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Ṁ = 4πR2vCSMρCSM (7)

tdec =
vsh

dvsh/dt
∼

εMsh,0v
2
sh,0

Lobs
(8)

MSN(> v), vsh,0 (9)

νp ∼ γ2 eB
mec

∝ γ2B (10)

Fν ∼ N
σT cγ

2B2

νpd2
∝ NB (11)

Fν ∼ mec
2γ

c2
R2

d2
∝ γR2 (12)

Etot ∼ B2R3 +Nmec
2γ ∼ R11 +R−6 (13)
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✦  

✦  L. Martinez et al.: Bolometric light curves for 74 SNe II from the CSP-I

Fig. 12. BB temperature evolution for SNe II in the CSP-I sample with
explosion epochs defined. The red solid line indicates the mean tem-
perature within each time bin, while the dashed red lines represent the
standard deviation. These values are available in Table 3. SNe II are
colour-coded with the plateau decline rate (s2, top panel) and Mbol,end
(bottom panel).

We find six SNe II that enter the plateau phase with tem-
peratures below 5000 K. In particular, SN 2008bp has esti-
mated temperatures around 3500 K. One may assume that such
low temperatures could be obtained if (uncorrected) host-galaxy
extinction is considerably high. However, for low temperature
values (as those of SN 2008bp), the temperature after correct-
ing the photometry by host-galaxy extinction remains almost the
same (see Faran et al. 2018, their Fig. 6). Therefore, the under-
lying reason for these low temperatures is unclear. On the other
hand, we find SN 2009A entering the plateau phase with tem-
peratures of the order of 9000 K. However, this is a very pecu-
liar SN II given that it shows double-peaked optical LCs (see
Anderson et al., in prep. for details).

Valenti et al. (2016) found that fast-declining SNe II display
systematically lower temperatures at 50 days after explosion and
argue that this is to be expected since fast decliners evolve more
quickly and hence are close to the end of the recombination
phase at similar (to slow decliners) epochs. In the top panel
of Fig. 12, the temperature curves are colour-coded with their
s2 values. Six objects present temperatures lower than 5000 K
and only one, SN 2005lw, is a fast decliner with a s2 value of
1.53± 0.08 mag per 100 days, while the others (SNe 2004dy,
2007sq, 2008bh, 2008bp, and 2009ao) have s2 values lower
than 1 mag per 100 days. Moreover, one of the hottest SN II at

Table 3. Mean BB temperatures and the standard deviation for our
SNe II sample as a function of time.

Epoch (a) (days) TBB (K)

5 9328± 2164
15 8307± 1711
25 6766± 1138
35 6211± 967
45 5948± 882
55 5786± 774
65 5692± 741
75 5673± 881
85 5692± 965
95 5595± 1211
105 5270± 1007
115 5342± 1011
125 4994± 995
135 4379± 657

Notes. (a)Days since explosion.

50 days, SN 2008bm, has a decline rate s2 = 2.74± 0.12 mag per
100 days. This is in the opposite direction of what Valenti et al.
(2016) found. SN 2008bm belongs to a subgroup of SNe II
with peculiar characteristics: blue colours, low expansion veloc-
ities, and more luminous than ‘normal’ SNe II (Rodríguez et al.
2020). In addition, Rodríguez et al. (2020) find that these prop-
erties can be reproduced by the ejecta-CSM interaction model,
which may also explain the high temperature. The other two
SNe II presented in Rodríguez et al. (2020), SN 2009aj and
SN 2009au, also display high temperatures falling above the
standard deviation. Indeed, SN 2009aj is the hottest SNe II in our
sample until ⇠30 days after explosion. CSM interaction causes a
boost in the SN luminosity and greater photospheric tempera-
tures because of the additional energy source (Hillier & Dessart
2019). Leaving aside these outliers, we do not find a clear trend
of the temperature with s2 as found by Valenti et al. (2016).

SN II spectra show that some iron-group absorption lines
appear earlier in low-luminosity events, which may be asso-
ciated with di↵erences in temperatures and/or metallicity
(Gutiérrez et al. 2017b). That is to say, low-luminosity SN II
line forming regions cool faster allowing metal lines to appear
sooner. Therefore, in the bottom panel of Fig. 12, we show the
temperature curves for all SNe II in the CSP-I sample colour-
coded according to Mbol,end. We find a remarkable trend with
low-luminosity (high-) SNe II displaying low (high) tempera-
tures.

5. Bolometric corrections

In Sect. 3.2, we determined bolometric luminosities from the
estimation of the bolometric flux, that is, from the integration
of the observed flux in several photometric bands covering the
major part of the SN II emission and the modelling of the unob-
served flux using di↵erent techniques for the UV and IR regimes.
This is the most accurate technique in order to calculate bolo-
metric fluxes, but only in the case where extensive photometric
coverage is available. When this requirement is not fulfilled, the
use of BCs might be more appropriate.

The BC enables a transformation of magnitudes in certain
bands into bolometric magnitudes. By definition,

BC j = mbol � mj, (1)

A40, page 13 of 27

Ti ~ 6000K

Martinez+22

Teff~(L/R2)1/4∝t-1/2 is inconsistent with observations
=> H recombination plays a role
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✦  
✦ V~(xR)3

Basics of IIP SN
One-zone model (Popov93)

2 T. Matsumoto

where τ = κRρ is the total optical depth of the system.1In
oder to make the radiation temperature same as the effective
temperature at the photosphere, we define the photosphere
by τ = 4/3.
[The condition for the radiation pressure dominance] 輻射圧が優勢だと仮定すると、初期の温度は内部エネルギー E0 と体積 V0 = 4π

3 R3
0 から求められる (Eq. 11)。輻射圧とガス圧はそれぞれ

Prad,0 =
1
3
aT 4

0 , (14)

Pgas,0 = n0kBT0 =
M

µmpV0
kBT0 , (15)

と与えられるので、これを用いると輻射圧が優勢になる条件はエネルギーに対して
E0 >

(
3kB
µmp

)4/3 ( 3
4πa

)1/3

M4/3R−1
0 (16)

≃ 7.66× 1047 erg
(µ
1

)−4/3
M4/3

10 R−1
0,500 . (17)

となる。
The recombination sets in when Teff = Ti. We describe the

location of the photosphere by using the dimensionless vari-
able x ≡ Rph/R. Within the photosphere we calculate the
thermodynamical evolution assuming the one-zone model.
The quantities of ionized region are given by those before
the recombination phase with the variable x. For instance,
the volume of the ionized region is given by V = 4π

3 (xR)3.
The diffusion luminosity is given by

L ≃ 4π(xR)3
c

3κρ
d(aT 4)
dR

∼ 4π(xR)3
c

3κρ
aT 4

xR
=

tE
x2t2diff

.

(18)

This luminosity should be equated with the luminosity given
by the Stefan-Boltzmann law: L = 4π(xR)2σT 4

i and we have2

aT 4 =
3xτ
4

aT 4
i . (19)

Combining Eqs. (5) and (19), we obtain an equation describ-
ing the position of the photosphere (Dexter & Kasen 2013):

dx
dt

= −2x
5t

− t
5t2diffx

+
H

5Hcr

1
tx3

, (20)

where we define a characteristic heating rate

Hcr = 4π(vtdiff)
2σT 4

i ≃ 3.00× 1043 erg s−1 M10v6000T
4
i,6000 ,

(21)

where Ti,6000 = Ti/6000K.

1.2 Popov model (no heating)

When the heating is neglected H = 0, we restore
Popov-like equations (Popov 1993; Dexter & Kasen 2013;

1 この係数 3/4 は Eddington 近似での T と Teff の関係式
T 4 =

4

3
T 4
eff

(
τ +

2

3

)
, (13)

と関係していると思われるが、この式の出自がわからない。
2 κρ(R−Rph) = 1で光球を定義すると、(R−Rph)/R = 1/τ となって τ ≫ 1 では R ≃ Rph である。

Matsumoto et al. 2016). ここから点検していない。The time
evolution of quantities are given by before the recombination:

L ≃ E0t0
t2diff

e
− t2−t20

2t2
diff , (22)

Teff =
T0

(
3τ0
4

)1/4

(
t
t0

)−1/2

e
− t2−t20

8t2
diff , (23)

τ0 = κρ0R0 ≃ 1.26× 106 M10R
−2
0,500 , (24)

The recombination time is roughly estimated by neglecting
the exponential factor:

ti =

(
T0

Ti

)2 ( 4
3τ0

)1/2

t0 (25)

≃ 16.6 dayE1/2
0,51M

−1/2
10 R1/2

0,500v
−1
6000T

−2
i,6000 , (26)

where we have assumed ti < tdiff and t0 = tdyn. この式まで間違い。This justifies the neglecting the exponential factor.
After the recombination, the quantities evolve

x =

(
t
ti

)− 2
5

[
1 +

1
7

(
ti
tdiff

)2

− 1
7

(
ti
tdiff

)2 ( t
ti

) 14
5

] 1
2

,

(27)

L = 4π(xR)2σT 4
i . (28)

In particular, the light curve vanishes when x = 0 is realized
at:

tpl = ti

[
1 + 7

(
tdiff
ti

)2
]5/14

≃ 75/14t2/7i t5/7diff (29)

≃ 134 dayE
1
7
0,51M

3
14
10 R

1
7
0,500v

− 9
14

6000T
− 4

7
i,6000 , (30)

A typical luminosity may be evaluated by several ways. For-
tunately, we can calculate the radiated energy analytically:

Epl =

∫ tpl

ti

Ldt = 4π(vti)
2σT 4

i ti

∫ xpl

1

[
(1 + δ)x6/5 − δx4

]
dx ,

(31)

where xpl =
(
1+δ
δ

)5/14
and δ = 1

7

(
ti

tdiff

)2
≪ 1. The integral

in the right hand of Eq. (31) is

(Int.) =
5(1 + δ)

11

[(
1 + δ
δ

) 11
14

− 1

]
− δ

5

[(
1 + δ
δ

) 25
14

− 1

]

≃ 14
55

δ−11/14 , (32)

and we rewrite Eq. (31) and obtain the energy and luminosity

Epl ≃ 2.75× 1049 ergE
5
7
0,51M

1
14
10 R

5
7
0,500v

− 3
14

6000T
8
7
i,6000 , (33)

Lpl ≡
Epl

tpl
≃ 2.38× 1042 erg s−1 E

4
7
0,51M

− 1
7

10 R
4
7
0,500v

3
7
6000T

12
7

i,6000 .

(34)

[Comparison with Popov formula] In the above analysis, we
have adopted the initial internal energy E0, mass M , and
velocity v independently. However, after the first dynamical
time, the internal energy is comparable to the kinetic energy:
E0 ≃ Ekin. The total “explosion” energy is given by Etot ≃
E0 + Ekin = 2E0. By using relations, we replace the velocity
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Figure 11. Light curve properties of all of the models in our survey (assuming no 56Ni ejected). Left: bolometric luminosity on the plateau (measured 50 days after
explosion) as a function of the explosion energy. Circles denote solar metallicity models, squares 0.1 solar models, and the size of the symbol is proportional to the
progenitor star initial mass. The solid line shows the L ∝ E5/6 scaling. Right: same as the left panel, but for the plateau duration. The solid line shows the tp ∝ E1/6

scaling, the dashed line the tp ∝ E1/4 scaling.
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simulation, while the y-axis values are those derived from the analytic equation. Circles denote solar metallicity models, squares 0.1 solar models, and the size of the
symbol is proportional to the progenitor star initial mass.

A measurement of the velocity at epochs prior to recombination
(t ! 20 days) is therefore preferred.

An alternative approach would use the fact that in the
progenitor models, R0, Mej, and XHe are correlated, so that some
of the degeneracies may be removed. For future photometric
surveys, useful relations would allow for a determination of E
and Mi given only L50 and tp,0. We find for solar metallicity
models

L50 = 1.49 × 1042E0.82
51 M0.77

in,10 ergs,

tp,0 = 128E−0.26M0.11
in,10 days, (12)

where Min,10 = Mi/10 M⊙. These relations (which fit the
models to within 10%) can be applied to infer the gross
properties of SNe IIP without need for follow-up spectroscopy.
However, one should bear in mind that they rely on the
predictions of stellar evolution and explosion calculations,
and thus are subject to uncertainties in, e.g., mass loss and
fallback.

Before applying either Equation (11) or Equation (12) it is
critical to account for the fact that 56Ni in the ejecta tends to
extend the plateau. Figure 13 shows that our derived analytical
scaling (Equation (10)) fits reasonably well, with the refined

Kasen&Woosley09
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Very long Plateau = Very massive star? 

A&A 621, A30 (2019)

0 200 400 600 800 1000 1200

Rest-frame days since discovery

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

1.25

1.5

C
o

lo
u

rs
 [

m
a

g
]

g-r
r-i

Fig. 4. Colour evolution of iPTF14hls in both
g� r and r� i, where the data from the first 600 d
are from A17.
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Fig. 5. iPTF14hls bolometric LC. The solid
black line is the bolometric LC obtained from the
spline-interpolated photometry – that is, from
the dashed curves in Fig. 2. We also show a
PL (dashed red line) with n = �5/3 fitting the
epochs between 470 and 620 d. The PL does not
reproduce the luminosity at later epochs. If we
instead scale the PL to fit the epochs between
700 and 950 d, it is still not in accordance with
the fast decline after 950 d. We also report the
56Co power input (black dashed line), which
would require an unfeasible amount of nickel to
power the +950 d decline. The magnetar energy
input (blue dashed line) from Dessart (2018)
roughly reproduces the LC decline until 950 d,
but not the following sharp decline.

or in the near-infrared (NIR). However, it matches the bolomet-
ric LC at 700 d as obtained from the BB fit, where the UV and
NIR flux is included. We thus assumed no further corrections to
the pseudo-bolometric LC after 700 d, assuming that most of the
flux is (still) in the optical.

The bolometric LC computed with the outlined method is
shown by a thick solid black line in Fig. 5. This comes from
the photometry obtained from the interpolation of the spline fits
shown in Fig. 2. In order to better illustrate the actual scatter in
the observed photometry, which dominates the statistical uncer-
tainty in the bolometric LC, we also overplot (red circles) the
bolometric LC as derived from the individual observed r-band

points to which we applied the bolometric corrections described
above (i.e. based on the BB luminosity before 700 d, and on the
spectra afterward). The bolometric LC from the r band is avail-
able on WISeReP.

5. Spectra

A17 presented a comprehensive dataset of low-resolution optical
spectra of iPTF14hls, in total 62 spectra for the first 600 d. They
revealed normal SN II spectra, but with an unprecedented slow
evolution.
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Figure 8. Sample fallback powered light curves (lines) for models (top panel)
U45, S33, S39O; and (bottom panel) U60 and Z29. The solid curves assume
continued energy injection, while the dashed curves turn off at a range of times,
toff = 0.3 − 4.0td , where td is the diffusion time (Equation (8)). The dashed
curves all assume constant opacity, and the strong effects of recombination can
be seen on the light curves in the bottom panel.
(A color version of this figure is available in the online journal.)

opening angles to favor relativistic jets, and lead to the outflow
unbinding the accreting material at proportionally earlier times.

The efficiency of thermalization depends on how exactly
energy is transported from the accretion disk to the SN ejecta.
We have assumed that this mechanism is a highly magnetized
disk wind or an ultra-relativistic jet. If instead the wind is not
highly magnetized, a double (forward/reverse) shock structure
will form when the accretion driven outflow overtakes the
slowly moving inner layers of the SN ejecta (KB10). The
situation is analogous to the common case of SNe interacting
with circumstellar material, only here the interaction happens
inside, rather than outside the remnant. In this case, shocks
should efficiently thermalize the kinetic energy of the wind.
Some recent semi-analytic (Begelman 2012) and numerical
(McKinney et al. 2012; Narayan et al. 2012) calculations of
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Figure 9. Angular velocities required to form disks at radii at r = 108 cm
(solid), 107 cm (dotted), and 106 cm (dashed) in a few models from material
falling back at a range of turn on times.
(A color version of this figure is available in the online journal.)

non-radiative accretion flows have found large-scale circulations
or convective motions (Lindner et al. 2012) as well as or
instead of outflows. This may also be a relevant mechanism
for transporting accretion energy to large radius.

If the accretion energy cannot efficiently thermalize, it will
likely still lead to high ejecta velocities ≃vf . In the case of an
event like S33, this could still explain broad line Type Ibc SNe:
radioactivity would power the light curve and accretion energy
would lead to the high observed photospheric velocities. This is
also a possible outcome of early time accretion onto a magnetar
(Piro & Ott 2011).

5.2. Angular Momentum and Disk Formation

The requirements from the last sub-section constrain the range
of outflow formation times and opening angles that could power
a SN light curve. Launching an outflow at the specified times
requires sufficient angular momentum in the infalling material
to form an accretion disk at those times. We now calculate the
rotation rate in the progenitor star required such that the material
falling back at those times has sufficient angular momentum to
form a disk.

