

"
1=2

!
kk

2.5 × 10−6 cm−1

"
1=2

: ð2:14Þ

Thus, with our choice of σc and αd (see below), the
electromagnetic field changes the polarity with the period
of the order of 0.1 sð∼2π=ωoscÞ for the object of total mass
∼3 M⊙ and longer for the larger mass.
In the quasilinear approximation under the assumption of

the isotropic turbulence [47], the turbulent transport coef-
ficients, i.e., αd and η, are estimated by

αd ≈ −
1

3c
τcorhuiωii; ð2:15Þ

η ≈
1

3
τcorhuiuii; ð2:16Þ

where τcor is a correlation time, ui is the fluctuation part
of the spatial velocity, and ωi ¼ ϵijk∂juk: the vorticity.

h$ $ $i denotes the ensemble averaging. Assuming that
ui and τcor are comparable to the Alfvén velocity and
Alfvén timescale, the typical sizes for them are eva-
luated by

juij ≈
Bffiffiffiffiffiffiffiffi
4πρ

p ¼ 2.0 × 107 cm=s
!

B
1015 G

"

×
!

ρ
2 × 1014 g cm−3

"−1=2
; ð2:17Þ

τcor ≈
R
juij

¼ 50 ms
!

R
10 km

"!
B

1015 G

"−1

×
!

ρ
2 × 1014 g cm−3

"
1=2

; ð2:18Þ

where B is the typical magnetic-field strength, ρ is the
rest-mass density, and R is the radius of the neutron star.
Assuming that the order of magnitude of ωi is the same
as that of juij=R, we obtain jαdj ¼ Oð10−4Þ and η ¼
Oð1012Þ–Oð1013Þ cm2=s, i.e., σc ¼ Oð107Þ–Oð108Þ s−1.
For these values, the α −Ω dynamo can be activated
for long-wavelength modes of ≳1 km [cf. Eq. (2.11)].
In this paper, we broadly suppose the situation for
which the remnant neutron star and torus (or disk) are
unstable for the α − Ω dynamo with these long-wave-
length modes.
For dense accretion disks/tori surrounding a black hole/

neutron star which we consider in this paper, the typical
sizes of juij and τcor are smaller and larger than those in
Eqs. (2.17) and (2.18), respectively. (We note that R should
be replaced by the geometrical thickness of the disk/torus
which is≲100 km.) However, the order of the magnitude is
not significantly different from those for the neutron star.
Hence, we employ the same values of σc and αd both for the
remnant neutron star and accretion disks surrounding the
central compact objects for simplicity, while we perform
several simulations varying these parameters for a cer-
tain range.
We note that in the late evolution stage of the remnant

neutron star, the degree of the differential rotation is likely
to become weak due to the MHD effects (cf. Sec. IV).
Even for such a state, the magnetic-field amplification
may be still preserved by the α dynamo, for which the
necessary condition [from Eq. (2.9) with SΩ ¼ 0] is written
as [47]

k <
4πσcjαdj

c
; ð2:19Þ

or equivalently

λ ¼ 2π
k

> 50 km
!
jαdj
10−4

"−1! σc
3 × 107 s−1

"−1
: ð2:20Þ
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SW: degree of differential rotation
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Order of Timescales inferred
1. Collapse to a proto neutron star ~ 0.1 s
2. Black hole formation ~ O(1) s
3. Subsequent disk formation around black hole ~ 10 s
4. Amplification of magnetic field in the disk ~10 s        

à Magnetic fields that penetrate the BH are formed 
5. Jet & stellar explosion > 10 s
• GRB & stellar explosion may be launched at > 10 s after 

stellar collapse; different from ordinary supernovae

• It is not easy to prove it observationally…
• Ln>1052 erg/s is continued for > 10 s 



V  Summary
• Rapidly rotating massive stars have potential for 

powerful explosion of Eexp ~ 1052 erg by viscous effect 
(that should result from MHD turbulence)
• Explosion energy, ejecta mass, and 56Ni production are 

good for reproducing type Ib/Ic/Ic-BL SNe                   
à The engine for some of type Ib/Ic/Ic-BL SNe may 
be a black hole + a torus
• If a poloidal magnetic-field penetrating the black hole 

is present, a jet is likely to be produced as well          
à  GRB-SN association may be explained
• However, the explosion energy can be too high in the 

presence of initially strong poloidal field                     
à Magnetic field on the BH is likely to be developed 
from the MHD instability of the torus



Thank you for your attention!