Curves for models Z29, U45, and S33 are shown in Figure 9
for forming disks at radii from 106−8 cm, or r ∼ 1–100 for a
10 M⊙ black hole. Naively assuming rigid rotation, in all cases
disks can form at the required times for rotation rates below the
breakup value at the outer edge of the star. The required rotation
rates essentially scale with explosion energy: for large explosion
energies, the envelope is expelled, and larger rotation rates are
required for the disk to form from material that was originally
at smaller radius.

Under this assumption, we can also calculate the maximum
disk size from fallback accretion, and the corresponding viscous
time, tvisc ∼ (R/H )2α−1tdyn, where H/R is the accretion flow
scale height and α is the standard dimensionless viscosity
parameter in accretion theory (Shakura & Sunyaev 1973). Even
with conservative assumptions (H/R = 0.1, α = 0.01), this
timescale only becomes larger than the fallback timescale for
the highest rotation rates and early disk formation times !104 s.
This is because assuming rigid rotation, the total disk size never
greatly exceeds its formation radius.

9
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ABSTRACTやること:
1. マグネター: (a) 計算結果を示す, (b) 解析的な式を与える,(9/25) (c) 先行研究との比較.
2. BH accretion: (a) heating rateを定式化する, (b) 計算結果を示す, (c) 解析的な式を与える.
3. shock: (a) heating rateを定式化する, (b) 計算結果を示す, (c) 解析的な式を与える, (d) 先行研究との比較.
4. 観測された type IIPなどを Kasliwal-diagramに plotする.
XXX. MMG meeting (7/28)の結果 (f) 最終的には tpl, Lplの図に heatingで到達できない領域を図示する.

1 LIGHT CURVE: ANALYTICAL MODEL

1.1 General argument (v = const)

We follow the analytical arguments by Popov (1993);
Dexter & Kasen (2013) assuming the velocity is constant.
The thermal evolution of the ejecta is dictated by the first
law of thermodynamics:

dE
dt

= −P
dV
dt

− L+H , (1)

where E, P , V = (4π/3)R3, L, and H are the internal energy,
pressure, volume, radiative luminosity, and heating rate, re-
spectively. The internal energy and pressure is given by is
E = aT 4V and P = E/(3V ) in the assumption of radiation
pressure dominated ejecta. The luminosity is given by the
diffusion approximation

L ≃ 4πR2 c
3κρ

d(aT 4)
dR

∼ tE
x̄t2diff

, (2)

tdiff =

(
3κM
4πcv

)1/2

≃ 110 dayM1/2
10 v−1/2

6000 , (3)

where we used M10 = M/(10M⊙) and v6000 =
v/6000 km s−1. The opacity is set to κ = x̄κes ≃
0.34 x̄ cm2 g−1, where x̄ is the degree of the ionization, which
is set to x̄ = 1 until the beginning of the recombination.

By taking the internal energy as a fundamental variable,
we can rewrite Eq. (1):

dE
dt

= −E
t
− tE

t2diff
+H , (4)

E = E0

(
t0
t

)
e
− t2−t20

2t2
diff

[
1 +

1
t0E0

∫ t

t0

dt′t′He
t′2−t20
2t2

diff

]
, (5)

Here we E0 and t0 are the initial internal energy and the
initial time. Throughout the paper, we set the initial time as

the dynamical timescale of

t0 =
R0

v
≃ 0.671 dayR0,500v

−1
6000 , (6)

where we used R0,x = R0/(500R⊙). At this initial time, the
kinetic energy is almost comparable to the internal energy
E0 = Ekin. The latter is estimated for the homologous ex-
pansion:

Ekin =

∫ v

0

ρv2

2
4πR2dR (7)

=
3
10

Mv2 ≃ 2.16× 1051 ergM10v
2
6000 ,

Therefore, for a given kinetic energy, the velocity is estimated
by

v =

√
10Ekin

3M
≃ 4.08× 103 km s−1 E1/2

kin,51M
−1/2
10 . (8)

However, the ejecta is accelerated by PdV work and its veloc-
ity reaches around ≃

√
2v ≃ 6000 km s−1 for this parameter

set. Therefore we normalize the velocity by 6000 km/s. With
Eq. (5) the luminosity and temperature are estimated by

L ≃ E0t0
t2diff

e
− t2−t20

2t2
diff

[
1 +

1
t0E0

∫ t

t0

dt′t′He
t′2−t20
2t2

diff

]
, (9)

T = T0

(
t0
t

)
e
− t2−t20

8t2
diff

[
1 +

3
4πav3(t0T0)4

∫ t

t0

dt′t′He
t′2−t20
2t2

diff

]1/4
,

(10)

where the initial radiation temperature is given by

T0 =

(
E0

aV0

)1/4

≃ 9.30× 105 KE1/4
0,51R

−3/4
0,500 , (11)

The effective temperature evolves as

Teff =

(
L

4πR2σ

)1/4

=
T

(
3τ
4

)1/4 , (12)
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where τ = κRρ is the total optical depth of the system.1In
oder to make the radiation temperature same as the effective
temperature at the photosphere, we define the photosphere
by τ = 4/3.
[The condition for the radiation pressure dominance] 輻射圧が優勢だと仮定すると、初期の温度は内部エネルギー E0 と体積 V0 = 4π

3 R3
0 から求められる (Eq. 11)。輻射圧とガス圧はそれぞれ

Prad,0 =
1
3
aT 4

0 , (14)

Pgas,0 = n0kBT0 =
M

µmpV0
kBT0 , (15)

と与えられるので、これを用いると輻射圧が優勢になる条件はエネルギーに対して
E0 >

(
3kB
µmp

)4/3 ( 3
4πa

)1/3

M4/3R−1
0 (16)

≃ 7.66× 1047 erg
(µ
1

)−4/3
M4/3

10 R−1
0,500 . (17)

となる。
The recombination sets in when Teff = Ti. We describe the

location of the photosphere by using the dimensionless vari-
able x ≡ Rph/R. Within the photosphere we calculate the
thermodynamical evolution assuming the one-zone model.
The quantities of ionized region are given by those before
the recombination phase with the variable x. For instance,
the volume of the ionized region is given by V = 4π

3 (xR)3.
The diffusion luminosity is given by

L ≃ 4π(xR)3
c

3κρ
d(aT 4)
dR

∼ 4π(xR)3
c

3κρ
aT 4

xR
=

tE
x2t2diff

.

(18)

This luminosity should be equated with the luminosity given
by the Stefan-Boltzmann law: L = 4π(xR)2σT 4

i and we have2

aT 4 =
3xτ
4

aT 4
i . (19)

Combining Eqs. (5) and (19), we obtain an equation describ-
ing the position of the photosphere (Dexter & Kasen 2013):

dx
dt

= −2x
5t

− t
5t2diffx

+
H

5Hcr

1
tx3

, (20)

where we define a characteristic heating rate

Hcr = 4π(vtdiff)
2σT 4

i ≃ 3.00× 1043 erg s−1 M10v6000T
4
i,6000 ,

(21)

where Ti,6000 = Ti/6000K.

1.2 Popov model (no heating)

When the heating is neglected H = 0, we restore
Popov-like equations (Popov 1993; Dexter & Kasen 2013;

1 この係数 3/4 は Eddington 近似での T と Teff の関係式
T 4 =

4

3
T 4
eff

(
τ +

2

3

)
, (13)

と関係していると思われるが、この式の出自がわからない。
2 κρ(R−Rph) = 1で光球を定義すると、(R−Rph)/R = 1/τ となって τ ≫ 1 では R ≃ Rph である。

Matsumoto et al. 2016). ここから点検していない。The time
evolution of quantities are given by before the recombination:

L ≃ E0t0
t2diff

e
− t2−t20

2t2
diff , (22)

Teff =
T0

(
3τ0
4

)1/4

(
t
t0

)−1/2

e
− t2−t20

8t2
diff , (23)

τ0 = κρ0R0 ≃ 1.26× 106 M10R
−2
0,500 , (24)

The recombination time is roughly estimated by neglecting
the exponential factor:

ti =

(
T0

Ti

)2 ( 4
3τ0

)1/2

t0 (25)

≃ 16.6 dayE1/2
0,51M

−1/2
10 R1/2

0,500v
−1
6000T

−2
i,6000 , (26)

where we have assumed ti < tdiff and t0 = tdyn. この式まで間違い。This justifies the neglecting the exponential factor.
After the recombination, the quantities evolve

x =

(
t
ti

)− 2
5

[
1 +

1
7

(
ti
tdiff

)2

− 1
7

(
ti
tdiff

)2 ( t
ti

) 14
5

] 1
2

,

(27)

L = 4π(xR)2σT 4
i . (28)

In particular, the light curve vanishes when x = 0 is realized
at:

tpl = ti

[
1 + 7

(
tdiff
ti

)2
]5/14

≃ 75/14t2/7i t5/7diff (29)

≃ 134 dayE
1
7
0,51M

3
14
10 R

1
7
0,500v

− 9
14

6000T
− 4

7
i,6000 , (30)

A typical luminosity may be evaluated by several ways. For-
tunately, we can calculate the radiated energy analytically:

Epl =

∫ tpl

ti

Ldt = 4π(vti)
2σT 4

i ti

∫ xpl

1

[
(1 + δ)x6/5 − δx4

]
dx ,

(31)

where xpl =
(
1+δ
δ

)5/14
and δ = 1

7

(
ti

tdiff

)2
≪ 1. The integral

in the right hand of Eq. (31) is

(Int.) =
5(1 + δ)

11

[(
1 + δ
δ

) 11
14

− 1

]
− δ

5

[(
1 + δ
δ

) 25
14

− 1

]

≃ 14
55

δ−11/14 , (32)

and we rewrite Eq. (31) and obtain the energy and luminosity

Epl ≃ 2.75× 1049 ergE
5
7
0,51M

1
14
10 R

5
7
0,500v

− 3
14

6000T
8
7
i,6000 , (33)

Lpl ≡
Epl

tpl
≃ 2.38× 1042 erg s−1 E

4
7
0,51M

− 1
7

10 R
4
7
0,500v

3
7
6000T

12
7

i,6000 .

(34)

[Comparison with Popov formula] In the above analysis, we
have adopted the initial internal energy E0, mass M , and
velocity v independently. However, after the first dynamical
time, the internal energy is comparable to the kinetic energy:
E0 ≃ Ekin. The total “explosion” energy is given by Etot ≃
E0 + Ekin = 2E0. By using relations, we replace the velocity
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where τ = κRρ is the total optical depth of the system.1In
oder to make the radiation temperature same as the effective
temperature at the photosphere, we define the photosphere
by τ = 4/3.
[The condition for the radiation pressure dominance] 輻射圧が優勢だと仮定すると、初期の温度は内部エネルギー E0 と体積 V0 = 4π

3 R3
0 から求められる (Eq. 11)。輻射圧とガス圧はそれぞれ

Prad,0 =
1
3
aT 4

0 , (14)

Pgas,0 = n0kBT0 =
M

µmpV0
kBT0 , (15)

と与えられるので、これを用いると輻射圧が優勢になる条件はエネルギーに対して
E0 >

(
3kB
µmp

)4/3 ( 3
4πa

)1/3

M4/3R−1
0 (16)

≃ 7.66× 1047 erg
(µ
1

)−4/3
M4/3

10 R−1
0,500 . (17)

となる。
The recombination sets in when Teff = Ti. We describe the

location of the photosphere by using the dimensionless vari-
able x ≡ Rph/R. Within the photosphere we calculate the
thermodynamical evolution assuming the one-zone model.
The quantities of ionized region are given by those before
the recombination phase with the variable x. For instance,
the volume of the ionized region is given by V = 4π

3 (xR)3.
The diffusion luminosity is given by

L ≃ 4π(xR)3
c

3κρ
d(aT 4)
dR

∼ 4π(xR)3
c

3κρ
aT 4

xR
=

tE
x2t2diff

.

(18)

This luminosity should be equated with the luminosity given
by the Stefan-Boltzmann law: L = 4π(xR)2σT 4

i and we have2

aT 4 =
3xτ
4

aT 4
i . (19)

Combining Eqs. (5) and (19), we obtain an equation describ-
ing the position of the photosphere (Dexter & Kasen 2013):

dx
dt

= −2x
5t

− t
5t2diffx

+
H

5Hcr

1
tx3

, (20)

where we define a characteristic heating rate

Hcr = 4π(vtdiff)
2σT 4

i ≃ 3.00× 1043 erg s−1 M10v6000T
4
i,6000 ,

(21)

where Ti,6000 = Ti/6000K.

1.2 Popov model (no heating)

When the heating is neglected H = 0, we restore
Popov-like equations (Popov 1993; Dexter & Kasen 2013;

1 この係数 3/4 は Eddington 近似での T と Teff の関係式
T 4 =

4

3
T 4
eff

(
τ +

2

3

)
, (13)

と関係していると思われるが、この式の出自がわからない。
2 κρ(R−Rph) = 1で光球を定義すると、(R−Rph)/R = 1/τ となって τ ≫ 1 では R ≃ Rph である。

Matsumoto et al. 2016). ここから点検していない。The time
evolution of quantities are given by before the recombination:

L ≃ E0t0
t2diff

e
− t2−t20

2t2
diff , (22)

Teff =
T0

(
3τ0
4

)1/4

(
t
t0

)−1/2

e
− t2−t20

8t2
diff , (23)

τ0 = κρ0R0 ≃ 1.26× 106 M10R
−2
0,500 , (24)

The recombination time is roughly estimated by neglecting
the exponential factor:

ti =

(
T0

Ti

)2 ( 4
3τ0

)1/2

t0 (25)

≃ 16.6 dayE1/2
0,51M

−1/2
10 R1/2

0,500v
−1
6000T

−2
i,6000 , (26)

where we have assumed ti < tdiff and t0 = tdyn. この式まで間違い。This justifies the neglecting the exponential factor.
After the recombination, the quantities evolve

x =

(
t
ti

)− 2
5

[
1 +

1
7

(
ti
tdiff

)2

− 1
7

(
ti
tdiff

)2 ( t
ti

) 14
5

] 1
2

,

(27)

L = 4π(xR)2σT 4
i . (28)

In particular, the light curve vanishes when x = 0 is realized
at:

tpl = ti

[
1 + 7

(
tdiff
ti

)2
]5/14

≃ 75/14t2/7i t5/7diff (29)

≃ 134 dayE
1
7
0,51M

3
14
10 R

1
7
0,500v

− 9
14

6000T
− 4

7
i,6000 , (30)

A typical luminosity may be evaluated by several ways. For-
tunately, we can calculate the radiated energy analytically:

Epl =

∫ tpl

ti

Ldt = 4π(vti)
2σT 4

i ti

∫ xpl

1

[
(1 + δ)x6/5 − δx4

]
dx ,

(31)

where xpl =
(
1+δ
δ

)5/14
and δ = 1

7

(
ti

tdiff

)2
≪ 1. The integral

in the right hand of Eq. (31) is

(Int.) =
5(1 + δ)

11

[(
1 + δ
δ

) 11
14

− 1

]
− δ

5

[(
1 + δ
δ

) 25
14

− 1

]

≃ 14
55

δ−11/14 , (32)

and we rewrite Eq. (31) and obtain the energy and luminosity

Epl ≃ 2.75× 1049 ergE
5
7
0,51M

1
14
10 R

5
7
0,500v

− 3
14

6000T
8
7
i,6000 , (33)

Lpl ≡
Epl

tpl
≃ 2.38× 1042 erg s−1 E

4
7
0,51M

− 1
7

10 R
4
7
0,500v

3
7
6000T

12
7

i,6000 .

(34)

[Comparison with Popov formula] In the above analysis, we
have adopted the initial internal energy E0, mass M , and
velocity v independently. However, after the first dynamical
time, the internal energy is comparable to the kinetic energy:
E0 ≃ Ekin. The total “explosion” energy is given by Etot ≃
E0 + Ekin = 2E0. By using relations, we replace the velocity
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where τ = κRρ is the total optical depth of the system.1In
oder to make the radiation temperature same as the effective
temperature at the photosphere, we define the photosphere
by τ = 4/3.
[The condition for the radiation pressure dominance] 輻射圧が優勢だと仮定すると、初期の温度は内部エネルギー E0 と体積 V0 = 4π

3 R3
0 から求められる (Eq. 11)。輻射圧とガス圧はそれぞれ

Prad,0 =
1
3
aT 4

0 , (14)

Pgas,0 = n0kBT0 =
M

µmpV0
kBT0 , (15)

と与えられるので、これを用いると輻射圧が優勢になる条件はエネルギーに対して
E0 >

(
3kB
µmp

)4/3 ( 3
4πa

)1/3

M4/3R−1
0 (16)

≃ 7.66× 1047 erg
(µ
1

)−4/3
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0,500 . (17)

となる。
The recombination sets in when Teff = Ti. We describe the

location of the photosphere by using the dimensionless vari-
able x ≡ Rph/R. Within the photosphere we calculate the
thermodynamical evolution assuming the one-zone model.
The quantities of ionized region are given by those before
the recombination phase with the variable x. For instance,
the volume of the ionized region is given by V = 4π

3 (xR)3.
The diffusion luminosity is given by

L ≃ 4π(xR)3
c

3κρ
d(aT 4)
dR

∼ 4π(xR)3
c

3κρ
aT 4

xR
=

tE
x2t2diff

.

(18)

This luminosity should be equated with the luminosity given
by the Stefan-Boltzmann law: L = 4π(xR)2σT 4

i and we have2

aT 4 =
3xτ
4

aT 4
i . (19)

Combining Eqs. (5) and (19), we obtain an equation describ-
ing the position of the photosphere (Dexter & Kasen 2013):

dx
dt

= −2x
5t

− t
5t2diffx

+
H

5Hcr

1
tx3

, (20)

where we define a characteristic heating rate

Hcr = 4π(vtdiff)
2σT 4

i ≃ 3.00× 1043 erg s−1 M10v6000T
4
i,6000 ,

(21)

where Ti,6000 = Ti/6000K.

1.2 Popov model (no heating)

When the heating is neglected H = 0, we restore
Popov-like equations (Popov 1993; Dexter & Kasen 2013;

1 この係数 3/4 は Eddington 近似での T と Teff の関係式
T 4 =

4

3
T 4
eff

(
τ +

2

3

)
, (13)

と関係していると思われるが、この式の出自がわからない。
2 κρ(R−Rph) = 1で光球を定義すると、(R−Rph)/R = 1/τ となって τ ≫ 1 では R ≃ Rph である。

Matsumoto et al. 2016). ここから点検していない。The time
evolution of quantities are given by before the recombination:

L ≃ E0t0
t2diff

e
− t2−t20

2t2
diff , (22)

Teff =
T0

(
3τ0
4

)1/4

(
t
t0

)−1/2

e
− t2−t20

8t2
diff , (23)

τ0 = κρ0R0 ≃ 1.26× 106 M10R
−2
0,500 , (24)

The recombination time is roughly estimated by neglecting
the exponential factor:

ti =

(
T0

Ti

)2 ( 4
3τ0

)1/2

t0 (25)

≃ 16.6 dayE1/2
0,51M

−1/2
10 R1/2

0,500v
−1
6000T

−2
i,6000 , (26)

where we have assumed ti < tdiff and t0 = tdyn. この式まで間違い。This justifies the neglecting the exponential factor.
After the recombination, the quantities evolve

x =

(
t
ti

)− 2
5

[
1 +

1
7

(
ti
tdiff

)2

− 1
7

(
ti
tdiff

)2 ( t
ti

) 14
5

] 1
2

,

(27)

L = 4π(xR)2σT 4
i . (28)

In particular, the light curve vanishes when x = 0 is realized
at:

tpl = ti

[
1 + 7

(
tdiff
ti

)2
]5/14

≃ 75/14t2/7i t5/7diff (29)

≃ 134 dayE
1
7
0,51M

3
14
10 R

1
7
0,500v

− 9
14

6000T
− 4

7
i,6000 , (30)

A typical luminosity may be evaluated by several ways. For-
tunately, we can calculate the radiated energy analytically:

Epl =

∫ tpl

ti

Ldt = 4π(vti)
2σT 4

i ti

∫ xpl

1

[
(1 + δ)x6/5 − δx4

]
dx ,

(31)

where xpl =
(
1+δ
δ

)5/14
and δ = 1

7

(
ti

tdiff

)2
≪ 1. The integral

in the right hand of Eq. (31) is

(Int.) =
5(1 + δ)

11

[(
1 + δ
δ

) 11
14

− 1

]
− δ

5

[(
1 + δ
δ

) 25
14

− 1

]

≃ 14
55

δ−11/14 , (32)

and we rewrite Eq. (31) and obtain the energy and luminosity

Epl ≃ 2.75× 1049 ergE
5
7
0,51M

1
14
10 R

5
7
0,500v

− 3
14

6000T
8
7
i,6000 , (33)

Lpl ≡
Epl

tpl
≃ 2.38× 1042 erg s−1 E

4
7
0,51M

− 1
7

10 R
4
7
0,500v

3
7
6000T

12
7

i,6000 .

(34)

[Comparison with Popov formula] In the above analysis, we
have adopted the initial internal energy E0, mass M , and
velocity v independently. However, after the first dynamical
time, the internal energy is comparable to the kinetic energy:
E0 ≃ Ekin. The total “explosion” energy is given by Etot ≃
E0 + Ekin = 2E0. By using relations, we replace the velocity
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dE
dt

= −E
t
− L+H (1)

L ≃ tE
t2diff

(2)

tdiff =

(
3κM
4πcv

)1/2

≃ 100 day (3)

L ≃ t0E0

t2diff
e−t2/t2diff ∼ 1042 erg s−1 (4)

t0 ≃ 1 day (5)

tpl ∝ E−1/4
SN M3/4 (6)

Lpl ∝ R0ESNM
−1 (7)

Tph = Ti (8)
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Figure 7. The same as Fig. 2 but for the Nickel heating case.

となり、tbr < tdiff の条件として
H0 <

27κ2M3

160π2c2t5br
, (109)

を得る。これよりも H0 が大きい場合には H = const の議論がそのまま当てはまる。Plateau duration は結局速度の変化と heating rate の時間依存性のみを考慮すればよかったので、
v → vmax として tpl の式を使えばよい。

3 NICKEL HEATING

We analyze more realistic situation and begin with nickel
heating whose hearing rate is give by (Nadyozhin 1994)

H(t) = MNi

[
(εNi − εCo) e

−t/tNi + εCoe
−t/tCo

]
fγ(t) , (110)

where εNi = 3.9×1010 erg g−1 s−1, εCo = 6.8×109 erg g−1 s−1,
tNi = 8.8 day, and tCo = 111.3 day. さらに加熱にはほとんどガンマ線が効くのでイジェクタ内に trapされる効果を反映させて trapping factorを (Jeffery 1999)

fγ(t) ≡ (1− e−xτγ ) , (111)

τγ = κγρR ≃ 5.33M10v
−2
6000

(
t

100 day

)−2

, (112)

where κγ = 0.03 cm2 g−1 (Swartz et al. 1995;
Chatzopoulos et al. 2013). この加熱率を使うことによ

Figure 8. Timescales for each heating rate. The dotted line rep-
resents the formula for the plateau modified by Ni heating. Two
dashed lines denote characteristic timescales for the thermal evo-
lution of trex,1 and trec,2.

Figure 9. Heating rate for the radioactive decay of nickel with
MNi = M⊙. Red and blue curves correspond to nickel and cobalt,
respectively. Gray line represents an empirical fitting by a power-
law function, H ≃ 2× 1044 erg s−1(t/day)−0.77.

り、ニッケルはイジェクタの中心部に局在して中心からイジェクタ全体を温めることになっている。x による適当な scalingを用いることで他の場合を議論できる。たとえば、H → x3Hとすることでニッケルが一様に存在する場合、など。この
Trappingによってガンマ線が optically thinになるのはおおよそ Eq. (57) で κγ を用いて tγ,thin ≃ 231 days になる。これ以降は additionalな factor ∝ 1/t2 が加わる。まず解析を行う上で重要な点として、典型的な type IIP SNを考える場合、その Ni massはMNi ≃ 10−3 − 10−1 M⊙ (Hamuy
2003; Anderson et al. 2014; Valenti et al. 2016; Anderson
2019)の範囲に収まるので、deposited energyは
ENi ≡

∫ ∞

t0

H(t,MNi)dt ≃ MNi [tNi (εNi − εCo) + tCoεCo] ,

≃ 1.80× 1050 ergMNi,1 , (113)

where MNi = MNi,1 M⊙.となって運動エネルギーよりも小さく、
MNRAS 000, 1–18 (202X)
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Figure 10. The same as Fig. 7 but for energy injection from mag-
netar.

4 MAGNETAR HEATING

中心エンジンからのエネルギー注入としてまずマグネターを考える。この場合、spin down formulaから加熱率は
H(t) ≃ Lsd ≃ Erot

tsd

(
1 +

t
tsd

)−2

, (129)

where Erot and tsd are the rotational energy and spin down
timescale, respectively, と書ける。これらはマグネター誕生時の回転周期と磁場に関係しているが、簡単のため考えない。典型的な加熱率は
H(0) = 1.16× 1046 erg s−1 Erot,51

(
tsd
day

)−1

, (130)

となり、解放される全エネルギーは
∫ ∞

0

H(t)dt = Erot , (131)

となる。ゆえに Ekin,0 よりも大きいエネルギーが注ぎ込まれる場合は加速の効果が重要になる。とりあえず計算はできるので物理量の時間変化を示したFigs. 2
and 7に似た図はつくれるがあまり興味がない?
Fig. 12に plateau時間と光度の関係を様々なパラメータの組

(Erot, tsd)に対して示した。各 tsdに対してエネルギーを増加させると光度は単調に増加するが、時間は Erot > Ekin,0 となるエ

Figure 11. Timescales for each heating rate.

Figure 12.

ネルギーではイジェクタが加速するために減少していく。5注目するべき特徴として、tsd ! t0 ≃ 0.1− 1 dayの場合はイジェクタが膨張を始める前に全て熱エネルギーに費やされ、≃ t0 以降で膨張、加速が生じるので系の振る舞いは Popov formulaにおいて v → vmax and E0 → Erot としたもので記述される。特に
tsdに依存しなくなるので、tsd ≃ 0.001−0.01 dayで与えられる曲線に集積する。また、tsd > tpl では effectiveにはH = constの場合を考えることと同じなのでこの結果に漸近する。特に、
plateau時間の最大値を考える際、H = constの場合に boundされることが重要である。まず以上の結果を解釈することから始める。加熱によって熱進化、力学的進化が変更を受けるタイムスケールであるが、t > tsd以降ではH ∝ t−2 なので加熱は進化に影響を与えることができない (より正確には、この加熱率の時間依存性だと熱進化が僅かに影響を受けて E ∝ log t/tとなる)。よって th, tacc < tsd の場合のみを考えればよく、H = constの結果が使える。Eq. (47)

5 tsd " 100 day の場合には tpl 以内にエネルギーが全て注入できるわけではないので Erot(tpl/tsd) > Ekin,0 という条件になる。
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dE
dt

= −P
dV
dt

− L (1)

dE
dt

= −E
t
− tE

t2diff
(2)

E
t

(3)

L ≃ tE
t2diff

∝ (xR)2T 4
i (4)

tpl Lpl (5)

M
dv
dt

≃ 4πR2P (6)

ESN,MSN, n, δ (7)

v , v3−n v−δ (8)

ρCSM(Lobs, Rsh, vsh) (9)

Ṁ = 4πR2vCSMρCSM (10)

tdec =
vsh

dvsh/dt
∼

εMsh,0v
2
sh,0

Lobs
(11)

MSN(> v), vsh,0 (12)

νp ∼ γ2 eB
mec

∝ γ2B (13)

Fν ∼ N
σT cγ

2B2

νpd2
∝ NB (14)

Fν ∼ mec
2γ

c2
R2

d2
∝ γR2 (15)

Etot ∼ B2R3 +Nmec
2γ ∼ R11 +R−6 (16)

Ṁ ≃ 100ṀEdd

(
t

40days

)−5/3

(17)

RBondi ∼ 1017cm

(
M•

106M⊙

)(
T

keV

)−1

(18)

N ∝ nr3 ∝ r3−α (19)

n ∝ r−α (20)
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Figure 2.

decay during tdiff < t < th and declines as E ∝ t−1, (Eq. 46)
otherwise (the heating never modifies the evolution).
The effective temperature is given by Eq. (12)

Teff = Tion

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(
H
Hcr

)1/4 (
t
th

)−1/2
: t < th ,

(
H
Hcr

)1/4
: th < t < tdiff ,

(
H
Hcr

)1/4 (
t

tdiff

)−1/2
: tdiff < t .

(49)

The recombination time ti is obtained by setting Teff = Ti

with Eq. (49)

ti =

⎧
⎪⎨

⎪⎩

(
t0E0
Hcr

)1/2
: H < Hcr ,

(
t2diffH

Hcr

)1/2
: Hcr < H ,

(50)

≃
{
19.1 dayE1/2

0,51M
−1/2
10 R1/2

0,500v
−1
6000T

−2
i,6k , : H < Hcr ,

63.5 day v−1
6000H

1/2
43 T−2

i,6000 : Hcr ! H .

(51)

Note the recombination time for the case of H < Hcr is the
same as that without the heating. More remarkably, the re-
combination time is not continuous at H = Hcr. This is be-
cause the effective temperature does not change until the dif-
fusion plays a role before the recombination starts.
During the recombination phase, the location of the pho-

tosphere is given by Eq. (20). The solution of this equation
can be understood analytically. Let us consider the case of
H < Hcr and the recombination happens before the heat-
ing affects the thermal evolution, ti < th < tdiff . In this
case, the diffusion (second) and heating (third) terms in
Eq. (20) are never important and we obtain x ≃ (t/ti)

−2/5.
Therefore as time goes, the second term dominates over the
first term or the third term increases and balances with
the first term. The latter case happens when the parame-
ter reaches x = (H/2Hcr)

1/4 at trech ≃ ti(2Hcr/H)5/8. Af-
ter this, the second term still increases and dominates the
first term at trecdiff ≃ tdiff(2H/Hcr)

1/4 and the variable evolves
as x ≃ (H/Hcr)

1/2(t/tdiff)
−1. When the heating is present,

Eq. (20) cannot been solved analytically. In summary, the
evolution of x for H < Hcr is given by

x ≃

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(
t
ti

)−2/5
: t < trech ,

(
H

2Hcr

)1/4
: trech < t < trecdiff ,

(
H
Hcr

)1/2
tdiff
t : trecdiff < t .

(52)

where

trech = ti

(
2Hcr

H

)5/8

(53)

≃ 58.6 dayE1/2
0,51M

1/8
10 R1/2

0,500v
−3/8
6000 T 1/2

i,6000H
−5/8
43 ,

trecdiff = tdiff

(
2H
Hcr

)1/4

≃ 99.4 dayM1/4
10 v−3/4

6000 T−2
i,6000H

1/4
43 .

(54)

In the opposite case, the second term dominates the first
term before the third term becomes comparable to the first
one. This happens around tpl and x decreases drastically and
finally balances with the third term.
Whether the former or latter case happens depends on the

heating rate. By comparing tpl (Eq. 29) and trech we find a
critical heating rate below which the x deviates from the
Popov-solution at tpl:

H ! 2

74/7
Hcr

(
ti
tdiff

)8/7

(55)

≃ 2.67× 1042 erg s−1 E4/7
0,51M

−1/7
10 R4/7

0,500v
3/7
6000T

12/7
i,6000 .

H > Hcr の場合は?
In either case, as long as the heating is present, the pho-

tosphere shrinks as x ∝ t−1 at some point and never reaches
x = 0 as in the Popov solution. Therefore we define the
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In either case, as long as the heating is present, the pho-

tosphere shrinks as x ∝ t−1 at some point and never reaches
x = 0 as in the Popov solution. Therefore we define the
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where in the last equality we used x ≃ (H/Hcr)
1/2tdiff/t

(Eq. 52) and assumed tpl ≫ ti. Therefore, depending on
whether the ejecta is accelerated or not, the plateau lumi-
nosity is proportional to the plateau duration as Lpl ∝ t6pl
(without acceleration), or Lpl ∝ t−30/7

pl (with acceleration).
More detailed expressions are

Lpl ≃ H ≃

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

21253π3σSBT4
i E3

kin,0t
6
pl

35κ2M5 : H < Hmax ,
(

316κ4c6M16

230512π9σ5
SBT20

i t30pl

)1/7

: Hmax < H < Hthin .
(

37κ3c2M7

21054π3t10pl

)1/4

: Hthin < H ,

(89)

≃

⎧
⎪⎨

⎪⎩

3.94× 1042 erg s−1 T 4
i,6000E

3
kin,0,51M

−5
10 (tpl/300 day)

6 : H < Hmax ,

3.50× 1045 erg s−1 T−20/7
i,6000 M16/7

10 (tpl/300 day)
−30/7 : Hmax < H < Hthin .

2.46× 1045 erg s−1 M7/4
10 (tpl/300 day)

−5/2 : Hthin < H ,

(90)

where we used Eq. (7) to remove v and replaced taccthin with
tpl for Hthin < H to have the same notation. Therefore there
is a preferred heating rate to prolong the plateau duration.
These scalings agree with the result in Fig. 5.よって他の爆発パラメータを変化させたときは半径にほとんど依存しない。特にHmax < H < Hthin の領域は両者が大きく離れていないと存在しない。これは比をとるとわかるように
Hthin

Hmax
=

(
35κ6σ4

SBT
16
i M7

255π2c2E5
kin,0

)1/4

≃ 6.61M7/4
10 E−5/4

kin,0,51T
4
i,6000 ,

(91)

なのでイジェクタ質量が大きいかエネルギーが小さい場合にのみ現れることがわかる。実際に Fig. 5の下段に parameterを変えた場合を plotした (この場合は trecdiff による線を省いている)。実際に小さいエネルギーと大きい質量でこの regimeが現れているのがわかる。
Plateauを観測的に決める場合にはNiの場合のように heating

rateに一致する時刻 trecdiff を plateauとすることもある。この際も Kasliwal図中では同様にして
Lpl =

(
29π4c2σ2

SBT
8
i E

3
kin,0t

8
pl

35κ2M5

)1/2

(92)

≃ 2.34× 1043 erg s−1 T 4
i,6000M

−5/2
10 (tpl/300 day)

4 , (93)

になる。この場合、plateau durationは短くなるので、conserva-
tive には nebular phase になる timescale を plateau durationしたものを以下では考える (実線)。基本的には質量が大きい、エネルギーが小さく速度が小さいほうが diffusion timescaleが長くなるので plateau durationを長くできる、と考えればいい。
[Plot data points over Kasliwal diagram] Valenti et al.

(2016); Bersten & Hamuy (2009)

2 PHYSICALLY MOTIVATED HEATING RATES

以下にみるように多くの場合、heating rateは以下のような bro-
ken power-lawで描ける:

H(t) =

{
H0 : t < tbr ,

H0(t/tbr)
−α : tbr < t .

(94)

よって、上の議論のわずかな拡張で議論できる。以下では con-
stant heating rateと同じロジックで解析を行う。

Figure 3. Blue: th, Gray tdiff or taccdiff , Red: tacc, Yellow: ti.

Figure 4. Timescales for each heating rate. Three gray lines rep-
resent the boundaries on which the heating modifies the thermal
evolution, dynamical evolution, and diffusion timescale.

Table 1. Important timescales for the case of time-variable heating
source (Eq. 94) and constant-velocity ejecta.

th > tbr th < tbr

α > 2 α < 2 α > 2 α < 2

Heating - Eq. (95) Eq. (47) Eq. (47)
Recombination Eq. (25) Eq. (98) Eq. (101) Eq. (98)

まず heatingがダイナミクスを変更しない場合を考える。加熱率の大きさによって加熱が熱進化に影響を与えるかどうか決まる。特に t > tbr では H は時間の減少函数なので E ∼ tHとなって熱進化に影響を与えうるかは冪によって異なる (E ∼
E0t0/t ∝ t−1)。H0 に対して定義された th を以下で用いると、
th > tbr の場合、特に tH ∝ t1−α なので α < 2 の場合にのみ
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plateau
duration

at which
the system

becomes optically thin

(or enters the
nebular phase): xτ

=
xκρR

=
1
W
ith

this

definition, the plateau
duration

with
the external heating

is

given
by Eq. (52)

tpl ≃
tthin

(
tdifftthin

)
1/3 (

H
H
cr

)
1/6

= (
3 2
κ 2
M 2

H
2 6π 3σT 4

i v 6

)
1/6

,
(56)

≃
337 dayM 1/310 v −

16000 T −
2/3i,6000 H 1/643

,

where we define the time at which
the system

becomes opti-

cally thin
if it were completely ionized

(nebular phase)

tthin = (
3κM4πv 2

)
1/2

≃
777 dayM 1/210 v −

16000 .

(57)

This gives the
theoretical maximal duration

of the
plateau

phase
unless the

dynamics is modified
by

the
heating

(see

below). Eq. (56) gives the
minimal heating

rate
increasing

the plateau
duration

from
that without heating (Eq. 29):

H
m
in =

H
cr

(
tpl,Popovtthin

)
6 (
tthintdiff

)
2

(58)

≃
3.88×

10 40
erg s −

1
M −

5/710
v 1/76000 E 6/70,51 R 6/70,500 T 4/7i,6000 .

The nebular timescale (Eq. 57) gives the theoretical maximal

duration
of the plateau

phase but this is not usually realized

because the dynamics is modified
by

the heating
as we will

discuss below.
1.3.1

Dynamical model

W
hen the heating is significant, the boosted thermal pressure

accelerates the ejecta
by

PdV
work. This effect is included

by solving the time evolution
of the velocity: 4

M dv
dt = 20π

3 R 2
P
.

(59)

W
ith this equation, the velocity increases quickly to √

2 times

of the initial value in the expense of the initial thermal energy

as we have mentioned
before. Since the velocity

is no longer

constant and
R
=
vt breaks down, Eqs. (4) and (20) are now

a little modified
by

dE
dt = − E

tdyn − tdynEt 2
diff +

H
,

(60)

dx
dt = − 2x5t̃dyn − t̃dyn5t 2

diff x + H
5H

cr 1t̃dynx 3 ,

(61)

where tdyn =
R/v

and
t̃dyn =

R/v
=
(t −

ti ) +
R
i/v. Note

that the diffusion
time is also not constant. These equations

are solved
with

dR/dt =
v.

W
e
remark

that
the

acceleration
can

be
neglected

af-

ter the
recombination

starts. This is because
the

accelera-

tion
timescale

is typically
much

larger than
the

dynamical

timescale at the recombination
time:

vdv/dt

∣∣∣∣
t
i
=

v5
4 κaT 4

i ≃
1670 day v

6000T −
4i,6000 .

(62)

The acceleration is also not important after the diffusion dom-

inates the
thermal evolution

because
most of the

energy
is

4
The numerical coefficient comes the time derivative of the kinetic

energy
(Eq. 7).

radiated
and

the pressure decreases exponentially. でも実際

に再結合が始まって電離領域が縮んでいくとそこの質量は小さ

くなって加速が効きそうな気もする。しかし加速部分は前方の

再結合領域と衝突してちょうどいい速度になりそう。重要なの

は再結合が始まって以降の取り扱いである。

First we consider the evolution of the internal energy. W
hile

the diffusion
timescale varies due to the heating, it does not

affect the evolution
of E

before the diffusion
timescale

t <

tdiff . Therefore the internal energy
is still given

by
Eq. (46).

Approximating R ∼
vt, we rewrite Eq. (59) as

dv
dt =

5E3M
R ≃

{
5t0E

0
3M

vt 2
: t <

th ,

5H3M
v

: th <
t <

tdiff ,

(63)

and
integrate them

v(t) ≃
⎧
⎪⎨

⎪⎩

√
v 2
0 +

v 2
0
(
1− t0

t
)

: t <
th ,

√

v 2
0 +

v 2
0
(
1− t0t

h

)
+ 10H

(t−
t
h )

3M

: th <
t <

tdiff ,
(64)

∼ √
2v

0

⎧
⎨

⎩
1

: t <
tacc ,

(
ttacc

)
1/2

: tacc <
t <

tdiff ,

(65)

where v
0 is given

by
Eq. (8) and

we define the acceleration

time at which
the velocity start to deviate from √

2v
0 :

tacc = 3M
v 2
05H
= 3M (√

2v
0
)
210H

= E
kinH

(66)

≃
22.2 dayM

10v 2
0,4000H −

145 .

また加速時間はvdv/dt ≃
⎧
⎨

⎩ 4tdyn,0
(

tt
dyn,0

)
2

: t <
tacc ,

2t

: tacc <
t <

tdiff ,

(67)

であることが示せる。

速度の時間発展は
Eq. (65)によって記述される。加速は原則

として
recombination

phaseが始まる
ti もしくは光子拡散が聞

いて圧力が失われる
tdiff まで続く。しかし、これらのタイムス

ケールはもともと速度の函数だったのでこれらを考慮しなけれ

ばいけない。
Eq. (65)で

tacc <
tの場合の式を

tdiff に代入する

ことで、
acceleration

phaseでの
diffusion

timeが

t accdiff =
tdiff

(
t accdifftacc

)
−
1/4

= (
t 4
diff tacc )1/5

= (
3 3
κ 2
M 3

2 55π 2c 2H
)
1/5

(68)

≃
81.8 dayM 3/510 H −

1/545

.

と求められる。もしもこれ以前に
recombination

phaseになら

ない場合
(以下で見るようにこの場合がほとんど

)、
t accdiff 以降で

は
E
≃
(t accdiff ) 2

H/t となって
t <

tacc の場合と同様に大きな加

速は起こらない。よって最大速度は
t accdiff で達成されて

v
m
ax = √

2v
0
(
t accdifftacc

)
1/2

= (
5 2
κH 23πcM

)
1/5

(69)

≃
10900 km

s −
1
H 2/545 M −

1/510

,

となる。
t <

tacc の場合と異なり、 √
2を掛けないほうが数値計

算結果と合う。
有効温度の時間発展は

Eq. (49)でこの速度の変化を考慮すれ

ばよい。つまり加速中は
v →

v(t/tacc ) 1/2と置き換えて、加速

M
NRAS
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後は td → taccdiff and v → vmax と置き換えて
Teff = Ti

(
H
Hcr

)1/4

⎧
⎪⎨

⎪⎩

(
t

tacc

)−1/8
: tacc < t < taccdiff ,

(
taccdiff
tacc

)−1/8 (
t

taccdiff

)−1/2
: taccdiff < t ,

(70)

=

⎧
⎪⎨

⎪⎩

(
c2H

30κ2σ2
SBMt

)1/8
: tacc < t < taccdiff ,

(
32c2M2H

21054π3σ5
SBκ2t10

)1/20
: taccdiff < t ,

(71)

となる。各々を再結合温度に一致させることで recombination
timeが
tacci =

⎧
⎨

⎩
tacc

(
H
Hcr

)2
(< taccdiff) ,

taccdiff

(
H
Hcr

)1/2 ( taccdiff
tacc

)−1/4
(> taccdiff) ,

(72)

=

⎧
⎪⎨

⎪⎩

c2H

30κ2(σSBT4
i )

2
M

≃ 2.78× 104 dayM−1
1 H45T

−8
i,6k ,

(
32c2M2H

21054π3(σSBT4
i )

5
κ2

)1/10

≃ 351 dayM1/5
1 H1/10

45 T−2
i,6k

(73)

となる。
Eq. (73)において前者は加速中に再結合が発生する場合、後者は加速後に再結合が発生する場合に対応している。前者と後者のどちらが起こるかはパラメータによるが、taccdiff での有効温度が再結合温度よりも大きいと後者になる。よって Eq. (70)の

tacc < t < taccdiff において t = taccdiff としてこれを Ti と比較し、
H >

(
3452

(
σSBT

4
i

)5
κ6M4

πc6

)1/3

(74)

≃ 7.78× 1042 erg s−1 M4/3
1 T 20/3

i,6k ,

が後者が起こる条件である。この加熱率に対応する加速時間 taccが非常に長いことを考慮すると、前者はほとんど起こらないと思われる。よって以下では主に後者を考察する。加速中に再結合が起こらず、taccdiff に加速が終わったのちに再結合が生じる場合、その後の recombination phase の進化は
v = constの場合で対応する timescaleを変化させた場合に一致する。よってこの場合に系が optically thinになるのはEq. (56)の速度に vmax (Eq. 69)を代入して求められ、
taccpl =

(
316κ4c6M16

230512π9(σSBT 4
i )

5H7

)1/30

, (75)

≃ 402 dayM8/15
10 T−2/3

i,6k H−7/30
45 . (76)

となる。よって、plateau 時間は加熱率の増加とともに tpl ∝
H−7/30 と減少していく。これは加速によって timescaleが減少するからと考えられる。ゆえに最大の plateau時間はイジェクタを加速させない最大の加熱率で達成されることになる。これは tacc = taccdiff とすることで
Hmax =

(
3πcv5M

52κ

)1/2

(77)

≃ 2.27× 1044 erg s−1 M1/2
10 v5/26000 . (78)

と与えられる。これを Eq. (75) or (29)に代入することで (実際にこの加熱率は両者の表式を一致させることで得られる)

tpl,max =

(
35κ3cM5

21252π5(σSBT 4
i )

2v7

)1/12

(79)

≃ 568 day T−2/3
i,6k M5/12

10 v−7/12
6000 , (80)

と得られる。Recombination phaseが消失するのは taccpl = tacciとして
Hthin =

(v
c

)
Hcr = 3κM(σSBT

4
i ) (81)

≃ 1.50× 1045 erg s−1 M10T
4
i,6k . (82)

となる。加速中に再結合が発生して加速が終了する場合は Eq. (74)からあまり起こり得ないことがわかっているが少し考えておく。再結合時のイジェクタの速度は Eq. (65)に Eq. (73)の tacci < taccdiffを代入し、
vmax = v

(
tacci

tacc

)1/2

=
cH

3κ(σSBT 4
i )M

≃ 200000 km s−1 M−1
10 T−4

i,6kH45 , (83)

となる。これを Eq. (56)に代入することで同様にH の減少関数になる plateau時間が得られる (今は与えない)。この場合も最大の plateau時間はイジェクタをこれ以上加速させない最大の加熱率で与えられることになる。これは tacc で Teff = Tion という条件に対応する。今 th < taccを仮定すると、Teff = Ti(H/Hcr)
1/4

と一定になるので結局 H = Hcr かつ tacc < td の際に最大
plateau時間が達成され、
tpl,max =

(
33κ3M3

26π3cv5

)1/6

≃ 405 dayM1/2
10 v−5/6

6000 , (84)

となる。この考察は Teff の時間発展を様々な H に対して考えることで帰結される (Fig. 3)。Eq. (78)と比較して大きい方が最大の plateauを与えることになる。特に Eq. (78)が大きい条件は
Ekin > tdiffHcr ≃ 2.85× 1050 ergM3/2

10 v1/26000T
4
i,6k , (85)

となる。加速後に再結合が起こらずそのまま光学的に薄くなるタイムスケールは Eq. (57)に Eq. (69)を代入することで
taccthin =

(
37κ3c2M7

21054π3H4

)1/10

≃ 430 dayM7/10
1 H−2/5

45 , (86)

となる。
Fig. 5 depicts the plateau duration and luminosity for dif-

ferent heating rates as the duration and luminosity diagram
for transients (Kasliwal 2011). Here we calculate the luminos-
ity by dividing the radiated energy up to the nebular phase
by the plateau duration (or nebular timescale for the case
without the recombination phase) as for the Popov formula:

Lpl ≡
∫ tpl Ldt

tpl
. (87)

The radiated energy is dominated by that in the recombi-
nation phase for H ! Hthin. As the heating rate increases,
only the plateau duration increases initially as seen in Fig. 2
or Eq. (29). This incremental reflects a small flattening af-
ter the main plateau and does not contributes the radiated
energy. Therefore, the plateau luminosity does not change
but slightly decreases. As H increases, the overall light curve
also shift upward, and total radiated energy and hence the
plateau luminosity become larger than the case of H = 0.
This continues around the heating rate giving the maximal
plateau duration. This scaling is derived as follows. The ra-
diated energy dominated in the recombination phase is given
by

Erad ≃
∫ tpl

ti

Ldt = 4πv2σT 4
ion

∫ tpl

ti

(xt)2dt ≃ Htpl , (88)
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後は td → taccdiff and v → vmax と置き換えて
Teff = Ti

(
H
Hcr

)1/4

⎧
⎪⎨

⎪⎩

(
t

tacc

)−1/8
: tacc < t < taccdiff ,

(
taccdiff
tacc

)−1/8 (
t

taccdiff

)−1/2
: taccdiff < t ,

(70)

=

⎧
⎪⎨

⎪⎩

(
c2H

30κ2σ2
SBMt

)1/8
: tacc < t < taccdiff ,

(
32c2M2H

21054π3σ5
SBκ2t10

)1/20
: taccdiff < t ,

(71)

となる。各々を再結合温度に一致させることで recombination
timeが
tacci =

⎧
⎨

⎩
tacc

(
H
Hcr

)2
(< taccdiff) ,

taccdiff

(
H
Hcr

)1/2 ( taccdiff
tacc

)−1/4
(> taccdiff) ,

(72)

=

⎧
⎪⎨

⎪⎩

c2H

30κ2(σSBT4
i )

2
M

≃ 2.78× 104 dayM−1
1 H45T

−8
i,6k ,

(
32c2M2H

21054π3(σSBT4
i )

5
κ2

)1/10

≃ 351 dayM1/5
1 H1/10

45 T−2
i,6k

(73)

となる。
Eq. (73)において前者は加速中に再結合が発生する場合、後者は加速後に再結合が発生する場合に対応している。前者と後者のどちらが起こるかはパラメータによるが、taccdiff での有効温度が再結合温度よりも大きいと後者になる。よって Eq. (70)の

tacc < t < taccdiff において t = taccdiff としてこれを Ti と比較し、
H >

(
3452

(
σSBT

4
i

)5
κ6M4

πc6

)1/3

(74)

≃ 7.78× 1042 erg s−1 M4/3
1 T 20/3

i,6k ,

が後者が起こる条件である。この加熱率に対応する加速時間 taccが非常に長いことを考慮すると、前者はほとんど起こらないと思われる。よって以下では主に後者を考察する。加速中に再結合が起こらず、taccdiff に加速が終わったのちに再結合が生じる場合、その後の recombination phase の進化は
v = constの場合で対応する timescaleを変化させた場合に一致する。よってこの場合に系が optically thinになるのはEq. (56)の速度に vmax (Eq. 69)を代入して求められ、
taccpl =

(
316κ4c6M16

230512π9(σSBT 4
i )

5H7

)1/30

, (75)

≃ 402 dayM8/15
10 T−2/3

i,6k H−7/30
45 . (76)

となる。よって、plateau 時間は加熱率の増加とともに tpl ∝
H−7/30 と減少していく。これは加速によって timescaleが減少するからと考えられる。ゆえに最大の plateau時間はイジェクタを加速させない最大の加熱率で達成されることになる。これは tacc = taccdiff とすることで
Hmax =

(
3πcv5M

52κ

)1/2

(77)

≃ 2.27× 1044 erg s−1 M1/2
10 v5/26000 . (78)

と与えられる。これを Eq. (75) or (29)に代入することで (実際にこの加熱率は両者の表式を一致させることで得られる)

tpl,max =

(
35κ3cM5

21252π5(σSBT 4
i )

2v7

)1/12

(79)

≃ 568 day T−2/3
i,6k M5/12

10 v−7/12
6000 , (80)

と得られる。Recombination phaseが消失するのは taccpl = tacciとして
Hthin =

(v
c

)
Hcr = 3κM(σSBT

4
i ) (81)

≃ 1.50× 1045 erg s−1 M10T
4
i,6k . (82)

となる。加速中に再結合が発生して加速が終了する場合は Eq. (74)からあまり起こり得ないことがわかっているが少し考えておく。再結合時のイジェクタの速度は Eq. (65)に Eq. (73)の tacci < taccdiffを代入し、
vmax = v

(
tacci

tacc

)1/2

=
cH

3κ(σSBT 4
i )M

≃ 200000 km s−1 M−1
10 T−4

i,6kH45 , (83)

となる。これを Eq. (56)に代入することで同様にH の減少関数になる plateau時間が得られる (今は与えない)。この場合も最大の plateau時間はイジェクタをこれ以上加速させない最大の加熱率で与えられることになる。これは tacc で Teff = Tion という条件に対応する。今 th < taccを仮定すると、Teff = Ti(H/Hcr)
1/4

と一定になるので結局 H = Hcr かつ tacc < td の際に最大
plateau時間が達成され、
tpl,max =

(
33κ3M3

26π3cv5

)1/6

≃ 405 dayM1/2
10 v−5/6

6000 , (84)

となる。この考察は Teff の時間発展を様々な H に対して考えることで帰結される (Fig. 3)。Eq. (78)と比較して大きい方が最大の plateauを与えることになる。特に Eq. (78)が大きい条件は
Ekin > tdiffHcr ≃ 2.85× 1050 ergM3/2

10 v1/26000T
4
i,6k , (85)

となる。加速後に再結合が起こらずそのまま光学的に薄くなるタイムスケールは Eq. (57)に Eq. (69)を代入することで
taccthin =

(
37κ3c2M7

21054π3H4

)1/10

≃ 430 dayM7/10
1 H−2/5

45 , (86)

となる。
Fig. 5 depicts the plateau duration and luminosity for dif-

ferent heating rates as the duration and luminosity diagram
for transients (Kasliwal 2011). Here we calculate the luminos-
ity by dividing the radiated energy up to the nebular phase
by the plateau duration (or nebular timescale for the case
without the recombination phase) as for the Popov formula:

Lpl ≡
∫ tpl Ldt

tpl
. (87)

The radiated energy is dominated by that in the recombi-
nation phase for H ! Hthin. As the heating rate increases,
only the plateau duration increases initially as seen in Fig. 2
or Eq. (29). This incremental reflects a small flattening af-
ter the main plateau and does not contributes the radiated
energy. Therefore, the plateau luminosity does not change
but slightly decreases. As H increases, the overall light curve
also shift upward, and total radiated energy and hence the
plateau luminosity become larger than the case of H = 0.
This continues around the heating rate giving the maximal
plateau duration. This scaling is derived as follows. The ra-
diated energy dominated in the recombination phase is given
by

Erad ≃
∫ tpl

ti

Ldt = 4πv2σT 4
ion

∫ tpl

ti

(xt)2dt ≃ Htpl , (88)
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後は td → taccdiff and v → vmax と置き換えて
Teff = Ti

(
H
Hcr

)1/4

⎧
⎪⎨

⎪⎩

(
t

tacc

)−1/8
: tacc < t < taccdiff ,

(
taccdiff
tacc

)−1/8 (
t

taccdiff

)−1/2
: taccdiff < t ,

(70)

=

⎧
⎪⎨

⎪⎩

(
c2H

30κ2σ2
SBMt

)1/8
: tacc < t < taccdiff ,

(
32c2M2H

21054π3σ5
SBκ2t10

)1/20
: taccdiff < t ,

(71)

となる。各々を再結合温度に一致させることで recombination
timeが
tacci =

⎧
⎨

⎩
tacc

(
H
Hcr

)2
(< taccdiff) ,

taccdiff

(
H
Hcr

)1/2 ( taccdiff
tacc

)−1/4
(> taccdiff) ,

(72)

=

⎧
⎪⎨

⎪⎩

c2H

30κ2(σSBT4
i )

2
M

≃ 2.78× 104 dayM−1
1 H45T

−8
i,6k ,

(
32c2M2H

21054π3(σSBT4
i )

5
κ2

)1/10

≃ 351 dayM1/5
1 H1/10

45 T−2
i,6k

(73)

となる。
Eq. (73)において前者は加速中に再結合が発生する場合、後者は加速後に再結合が発生する場合に対応している。前者と後者のどちらが起こるかはパラメータによるが、taccdiff での有効温度が再結合温度よりも大きいと後者になる。よって Eq. (70)の

tacc < t < taccdiff において t = taccdiff としてこれを Ti と比較し、
H >

(
3452

(
σSBT

4
i

)5
κ6M4

πc6

)1/3

(74)

≃ 7.78× 1042 erg s−1 M4/3
1 T 20/3

i,6k ,

が後者が起こる条件である。この加熱率に対応する加速時間 taccが非常に長いことを考慮すると、前者はほとんど起こらないと思われる。よって以下では主に後者を考察する。加速中に再結合が起こらず、taccdiff に加速が終わったのちに再結合が生じる場合、その後の recombination phase の進化は
v = constの場合で対応する timescaleを変化させた場合に一致する。よってこの場合に系が optically thinになるのはEq. (56)の速度に vmax (Eq. 69)を代入して求められ、
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(
316κ4c6M16

230512π9(σSBT 4
i )

5H7

)1/30

, (75)
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10 T−2/3

i,6k H−7/30
45 . (76)

となる。よって、plateau 時間は加熱率の増加とともに tpl ∝
H−7/30 と減少していく。これは加速によって timescaleが減少するからと考えられる。ゆえに最大の plateau時間はイジェクタを加速させない最大の加熱率で達成されることになる。これは tacc = taccdiff とすることで
Hmax =

(
3πcv5M

52κ

)1/2

(77)

≃ 2.27× 1044 erg s−1 M1/2
10 v5/26000 . (78)

と与えられる。これを Eq. (75) or (29)に代入することで (実際にこの加熱率は両者の表式を一致させることで得られる)
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ferent heating rates as the duration and luminosity diagram
for transients (Kasliwal 2011). Here we calculate the luminos-
ity by dividing the radiated energy up to the nebular phase
by the plateau duration (or nebular timescale for the case
without the recombination phase) as for the Popov formula:

Lpl ≡
∫ tpl Ldt
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. (87)

The radiated energy is dominated by that in the recombi-
nation phase for H ! Hthin. As the heating rate increases,
only the plateau duration increases initially as seen in Fig. 2
or Eq. (29). This incremental reflects a small flattening af-
ter the main plateau and does not contributes the radiated
energy. Therefore, the plateau luminosity does not change
but slightly decreases. As H increases, the overall light curve
also shift upward, and total radiated energy and hence the
plateau luminosity become larger than the case of H = 0.
This continues around the heating rate giving the maximal
plateau duration. This scaling is derived as follows. The ra-
diated energy dominated in the recombination phase is given
by

Erad ≃
∫ tpl
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ion
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Figure 7. The same as Fig. 2 but for the Nickel heating case.
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を得る。これよりも H0 が大きい場合には H = const の議論がそのまま当てはまる。Plateau duration は結局速度の変化と heating rate の時間依存性のみを考慮すればよかったので、
v → vmax として tpl の式を使えばよい。

3 NICKEL HEATING

We analyze more realistic situation and begin with nickel
heating whose hearing rate is give by (Nadyozhin 1994)
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fγ(t) , (110)

where εNi = 3.9×1010 erg g−1 s−1, εCo = 6.8×109 erg g−1 s−1,
tNi = 8.8 day, and tCo = 111.3 day. さらに加熱にはほとんどガンマ線が効くのでイジェクタ内に trapされる効果を反映させて trapping factorを (Jeffery 1999)
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where κγ = 0.03 cm2 g−1 (Swartz et al. 1995;
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Figure 9. Heating rate for the radioactive decay of nickel with
MNi = M⊙. Red and blue curves correspond to nickel and cobalt,
respectively. Gray line represents an empirical fitting by a power-
law function, H ≃ 2× 1044 erg s−1(t/day)−0.77.

り、ニッケルはイジェクタの中心部に局在して中心からイジェクタ全体を温めることになっている。x による適当な scalingを用いることで他の場合を議論できる。たとえば、H → x3Hとすることでニッケルが一様に存在する場合、など。この
Trappingによってガンマ線が optically thinになるのはおおよそ Eq. (57) で κγ を用いて tγ,thin ≃ 231 days になる。これ以降は additionalな factor ∝ 1/t2 が加わる。まず解析を行う上で重要な点として、典型的な type IIP SNを考える場合、その Ni massはMNi ≃ 10−3 − 10−1 M⊙ (Hamuy
2003; Anderson et al. 2014; Valenti et al. 2016; Anderson
2019)の範囲に収まるので、deposited energyは
ENi ≡

∫ ∞

t0

H(t,MNi)dt ≃ MNi [tNi (εNi − εCo) + tCoεCo] ,

≃ 1.80× 1050 ergMNi,1 , (113)

where MNi = MNi,1 M⊙.となって運動エネルギーよりも小さく、
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中心エンジンからのエネルギー注入としてまずマグネターを考える。この場合、spin down formulaから加熱率は
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where Erot and tsd are the rotational energy and spin down
timescale, respectively, と書ける。これらはマグネター誕生時の回転周期と磁場に関係しているが、簡単のため考えない。典型的な加熱率は
H(0) = 1.16× 1046 erg s−1 Erot,51
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, (130)

となり、解放される全エネルギーは
∫ ∞

0

H(t)dt = Erot , (131)

となる。ゆえに Ekin,0 よりも大きいエネルギーが注ぎ込まれる場合は加速の効果が重要になる。とりあえず計算はできるので物理量の時間変化を示したFigs. 2
and 7に似た図はつくれるがあまり興味がない?
Fig. 12に plateau時間と光度の関係を様々なパラメータの組

(Erot, tsd)に対して示した。各 tsdに対してエネルギーを増加させると光度は単調に増加するが、時間は Erot > Ekin,0 となるエ
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ネルギーではイジェクタが加速するために減少していく。5注目するべき特徴として、tsd ! t0 ≃ 0.1− 1 dayの場合はイジェクタが膨張を始める前に全て熱エネルギーに費やされ、≃ t0 以降で膨張、加速が生じるので系の振る舞いは Popov formulaにおいて v → vmax and E0 → Erot としたもので記述される。特に
tsdに依存しなくなるので、tsd ≃ 0.001−0.01 dayで与えられる曲線に集積する。また、tsd > tpl では effectiveにはH = constの場合を考えることと同じなのでこの結果に漸近する。特に、
plateau時間の最大値を考える際、H = constの場合に boundされることが重要である。まず以上の結果を解釈することから始める。加熱によって熱進化、力学的進化が変更を受けるタイムスケールであるが、t > tsd以降ではH ∝ t−2 なので加熱は進化に影響を与えることができない (より正確には、この加熱率の時間依存性だと熱進化が僅かに影響を受けて E ∝ log t/tとなる)。よって th, tacc < tsd の場合のみを考えればよく、H = constの結果が使える。Eq. (47)

5 tsd " 100 day の場合には tpl 以内にエネルギーが全て注入できるわけではないので Erot(tpl/tsd) > Ekin,0 という条件になる。
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neutron star (e.g., Dexter & Kasen 2013; Moriya et al.
2018). The rate of fall-back accretion is expected to de-
cline at late times as Ṁfb / t

�5/3 (Michel 1988; Cheva-
lier 1989), following an initial phase defined by the radial
structure of the progenitor star (Dexter & Kasen 2013;
Perna et al. 2014; Moriya et al. 2019), particularly its ra-
dius (e.g., Perna et al. 2018). The manner in which the
mass fall-back is processed by the central accretion disk
or its outflows, can also modify the accretion rate reach-
ing the central compact object and hence the heating
rate (e.g., Metzger et al. 2008). We encapsulate these
uncertainties by adopting a broken power-law heating
rate, similar to the magnetar case:

H(t) =
(↵fb � 1)Eacc

tfb

✓
1 +

t

tfb

◆�↵fb

, (70)

where the total available energy Eacc now scales with
the accreted mass Macc for some assumed e�ciency ⌘ =
Eacc/Maccc

2, and tfb is the characteristic fallback time.
The latter is generally expected to scale with the fall-
back time of the stellar envelope,

tfb / 1p
G⇢?

' 130 day

✓
M?

10M�

◆�1/2 ✓
R?

500R�

◆3/2

,

(71)

where ⇢? ⌘ 3M?/4⇡R3
?
is the mean density of the star

of mass M? and radius R?. We consider the post-
break exponent ↵fb, as a free parameter. The ↵fb � 1
prefactor in Eq. (70) follows from the normalization
Eacc =

R1
0 H(t)dt.

Fig. 8 depicts the plateau duration and luminosity
for di↵erent ↵fb, Eacc, and tfb, similar to the format of
Fig. 7. The colors of each shaded region corresponds to
the range of tpl and Lpl for di↵erent ranges of ↵fb = 4/3
to 4 as marked. The contours follow a similar shape to
that of the magnetar heating (corresponding to ↵fb = 2).
Black solid and dashed curves represent the contours for
fixed Eacc and tfb for the special case ↵fb = 5/3 (corre-
sponding to a canonical fallback rate). For smaller expo-
nents, the heating rate declines more slowly, increasing
the plateau luminosity. As in the case of magnetar heat-
ing, the plateau duration is maximized for longer fall-
back timescales, but the attainable region is bounded by
the limit of a constant heating rate.

4.4. CSM Shock Interaction

As a final heating source, we consider shock interac-
tion between the SN ejecta and a circum-stellar medium
(CSM). While most of the modeling literature focuses
on CSM which is distributed in a spherically symmet-
ric manner around the explosion site, such a geometry
generally results in the e↵ects of shock heating being
confined to the outermost layers of the ejecta. While
shock heating can contribute to the early SN light curve
through its e↵ect on these outer layers, it would not pro-
vide a sustained heating source embedded behind the

Figure 8. The same as Fig. 3 but for heating by accre-

tion onto a central compact object, following Eq. (70). Each

shaded region corresponds to the parameter space of plateau

duration and luminosity for di↵erent values of the post-break

index ↵fb. The region for ↵fb = 2 essentially follows the

magnetar heating case (see Fig. 7). Black solid and dashed

contours denote cases of fixed fallback timescale and total

accretion energy for ↵fb = 5/3. A red thick curve shows the

case of a constant heating rate (see Fig. 3), which defines an

absolute boundary on the parameter space (see also Fig. 3).

Figure 9. A schematic picture of the shock interaction be-

tween the the SN ejecta and CSM disk. Radiation released by

the equatorial shocks provides a source of sub-photospheric

heating for the faster freely-expanding ejecta at higher lati-

tudes.

Temporally-constant heating model
gives an absolute boundary of attainable plateau duration

Results
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B. DETAILED DESCRIPTION OF SHOCK DYNAMICS

We describe our treatment of shock dynamics for the interaction of SN ejecta and disk-like CSM with general
density slope (see also Moriya et al. 2013; Metzger & Pejcha 2017; Hiramatsu et al. 2023). We assume that the shock
is radiative and the location and velocity of the shocked region are given by single representative values of Rsh and
vsh. CSM has a disk-like geometry, whose solid angle, velcoity, and profile are given by 4⇡f⌦, vCSM, and

⇢CSM = Ar
�q

, (B13)

respectively. The shocked region keeps the CSM’s original solid angle. The mass and momentum of the shocked region
increase as FS and RS sweep up CSM and SN ejecta. Their time evolution are given by the conservation:

dMsh

dt
= 4⇡f⌦R

2
sh⇢SN (vSN � vsh) + 4⇡f⌦R

2�q

sh A(vsh � vCSM) , (B14)

d(Mshvsh)

dt
= 4⇡f⌦R

2
sh⇢SNvSN (vSN � vsh) + 4⇡f⌦R

2�q

sh AvCSM(vsh � vCSM) , (B15)

where ⇢SN = M/(4⇡R2
/3) is the SN density (assumed to be homogeneous, in this paper), and vSN = v(Rsh/R) is the

SN ejecta velocity at the shock radius (homologous expansion is assumed). The momentum conservation (Eq. B15) is
rewritten to an equation of motion:

Msh
dvsh

dt
= 4⇡f⌦R

2
sh⇢SN(vSN � vsh)

2 � 4⇡f⌦R
2�q

sh A(vsh � vCSM)2 . (B16)

Therefore, the shell’s dynamics is determined by solving Eqs. (B14) and (B16) with an initial conditions of Rsh = R0,
vsh = 0, and Msh ⌧ M and additional parameters of A, q, vCSM, and f⌦.
Once the shock evolution is solved, the shock luminosity is calculated by the kinetic luminosity at the FS and RS

shocks (Precisely speaking, the shock dynamics couples with that of SN via shock heating. Thus these evolution should
be calculated self-consistently). These luminosities are given by

Lkin,FS = 4⇡f⌦R
2
sh(vsh � vCSM)eFS =

9⇡

2
f⌦R

2�q

sh A(vsh � vCSM)3 , (B17)

Lkin,RS = 4⇡f⌦R
2
sh(vSN � vsh)eRS =

27f⌦MR
2
sh(vSN � vsh)3

8R3
, (B18)

where the internal energy density at the post FS (RS) region is given by

eFS(RS) =
2⇢CSM(SN)(vsh � vCSM(SN))

2

(� + 1)(� � 1)
. (B19)

Here � is the adiabatic index and we adopt � = 5/3.
Fig. 16 depicts the characteristic timescales for CSM with di↵erent slopes. For the horizontal axis, we adopt the

density at r = 1015 cm. The qualitative results are the same as the result of q = 2 (wind-like profile). Impacts on the
recombination time (thick dashed curves) and the plateau duration (thick solid curves) are slightly larger for smaller q.
This may be because for q < 2, the shock luminosity increases and peaks at the deceleration time,6 and the deceleration
starts earlier, which helps to satisfy the condition (77) for longer time. Nonetheless, the plateau duration cannot be
extended more than a few times.

C. GLOSSARY OF SYMBOLS AND NOTATIONS

Table 1 summarizes the symbols and notations of characteristic quantities.
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while we confirm that the photophere always shrinks in our cal-
culations.
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Figure 7. Distribution of required CSM mass for different SN mass
and energy. The initial velocity is fixed to vsh,0 = 9000 km s−1 and
teh radiative efficiency is ε = 0.3. The black dashed line represents
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causes an overluminous RS (Eq. 36).
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APPENDIX A: メモ
今までやっていたことの何が近似かを理解するために、
Metzger et al. (2014) の Eqs. (17) and (18) から出発するとどうなるか考えた。Moriya et al. (2013b)の Eq. (1)はこれらの式で vFS = vRS = vsh で得られる。これらは質量と運動量の保存則にのみに関係しており、

Msh =

∫ Rsh

vwt

4πR2
shρwdr +MSN(> Rsh/t) (A1)

Mshvsh = vw

∫ Rsh

vwt

4πR2
shρwdr + PSN(> Rsh/t) (A2)

で与えられることがわかる。CSM massの積分の下端と SN　
cumulative distributionの Rsh/tが大きなポイントである。エネルギー保存則も考えたい。そもそもこれまでの研究のモデルが知りたいので、それらを調べる。

APPENDIX B: REFERENCES

B1 Hint

SN 　 shock と CSM 相互作用による自己相似解はChevalier
(1982a); Nadyozhin (1985)で議論されている。光度曲線の計算までは長い歴史があるが、?で line と関連して議論が始まった。Chevalier & Fransson (1994) も必読。
Chatzopoulos et al. (2012)でさまざまな場合の解析モデルがなされている中でCSMモデルも範疇に入っている。Moriya et al.
(2013b) が解析的にモデル化しているけど自己相似解を使っていない。このモデルを使って type IIn を解析しているのが
?Moriya & Maeda (2014)、ここに候補 SNが載っている。?でいろんな光度曲線を議論しているが CSM もその範疇。よい解説か?Takei & Shigeyama (2020)で数値計算モデルが議論されている。
?に変なイベント iPTF13z が載っている。?も SN2014C で

Moriya et al. (2013b)の結果使っている。候補天体 (SN): 2005ip, 2006gy, 2006jd

B2 Theory

理論の論文。
Maeda & Moriya (2022) Analytical model of CSM interact-

ing type Ibn SN:
Takei et al. (2022) CHIPS
Tsuna et al. (2021) CHIPS
Takei & Shigeyama (2020) CHIPS
Tsuna et al. (2019) CHIPS
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ABSTRACT進捗をまとめるておき、成文化も行う。やること: (1) Ideal LCについて input parameterに対する結果の違いを吟味
(3/24), (3) RSを含めた計算をできるようにする (3/28), (4) RSの結果についても解釈を行う (3/28),
(2) efficieincyについて議論,
(5) 解析の候補になるイベントを選ぶ,
(6) SN 2021qqp について, (a) パラメータースタディー: εと t0 (4/4), (b) MSN − ESN 図での振る舞いを理解する

(4/3), (c) 理論モデルで予想されるパラメータスペースはどこか? (d) CSM分布の情報 (mass, mass loss history) と制限 (τ = 1) (4/4).

1 METHOD

1.1 Supernova Ejecta

We first consider an ejecta which is ejected instanta-
neously and expanding homologously with a density profile
of ρSN(v, t). The ejecta collides with the CSM at time t0 with
distance Rsh,0. The interaction makes a shell confined by for-
ward and reverse shocks and divided by a contact disconti-
nuity (Chevalier 1982a; Nadyozhin 1985). We assume that
the shell is geometrically thin, and denote the location, ve-
locity, and mass of the shell by Rsh, vsh(= dRsh/dt), and
Msh, respectively. With this assumption, the dynamics of the
shell is given by the equation of motion (Chevalier 1982b;
Moriya et al. 2013b)

Msh
dvsh
dt

= 4πR2
shρSN(vSN − vsh)

2 − 4πR2
shρCSM(vsh − vCSM)2,

(1)

where ρSN and vSN ≡ Rsh/t are the mass density and the
velocity of SN ejecta at Rsh, ρCSM and vCSM are the mass
density and the velocity of the pre-shocked CSM material,
respectively. We assume that the CSM velocity is constant
for simplicity. The shell mass is given by

dMsh

dt
= 4πR2

shρSN(vSN − vsh) + 4πR2
shρCSM(vsh − vCSM) .

(2)

For the SN density profile, we adopt a well-known broken-
power law density distribution (e.g., Chevalier & Fransson
1994; Matzner & McKee 1999):

ρSN(v, t) = A

{
(v/v∗)

−δ : v < v∗ ,

(v/v∗)
−n : v∗ < v ,

(3)

where

v∗ =

√
2(5− δ)(n− 5)ESN

(3− δ)(n− 3)MSN

δ=0,n=10
≃ 3450 km s−1 M−1/2

SN,0 E1/2
SN,51 ,

(4)

A =
(3− δ)(n− 3)MSN

4π(n− δ)(v∗t)3
, (5)

Figure 1. Cumulative momentum distribution of SN ejecta for dif-
ferent power-law indexes n. The other parameters are fixed to
δ = 0, MSN = 10M⊙, and ESN = 3× 1051 erg.

where MSN and ESN are the total ejecta mass and energy of
the SN. The cumulative distribution of the SN mass is useful
in the following analysis, which is given by

MSN(> v) ≡
∫

vSN

4π(vt)2ρSN(v)d(vt) , (6)

where the upper bound of the integral is not important as
long as the density profile is steep enough. We show this dis-
tribution for various power-law index in Fig. 1. Because of
δ ! 2, the distribution is basically flat for v < v∗, while it
declines as MSN(> v) ∝ v3−n for v∗ < v.
In most of the previous works, the CSM density profile was

an input parameter and assumed to obtain the light curve
from the dissipation at the shocked region (Moriya et al.
2013b). Here we inversely derive the density profile as a func-
tion of the observed light curve. This can be done by making
an additional but natural assumption: The observed emis-

© 2023 The Authors
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from the dissipation at the shocked region (Moriya et al.
2013b). Here we inversely derive the density profile as a func-
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sion comes from the dissipation of the kinetic energy at the
shocks. The dissipated kinetic luminosity at the FS and RS
are given by

Lkin,FS = 4πR2
shρCSM(vsh − vCSM)3 , (7)

Lkin,RS = 4πR2
shρSN(vSN − vsh)

3 . (8)

Check numerical pre factors. We assume that the observed
SN luminosity is given by

Lobs ≃ εFSLkin,FS + εRSLkin,RS, (9)

where εFS and εRS are the conversion efficiencies at the FS
and RS, respectively. These efficiencies should vary as time
but here we assume that they are the same εFS = εRS = ε.
This assumption will be relaxed later. Therefore, the infor-
mation of the CSM density profile is encoded in the observed
luminosity through Lkin,FS. By using Eqs. (7)-(9), we can
rewrite Eqs (1) and (2) without the CSM density:

Msh
dvsh
dt

= − Lobs

ε(vsh − vCSM)
+

(vSN − vCSM)Lkin,RS

(vSN − vsh)(vsh − vCSM)
,

(10)

dMsh

dt
=

Lobs

ε(vsh − vCSM)2

+
(vSN − vCSM)(2vsh − vSN − vCSM)Lkin,RS

(vSN − vsh)2(vsh − vCSM)2
. (11)

It should be noted that the kinetic luminosity Lkin,RS is cal-
culated if one knows Rsh and vsh for an assumed SN ejecta
profile. These equations with dRsh/dt = vsh can be solved
for an observed light curve Lobs(t) as well as the emission
efficiency ε, the CSM velocity vCSM, and the SN density pro-
file. Once the time evolution of Rsh and vsh are obtained, the
density profile is reconstructed by using Eq. (7).
[Efficiency] We can include the efficiency as

ε ≃
(

tdyn
tdyn + tcool

)(
tdyn

tdyn + tdiff

)
, (12)

where each timescale is defined by

tdyn = Rsh/vsh , (13)

tcool =
ρvsh

2

n2Λ
, (14)

tdiff =
Rshτ
c

, (15)

respectively. The first term suppresses when the shock is adi-
abatic and the latter factor does when the shock is optically
thick. It should be noted that when the CSM density is dense
enough to make the shell optically thick, the dissipated energy
is stored in the shell as a thermal energy. It is finally radi-
ated away or converted to the kinetic energy by PdV work.
However, this effect may not be captured by our assumption
that the kinetic luminosity is converted instantaneously to
the radiated one as in Eq. (9). Therefore, our formalism may
not give a correct result. This point will be checked.

1.2 Wind

This can be an appendix or another paper unless we use this
method in the paper. The extension above formalism to the
shock interaction between steady wind (instead of SN ejecta)

and CSM is easy. In this case, Eqs (8) is replaced with

Lkin,RS =
Ṁ
vw

(vw − vsh)
3 . (16)

As long as we consider a constant velocity wind, this term
can be obtained as a function of vsh (and t and Rsh if one
considers a wind with time evolving mass loss rate). With
this RS luminosity, we obtain a similar set of equations to
Eqs. (10) and (11) by just replacing vSN with vw.
Note that we adopt the steady wind with a mass loss rate

of Ṁ and velocity vw instead of SN ejecta. In this case, the
number of parameters is smaller than the case of SN ejecta,
which we tabulate in Table. 2. It could be used to infer the
wind parameter as well as CSM density for wind-driven tran-
sient with the shock interaction, such as potentially fast blue
optical transients (Uno & Maeda 2020; Metzger 2022).

2 GENERAL PROPERTIES OF THE RESULT

We first apply our method to an idealized transient light curve
to see the parameter dependence and features of the result.
We consider an ideal SN-like light curve powered by shock
interaction and apply our model to see the input parameter
dependence. The model light curve is given by

Lobs(t;L0, t0,α) = L0

(
t
t0

)α

e−(t0/t)
2

, (17)

which rises over an timescale of t0 and decay as ∝ tα. For
L0 = 3 × 1043 erg s−1 and t0 = 20days, the radiated energy
until 300 days is Erad ≃ 1.26 × 1050 erg (α = −1), 4.25 ×
1049 erg (α = −2), and 2.58× 1049 erg (α = −3).
The initial condition is as follows. The CSM interaction

is assumed to happen at ti with the initial shell velocity of
vsh,0. This means as least the initial shell mass is Msh,0 ≥
MSN(> vsh,0) and we take this minimal mass. Additionally,
the location of the shell is given by Rsh,0 = vsh,0ti. At a very
early stage, the shell expands freely at the same velocity with
the SN ejecta, which means Lkin,RS = 0. In this case we just
drop the second terms in Eqs. (10) and (11).
Fig. 2 shows the results for various initial velocities with

fixing other parameters to the fiducial values. For veloci-
ties smaller or much larger than the typical velocity v∗ ≃
5980 km s−1, the shell stalls before 300 days. For the for-
mer case, the shell velocity is already very small to pro-
duce the observed luminosity by shock interaction and needs
larger and larger density and sweeps up comparable mass
to the shell mass and finally stops. However, this is a little
strange because when the shock interaction started, most of
the SN kinetic energy already collide with CSM and forms
a shell. The shell’s initial energy is Esh,kin ≃ Msh,0v

2
sh,0 ≃

ESN(vsh,0/v∗)
2 < ESN. Therefore, most of the SN kinetic en-

ergy is sunk to somewhere. Physically meaningful initial con-
dition is vsh,0 > v∗. In the latter case, the initial shell mass
is so small that the collision with the CSM easily stops the
shell before the rest of unshocked SN ejecta catches up with
the shell to inject the energy. In this case, before stalling the
shell, a significant amount of SN ejecta thrusts to the shell
and produces a bright RS luminosity as shown in the middle
panel of Fig. 2. Too bright RS luminosity actually contradicts
with the observed luminosity. Therefore we can discard this
initial condition.
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(10)
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for an observed light curve Lobs(t) as well as the emission
efficiency ε, the CSM velocity vCSM, and the SN density pro-
file. Once the time evolution of Rsh and vsh are obtained, the
density profile is reconstructed by using Eq. (7).
[Efficiency] We can include the efficiency as

ε ≃
(

tdyn
tdyn + tcool

)(
tdyn

tdyn + tdiff

)
, (12)
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respectively. The first term suppresses when the shock is adi-
abatic and the latter factor does when the shock is optically
thick. It should be noted that when the CSM density is dense
enough to make the shell optically thick, the dissipated energy
is stored in the shell as a thermal energy. It is finally radi-
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However, this effect may not be captured by our assumption
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to see the parameter dependence and features of the result.
We consider an ideal SN-like light curve powered by shock
interaction and apply our model to see the input parameter
dependence. The model light curve is given by

Lobs(t;L0, t0,α) = L0

(
t
t0

)α

e−(t0/t)
2

, (17)

which rises over an timescale of t0 and decay as ∝ tα. For
L0 = 3 × 1043 erg s−1 and t0 = 20days, the radiated energy
until 300 days is Erad ≃ 1.26 × 1050 erg (α = −1), 4.25 ×
1049 erg (α = −2), and 2.58× 1049 erg (α = −3).
The initial condition is as follows. The CSM interaction

is assumed to happen at ti with the initial shell velocity of
vsh,0. This means as least the initial shell mass is Msh,0 ≥
MSN(> vsh,0) and we take this minimal mass. Additionally,
the location of the shell is given by Rsh,0 = vsh,0ti. At a very
early stage, the shell expands freely at the same velocity with
the SN ejecta, which means Lkin,RS = 0. In this case we just
drop the second terms in Eqs. (10) and (11).
Fig. 2 shows the results for various initial velocities with

fixing other parameters to the fiducial values. For veloci-
ties smaller or much larger than the typical velocity v∗ ≃
5980 km s−1, the shell stalls before 300 days. For the for-
mer case, the shell velocity is already very small to pro-
duce the observed luminosity by shock interaction and needs
larger and larger density and sweeps up comparable mass
to the shell mass and finally stops. However, this is a little
strange because when the shock interaction started, most of
the SN kinetic energy already collide with CSM and forms
a shell. The shell’s initial energy is Esh,kin ≃ Msh,0v

2
sh,0 ≃

ESN(vsh,0/v∗)
2 < ESN. Therefore, most of the SN kinetic en-

ergy is sunk to somewhere. Physically meaningful initial con-
dition is vsh,0 > v∗. In the latter case, the initial shell mass
is so small that the collision with the CSM easily stops the
shell before the rest of unshocked SN ejecta catches up with
the shell to inject the energy. In this case, before stalling the
shell, a significant amount of SN ejecta thrusts to the shell
and produces a bright RS luminosity as shown in the middle
panel of Fig. 2. Too bright RS luminosity actually contradicts
with the observed luminosity. Therefore we can discard this
initial condition.
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sion comes from the dissipation of the kinetic energy at the
shocks. The dissipated kinetic luminosity at the FS and RS
are given by

Lkin,FS = 4πR2
shρCSM(vsh − vCSM)3 , (7)

Lkin,RS = 4πR2
shρSN(vSN − vsh)

3 . (8)

Check numerical pre factors. We assume that the observed
SN luminosity is given by

Lobs ≃ εFSLkin,FS + εRSLkin,RS, (9)

where εFS and εRS are the conversion efficiencies at the FS
and RS, respectively. These efficiencies should vary as time
but here we assume that they are the same εFS = εRS = ε.
This assumption will be relaxed later. Therefore, the infor-
mation of the CSM density profile is encoded in the observed
luminosity through Lkin,FS. By using Eqs. (7)-(9), we can
rewrite Eqs (1) and (2) without the CSM density:
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dvsh
dt

= − Lobs

ε(vsh − vCSM)
+

(vSN − vCSM)Lkin,RS

(vSN − vsh)(vsh − vCSM)
,

(10)

dMsh

dt
=

Lobs

ε(vsh − vCSM)2

+
(vSN − vCSM)(2vsh − vSN − vCSM)Lkin,RS

(vSN − vsh)2(vsh − vCSM)2
. (11)

It should be noted that the kinetic luminosity Lkin,RS is cal-
culated if one knows Rsh and vsh for an assumed SN ejecta
profile. These equations with dRsh/dt = vsh can be solved
for an observed light curve Lobs(t) as well as the emission
efficiency ε, the CSM velocity vCSM, and the SN density pro-
file. Once the time evolution of Rsh and vsh are obtained, the
density profile is reconstructed by using Eq. (7).
[Efficiency] We can include the efficiency as

ε ≃
(

tdyn
tdyn + tcool

)(
tdyn

tdyn + tdiff

)
, (12)

where each timescale is defined by

tdyn = Rsh/vsh , (13)

tcool =
ρvsh

2

n2Λ
, (14)

tdiff =
Rshτ
c

, (15)

respectively. The first term suppresses when the shock is adi-
abatic and the latter factor does when the shock is optically
thick. It should be noted that when the CSM density is dense
enough to make the shell optically thick, the dissipated energy
is stored in the shell as a thermal energy. It is finally radi-
ated away or converted to the kinetic energy by PdV work.
However, this effect may not be captured by our assumption
that the kinetic luminosity is converted instantaneously to
the radiated one as in Eq. (9). Therefore, our formalism may
not give a correct result. This point will be checked.

1.2 Wind

This can be an appendix or another paper unless we use this
method in the paper. The extension above formalism to the
shock interaction between steady wind (instead of SN ejecta)

and CSM is easy. In this case, Eqs (8) is replaced with

Lkin,RS =
Ṁ
vw

(vw − vsh)
3 . (16)

As long as we consider a constant velocity wind, this term
can be obtained as a function of vsh (and t and Rsh if one
considers a wind with time evolving mass loss rate). With
this RS luminosity, we obtain a similar set of equations to
Eqs. (10) and (11) by just replacing vSN with vw.
Note that we adopt the steady wind with a mass loss rate

of Ṁ and velocity vw instead of SN ejecta. In this case, the
number of parameters is smaller than the case of SN ejecta,
which we tabulate in Table. 2. It could be used to infer the
wind parameter as well as CSM density for wind-driven tran-
sient with the shock interaction, such as potentially fast blue
optical transients (Uno & Maeda 2020; Metzger 2022).

2 GENERAL PROPERTIES OF THE RESULT

We first apply our method to an idealized transient light curve
to see the parameter dependence and features of the result.
We consider an ideal SN-like light curve powered by shock
interaction and apply our model to see the input parameter
dependence. The model light curve is given by

Lobs(t;L0, t0,α) = L0
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, (17)

which rises over an timescale of t0 and decay as ∝ tα. For
L0 = 3 × 1043 erg s−1 and t0 = 20days, the radiated energy
until 300 days is Erad ≃ 1.26 × 1050 erg (α = −1), 4.25 ×
1049 erg (α = −2), and 2.58× 1049 erg (α = −3).
The initial condition is as follows. The CSM interaction

is assumed to happen at ti with the initial shell velocity of
vsh,0. This means as least the initial shell mass is Msh,0 ≥
MSN(> vsh,0) and we take this minimal mass. Additionally,
the location of the shell is given by Rsh,0 = vsh,0ti. At a very
early stage, the shell expands freely at the same velocity with
the SN ejecta, which means Lkin,RS = 0. In this case we just
drop the second terms in Eqs. (10) and (11).
Fig. 2 shows the results for various initial velocities with

fixing other parameters to the fiducial values. For veloci-
ties smaller or much larger than the typical velocity v∗ ≃
5980 km s−1, the shell stalls before 300 days. For the for-
mer case, the shell velocity is already very small to pro-
duce the observed luminosity by shock interaction and needs
larger and larger density and sweeps up comparable mass
to the shell mass and finally stops. However, this is a little
strange because when the shock interaction started, most of
the SN kinetic energy already collide with CSM and forms
a shell. The shell’s initial energy is Esh,kin ≃ Msh,0v

2
sh,0 ≃

ESN(vsh,0/v∗)
2 < ESN. Therefore, most of the SN kinetic en-

ergy is sunk to somewhere. Physically meaningful initial con-
dition is vsh,0 > v∗. In the latter case, the initial shell mass
is so small that the collision with the CSM easily stops the
shell before the rest of unshocked SN ejecta catches up with
the shell to inject the energy. In this case, before stalling the
shell, a significant amount of SN ejecta thrusts to the shell
and produces a bright RS luminosity as shown in the middle
panel of Fig. 2. Too bright RS luminosity actually contradicts
with the observed luminosity. Therefore we can discard this
initial condition.
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1 METHOD

1.1 Supernova Ejecta

We first consider an ejecta which is ejected instanta-
neously and expanding homologously with a density profile
of ρSN(v, t). The ejecta collides with the CSM at time t0 with
distance Rsh,0. The interaction makes a shell confined by for-
ward and reverse shocks and divided by a contact disconti-
nuity (Chevalier 1982a; Nadyozhin 1985). We assume that
the shell is geometrically thin, and denote the location, ve-
locity, and mass of the shell by Rsh, vsh(= dRsh/dt), and
Msh, respectively. With this assumption, the dynamics of the
shell is given by the equation of motion (Chevalier 1982b;
Moriya et al. 2013b)

Msh
dvsh
dt

= 4πR2
shρSN(vSN − vsh)

2 − 4πR2
shρCSM(vsh − vCSM)2,

(1)

where ρSN and vSN ≡ Rsh/t are the mass density and the
velocity of SN ejecta at Rsh, ρCSM and vCSM are the mass
density and the velocity of the pre-shocked CSM material,
respectively. We assume that the CSM velocity is constant
for simplicity. The shell mass is given by

dMsh

dt
= 4πR2

shρSN(vSN − vsh) + 4πR2
shρCSM(vsh − vCSM) .

(2)

For the SN density profile, we adopt a well-known broken-
power law density distribution (e.g., Chevalier & Fransson
1994; Matzner & McKee 1999):

ρSN(v, t) = A

{
(v/v∗)

−δ : v < v∗ ,

(v/v∗)
−n : v∗ < v ,

(3)

where

v∗ =

√
2(5− δ)(n− 5)ESN

(3− δ)(n− 3)MSN

δ=0,n=10
≃ 3450 km s−1 M−1/2

SN,0 E1/2
SN,51 ,

(4)

A =
(3− δ)(n− 3)MSN

4π(n− δ)(v∗t)3
, (5)

Figure 1. Cumulative momentum distribution of SN ejecta for dif-
ferent power-law indexes n. The other parameters are fixed to
δ = 0, MSN = 10M⊙, and ESN = 3× 1051 erg.

where MSN and ESN are the total ejecta mass and energy of
the SN. The cumulative distribution of the SN mass is useful
in the following analysis, which is given by

MSN(> v) ≡
∫

vSN

4π(vt)2ρSN(v)d(vt) , (6)

where the upper bound of the integral is not important as
long as the density profile is steep enough. We show this dis-
tribution for various power-law index in Fig. 1. Because of
δ ! 2, the distribution is basically flat for v < v∗, while it
declines as MSN(> v) ∝ v3−n for v∗ < v.
In most of the previous works, the CSM density profile was

an input parameter and assumed to obtain the light curve
from the dissipation at the shocked region (Moriya et al.
2013b). Here we inversely derive the density profile as a func-
tion of the observed light curve. This can be done by making
an additional but natural assumption: The observed emis-
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where MSN and ESN are the total ejecta mass and energy of
the SN. The cumulative distribution of the SN mass is useful
in the following analysis, which is given by

MSN(> v) ≡
∫

vSN

4π(vt)2ρSN(v)d(vt) , (6)

where the upper bound of the integral is not important as
long as the density profile is steep enough. We show this dis-
tribution for various power-law index in Fig. 1. Because of
δ ! 2, the distribution is basically flat for v < v∗, while it
declines as MSN(> v) ∝ v3−n for v∗ < v.
In most of the previous works, the CSM density profile was

an input parameter and assumed to obtain the light curve
from the dissipation at the shocked region (Moriya et al.
2013b). Here we inversely derive the density profile as a func-
tion of the observed light curve. This can be done by making
an additional but natural assumption: The observed emis-
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sion comes from the dissipation of the kinetic energy at the
shocks. The dissipated kinetic luminosity at the FS and RS
are given by

Lkin,FS = 4πR2
shρCSM(vsh − vCSM)3 , (7)

Lkin,RS = 4πR2
shρSN(vSN − vsh)

3 . (8)

Check numerical pre factors. We assume that the observed
SN luminosity is given by

Lobs ≃ εFSLkin,FS + εRSLkin,RS, (9)

where εFS and εRS are the conversion efficiencies at the FS
and RS, respectively. These efficiencies should vary as time
but here we assume that they are the same εFS = εRS = ε.
This assumption will be relaxed later. Therefore, the infor-
mation of the CSM density profile is encoded in the observed
luminosity through Lkin,FS. By using Eqs. (7)-(9), we can
rewrite Eqs (1) and (2) without the CSM density:

Msh
dvsh
dt

= − Lobs

ε(vsh − vCSM)
+

(vSN − vCSM)Lkin,RS

(vSN − vsh)(vsh − vCSM)
,

(10)

dMsh

dt
=

Lobs

ε(vsh − vCSM)2

+
(vSN − vCSM)(2vsh − vSN − vCSM)Lkin,RS

(vSN − vsh)2(vsh − vCSM)2
. (11)

It should be noted that the kinetic luminosity Lkin,RS is cal-
culated if one knows Rsh and vsh for an assumed SN ejecta
profile. These equations with dRsh/dt = vsh can be solved
for an observed light curve Lobs(t) as well as the emission
efficiency ε, the CSM velocity vCSM, and the SN density pro-
file. Once the time evolution of Rsh and vsh are obtained, the
density profile is reconstructed by using Eq. (7).
[Efficiency] We can include the efficiency as

ε ≃
(

tdyn
tdyn + tcool

)(
tdyn

tdyn + tdiff

)
, (12)

where each timescale is defined by

tdyn = Rsh/vsh , (13)

tcool =
ρvsh

2

n2Λ
, (14)

tdiff =
Rshτ
c

, (15)

respectively. The first term suppresses when the shock is adi-
abatic and the latter factor does when the shock is optically
thick. It should be noted that when the CSM density is dense
enough to make the shell optically thick, the dissipated energy
is stored in the shell as a thermal energy. It is finally radi-
ated away or converted to the kinetic energy by PdV work.
However, this effect may not be captured by our assumption
that the kinetic luminosity is converted instantaneously to
the radiated one as in Eq. (9). Therefore, our formalism may
not give a correct result. This point will be checked.

1.2 Wind

This can be an appendix or another paper unless we use this
method in the paper. The extension above formalism to the
shock interaction between steady wind (instead of SN ejecta)

and CSM is easy. In this case, Eqs (8) is replaced with

Lkin,RS =
Ṁ
vw

(vw − vsh)
3 . (16)

As long as we consider a constant velocity wind, this term
can be obtained as a function of vsh (and t and Rsh if one
considers a wind with time evolving mass loss rate). With
this RS luminosity, we obtain a similar set of equations to
Eqs. (10) and (11) by just replacing vSN with vw.
Note that we adopt the steady wind with a mass loss rate

of Ṁ and velocity vw instead of SN ejecta. In this case, the
number of parameters is smaller than the case of SN ejecta,
which we tabulate in Table. 2. It could be used to infer the
wind parameter as well as CSM density for wind-driven tran-
sient with the shock interaction, such as potentially fast blue
optical transients (Uno & Maeda 2020; Metzger 2022).

2 GENERAL PROPERTIES OF THE RESULT

We first apply our method to an idealized transient light curve
to see the parameter dependence and features of the result.
We consider an ideal SN-like light curve powered by shock
interaction and apply our model to see the input parameter
dependence. The model light curve is given by

Lobs(t;L0, t0,α) = L0

(
t
t0

)α

e−(t0/t)
2

, (17)

which rises over an timescale of t0 and decay as ∝ tα. For
L0 = 3 × 1043 erg s−1 and t0 = 20days, the radiated energy
until 300 days is Erad ≃ 1.26 × 1050 erg (α = −1), 4.25 ×
1049 erg (α = −2), and 2.58× 1049 erg (α = −3).
The initial condition is as follows. The CSM interaction

is assumed to happen at ti with the initial shell velocity of
vsh,0. This means as least the initial shell mass is Msh,0 ≥
MSN(> vsh,0) and we take this minimal mass. Additionally,
the location of the shell is given by Rsh,0 = vsh,0ti. At a very
early stage, the shell expands freely at the same velocity with
the SN ejecta, which means Lkin,RS = 0. In this case we just
drop the second terms in Eqs. (10) and (11).
Fig. 2 shows the results for various initial velocities with

fixing other parameters to the fiducial values. For veloci-
ties smaller or much larger than the typical velocity v∗ ≃
5980 km s−1, the shell stalls before 300 days. For the for-
mer case, the shell velocity is already very small to pro-
duce the observed luminosity by shock interaction and needs
larger and larger density and sweeps up comparable mass
to the shell mass and finally stops. However, this is a little
strange because when the shock interaction started, most of
the SN kinetic energy already collide with CSM and forms
a shell. The shell’s initial energy is Esh,kin ≃ Msh,0v

2
sh,0 ≃

ESN(vsh,0/v∗)
2 < ESN. Therefore, most of the SN kinetic en-

ergy is sunk to somewhere. Physically meaningful initial con-
dition is vsh,0 > v∗. In the latter case, the initial shell mass
is so small that the collision with the CSM easily stops the
shell before the rest of unshocked SN ejecta catches up with
the shell to inject the energy. In this case, before stalling the
shell, a significant amount of SN ejecta thrusts to the shell
and produces a bright RS luminosity as shown in the middle
panel of Fig. 2. Too bright RS luminosity actually contradicts
with the observed luminosity. Therefore we can discard this
initial condition.
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sion comes from the dissipation of the kinetic energy at the
shocks. The dissipated kinetic luminosity at the FS and RS
are given by

Lkin,FS = 4πR2
shρCSM(vsh − vCSM)3 , (7)

Lkin,RS = 4πR2
shρSN(vSN − vsh)

3 . (8)

Check numerical pre factors. We assume that the observed
SN luminosity is given by

Lobs ≃ εFSLkin,FS + εRSLkin,RS, (9)

where εFS and εRS are the conversion efficiencies at the FS
and RS, respectively. These efficiencies should vary as time
but here we assume that they are the same εFS = εRS = ε.
This assumption will be relaxed later. Therefore, the infor-
mation of the CSM density profile is encoded in the observed
luminosity through Lkin,FS. By using Eqs. (7)-(9), we can
rewrite Eqs (1) and (2) without the CSM density:

Msh
dvsh
dt

= − Lobs

ε(vsh − vCSM)
+

(vSN − vCSM)Lkin,RS

(vSN − vsh)(vsh − vCSM)
,

(10)
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Lobs
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+
(vSN − vCSM)(2vsh − vSN − vCSM)Lkin,RS

(vSN − vsh)2(vsh − vCSM)2
. (11)

It should be noted that the kinetic luminosity Lkin,RS is cal-
culated if one knows Rsh and vsh for an assumed SN ejecta
profile. These equations with dRsh/dt = vsh can be solved
for an observed light curve Lobs(t) as well as the emission
efficiency ε, the CSM velocity vCSM, and the SN density pro-
file. Once the time evolution of Rsh and vsh are obtained, the
density profile is reconstructed by using Eq. (7).
[Efficiency] We can include the efficiency as

ε ≃
(

tdyn
tdyn + tcool

)(
tdyn

tdyn + tdiff
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, (12)

where each timescale is defined by

tdyn = Rsh/vsh , (13)

tcool =
ρvsh

2

n2Λ
, (14)

tdiff =
Rshτ
c

, (15)

respectively. The first term suppresses when the shock is adi-
abatic and the latter factor does when the shock is optically
thick. It should be noted that when the CSM density is dense
enough to make the shell optically thick, the dissipated energy
is stored in the shell as a thermal energy. It is finally radi-
ated away or converted to the kinetic energy by PdV work.
However, this effect may not be captured by our assumption
that the kinetic luminosity is converted instantaneously to
the radiated one as in Eq. (9). Therefore, our formalism may
not give a correct result. This point will be checked.

1.2 Wind

This can be an appendix or another paper unless we use this
method in the paper. The extension above formalism to the
shock interaction between steady wind (instead of SN ejecta)

and CSM is easy. In this case, Eqs (8) is replaced with

Lkin,RS =
Ṁ
vw

(vw − vsh)
3 . (16)

As long as we consider a constant velocity wind, this term
can be obtained as a function of vsh (and t and Rsh if one
considers a wind with time evolving mass loss rate). With
this RS luminosity, we obtain a similar set of equations to
Eqs. (10) and (11) by just replacing vSN with vw.
Note that we adopt the steady wind with a mass loss rate

of Ṁ and velocity vw instead of SN ejecta. In this case, the
number of parameters is smaller than the case of SN ejecta,
which we tabulate in Table. 2. It could be used to infer the
wind parameter as well as CSM density for wind-driven tran-
sient with the shock interaction, such as potentially fast blue
optical transients (Uno & Maeda 2020; Metzger 2022).

2 GENERAL PROPERTIES OF THE RESULT

We first apply our method to an idealized transient light curve
to see the parameter dependence and features of the result.
We consider an ideal SN-like light curve powered by shock
interaction and apply our model to see the input parameter
dependence. The model light curve is given by

Lobs(t;L0, t0,α) = L0

(
t
t0

)α
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, (17)

which rises over an timescale of t0 and decay as ∝ tα. For
L0 = 3 × 1043 erg s−1 and t0 = 20days, the radiated energy
until 300 days is Erad ≃ 1.26 × 1050 erg (α = −1), 4.25 ×
1049 erg (α = −2), and 2.58× 1049 erg (α = −3).
The initial condition is as follows. The CSM interaction

is assumed to happen at ti with the initial shell velocity of
vsh,0. This means as least the initial shell mass is Msh,0 ≥
MSN(> vsh,0) and we take this minimal mass. Additionally,
the location of the shell is given by Rsh,0 = vsh,0ti. At a very
early stage, the shell expands freely at the same velocity with
the SN ejecta, which means Lkin,RS = 0. In this case we just
drop the second terms in Eqs. (10) and (11).
Fig. 2 shows the results for various initial velocities with

fixing other parameters to the fiducial values. For veloci-
ties smaller or much larger than the typical velocity v∗ ≃
5980 km s−1, the shell stalls before 300 days. For the for-
mer case, the shell velocity is already very small to pro-
duce the observed luminosity by shock interaction and needs
larger and larger density and sweeps up comparable mass
to the shell mass and finally stops. However, this is a little
strange because when the shock interaction started, most of
the SN kinetic energy already collide with CSM and forms
a shell. The shell’s initial energy is Esh,kin ≃ Msh,0v

2
sh,0 ≃

ESN(vsh,0/v∗)
2 < ESN. Therefore, most of the SN kinetic en-

ergy is sunk to somewhere. Physically meaningful initial con-
dition is vsh,0 > v∗. In the latter case, the initial shell mass
is so small that the collision with the CSM easily stops the
shell before the rest of unshocked SN ejecta catches up with
the shell to inject the energy. In this case, before stalling the
shell, a significant amount of SN ejecta thrusts to the shell
and produces a bright RS luminosity as shown in the middle
panel of Fig. 2. Too bright RS luminosity actually contradicts
with the observed luminosity. Therefore we can discard this
initial condition.
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sion comes from the dissipation of the kinetic energy at the
shocks. The dissipated kinetic luminosity at the FS and RS
are given by

Lkin,FS = 4πR2
shρCSM(vsh − vCSM)3 , (7)

Lkin,RS = 4πR2
shρSN(vSN − vsh)

3 . (8)

Check numerical pre factors. We assume that the observed
SN luminosity is given by

Lobs ≃ εFSLkin,FS + εRSLkin,RS, (9)

where εFS and εRS are the conversion efficiencies at the FS
and RS, respectively. These efficiencies should vary as time
but here we assume that they are the same εFS = εRS = ε.
This assumption will be relaxed later. Therefore, the infor-
mation of the CSM density profile is encoded in the observed
luminosity through Lkin,FS. By using Eqs. (7)-(9), we can
rewrite Eqs (1) and (2) without the CSM density:

Msh
dvsh
dt

= − Lobs

ε(vsh − vCSM)
+

(vSN − vCSM)Lkin,RS

(vSN − vsh)(vsh − vCSM)
,

(10)

dMsh

dt
=

Lobs

ε(vsh − vCSM)2

+
(vSN − vCSM)(2vsh − vSN − vCSM)Lkin,RS

(vSN − vsh)2(vsh − vCSM)2
. (11)

It should be noted that the kinetic luminosity Lkin,RS is cal-
culated if one knows Rsh and vsh for an assumed SN ejecta
profile. These equations with dRsh/dt = vsh can be solved
for an observed light curve Lobs(t) as well as the emission
efficiency ε, the CSM velocity vCSM, and the SN density pro-
file. Once the time evolution of Rsh and vsh are obtained, the
density profile is reconstructed by using Eq. (7).
[Efficiency] We can include the efficiency as

ε ≃
(

tdyn
tdyn + tcool

)(
tdyn

tdyn + tdiff

)
, (12)

where each timescale is defined by

tdyn = Rsh/vsh , (13)

tcool =
ρvsh

2

n2Λ
, (14)

tdiff =
Rshτ
c

, (15)

respectively. The first term suppresses when the shock is adi-
abatic and the latter factor does when the shock is optically
thick. It should be noted that when the CSM density is dense
enough to make the shell optically thick, the dissipated energy
is stored in the shell as a thermal energy. It is finally radi-
ated away or converted to the kinetic energy by PdV work.
However, this effect may not be captured by our assumption
that the kinetic luminosity is converted instantaneously to
the radiated one as in Eq. (9). Therefore, our formalism may
not give a correct result. This point will be checked.

1.2 Wind

This can be an appendix or another paper unless we use this
method in the paper. The extension above formalism to the
shock interaction between steady wind (instead of SN ejecta)

and CSM is easy. In this case, Eqs (8) is replaced with

Lkin,RS =
Ṁ
vw

(vw − vsh)
3 . (16)

As long as we consider a constant velocity wind, this term
can be obtained as a function of vsh (and t and Rsh if one
considers a wind with time evolving mass loss rate). With
this RS luminosity, we obtain a similar set of equations to
Eqs. (10) and (11) by just replacing vSN with vw.
Note that we adopt the steady wind with a mass loss rate

of Ṁ and velocity vw instead of SN ejecta. In this case, the
number of parameters is smaller than the case of SN ejecta,
which we tabulate in Table. 2. It could be used to infer the
wind parameter as well as CSM density for wind-driven tran-
sient with the shock interaction, such as potentially fast blue
optical transients (Uno & Maeda 2020; Metzger 2022).

2 GENERAL PROPERTIES OF THE RESULT

We first apply our method to an idealized transient light curve
to see the parameter dependence and features of the result.
We consider an ideal SN-like light curve powered by shock
interaction and apply our model to see the input parameter
dependence. The model light curve is given by

Lobs(t;L0, t0,α) = L0

(
t
t0

)α

e−(t0/t)
2

, (17)

which rises over an timescale of t0 and decay as ∝ tα. For
L0 = 3 × 1043 erg s−1 and t0 = 20days, the radiated energy
until 300 days is Erad ≃ 1.26 × 1050 erg (α = −1), 4.25 ×
1049 erg (α = −2), and 2.58× 1049 erg (α = −3).
The initial condition is as follows. The CSM interaction

is assumed to happen at ti with the initial shell velocity of
vsh,0. This means as least the initial shell mass is Msh,0 ≥
MSN(> vsh,0) and we take this minimal mass. Additionally,
the location of the shell is given by Rsh,0 = vsh,0ti. At a very
early stage, the shell expands freely at the same velocity with
the SN ejecta, which means Lkin,RS = 0. In this case we just
drop the second terms in Eqs. (10) and (11).
Fig. 2 shows the results for various initial velocities with

fixing other parameters to the fiducial values. For veloci-
ties smaller or much larger than the typical velocity v∗ ≃
5980 km s−1, the shell stalls before 300 days. For the for-
mer case, the shell velocity is already very small to pro-
duce the observed luminosity by shock interaction and needs
larger and larger density and sweeps up comparable mass
to the shell mass and finally stops. However, this is a little
strange because when the shock interaction started, most of
the SN kinetic energy already collide with CSM and forms
a shell. The shell’s initial energy is Esh,kin ≃ Msh,0v

2
sh,0 ≃

ESN(vsh,0/v∗)
2 < ESN. Therefore, most of the SN kinetic en-

ergy is sunk to somewhere. Physically meaningful initial con-
dition is vsh,0 > v∗. In the latter case, the initial shell mass
is so small that the collision with the CSM easily stops the
shell before the rest of unshocked SN ejecta catches up with
the shell to inject the energy. In this case, before stalling the
shell, a significant amount of SN ejecta thrusts to the shell
and produces a bright RS luminosity as shown in the middle
panel of Fig. 2. Too bright RS luminosity actually contradicts
with the observed luminosity. Therefore we can discard this
initial condition.
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Figure 4. The same as Fig. 2 but for SN 2021qqp. The ejecta energy is varied instead of the initial velocity. In the left panel, the data points
denote the velocities obtained by line fitting for absorption (black) and narrow emission (gray) components, respectively. The former likely
represents the shell velocity and the latter does the CSM velocity. The other parameters are fixed to the fiducial values. Adopted CSM
velocity is shown by horizontal gray dash-dotted line. The vertical dashed lines in left and middle panels shows the moment at which the
shock interaction happens. In the middle panel, colored-dashed curves show the RS luminosity.

Figure 5. The same as above figures but for MSN = 6M⊙ and ε = 0.3. This parameter nicely reproduces the observed velocity evolution
except for the third epoch. The estimated CSM mass is MCSM ∼ M⊙.

Figure 6.

open problem. Recently Matsumoto & Metzger (2022) devel-
oped a semi analytical model whose energy source is the ini-
tially deposited internal energy and hydrogen recombination
energy, which cannot explain very luminosity LRN popula-
tion. They concluded an additional energy source is required.
One of the promising source is the shock interaction happens
between the common envelop ejecta and surrounding CSM
presumably produced by L2 mass loss (Pejcha et al. 2016a,b;
Metzger & Pejcha 2017).
However, the exact mechanism to produce the mass loss

before the merger and resulting CSM profile is still debated.
Here we apply our method to infer the CSM mass for var-
ious assumed ejecta properties. Fig. ?? shows the sample of
bright LRNe L ! 1040 erg s−1, whose luminosity is difficult to
be produced without additional external energy source. We
employ the following various ejecta profiles.

ρSN ∼ MSN

(v∗t)3

(
v
v∗

)−n

(39)

v∗ ∼
√

ESN/MSN (40)
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former likely represents the shell velocity and the latter does the CSM velocity. The other parameters are fixed to the fiducial values.
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at which the shock interaction happens. In the middle panel, colored-dashed curves show the RS luminosity.
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happens between the common envelop ejecta and surround-
ing CSM presumably produced by L2 mass loss (???).
However, the exact mechanism to produce the mass loss

before the merger and resulting CSM profile is still debated.
Here we apply our method to infer the CSM mass for var-
ious assumed ejecta properties. Fig. ?? shows the sample of
bright LRNe L ! 1040 erg s−1, whose luminosity is difficult to
be produced without additional external energy source. We
employ the following various ejecta profiles.

ρSN ∼ MSN

(v∗t)3

(
v
v∗

)−n

(39)

v∗ ≃
(

ESN

MSN

)1/2

(40)

3 SUMMARY
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Figure 7. Distribution of required CSM mass for different SN mass
and energy. The initial velocity is fixed to vsh,0 = 9000 km s−1 and
teh radiative efficiency is ε = 0.3. The black dashed line represents
the maximal mass above which significant deceleration of the shell
causes an overluminous RS (Eq. 36).

ρSN ∼ MSN

(v∗t)3

(
v
v∗

)−n

(39)

v∗ ≃
(

ESN

MSN

)1/2

(40)

vSN =
Rsh

t
(41)

ρCSM = Ar−q (42)
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APPENDIX A: メモ
今までやっていたことの何が近似かを理解するために、
Metzger et al. (2014) の Eqs. (17) and (18) から出発するとどうなるか考えた。Moriya et al. (2013b)の Eq. (1)はこれらの式で vFS = vRS = vsh で得られる。これらは質量と運動量の保存則にのみに関係しており、

Msh =

∫ Rsh

vwt

4πR2
shρwdr +MSN(> Rsh/t) (A1)

Mshvsh = vw

∫ Rsh

vwt

4πR2
shρwdr + PSN(> Rsh/t) (A2)

で与えられることがわかる。CSM massの積分の下端と SN　
cumulative distributionの Rsh/tが大きなポイントである。エネルギー保存則も考えたい。そもそもこれまでの研究のモデルが知りたいので、それらを調べる。

APPENDIX B: REFERENCES

B1 Hint

SN 　 shock と CSM 相互作用による自己相似解はChevalier
(1982a); Nadyozhin (1985)で議論されている。光度曲線の計算までは長い歴史があるが、?で line と関連して議論が始まった。Chevalier & Fransson (1994) も必読。
Chatzopoulos et al. (2012)でさまざまな場合の解析モデルがなされている中でCSMモデルも範疇に入っている。Moriya et al.
(2013b) が解析的にモデル化しているけど自己相似解を使っていない。このモデルを使って type IIn を解析しているのが
?Moriya & Maeda (2014)、ここに候補 SNが載っている。?でいろんな光度曲線を議論しているが CSM もその範疇。よい解説か?Takei & Shigeyama (2020)で数値計算モデルが議論されている。
?に変なイベント iPTF13z が載っている。?も SN2014C で

Moriya et al. (2013b)の結果使っている。候補天体 (SN): 2005ip, 2006gy, 2006jd

B2 Theory

理論の論文。
Maeda & Moriya (2022) Analytical model of CSM interact-

ing type Ibn SN:
Takei et al. (2022) CHIPS
Tsuna et al. (2021) CHIPS
Takei & Shigeyama (2020) CHIPS
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3.4 Luminous Red Novae

Luminous red novae are a class of transients whose light
curve is characterized by double peak or first peak and long-
duration plateau with red color. The detection of the or-
bital decay in the observation of prototype LRN V1309 Sco
supports the binary merger or common envelope scenario
(Ivanova et al. 2013). The energy source of LRN is still an
open problem. Recently Matsumoto & Metzger (2022) devel-
oped a semi analytical model whose energy source is the ini-
tially deposited internal energy and hydrogen recombination
energy, which cannot explain very luminosity LRN popula-
tion. They concluded an additional energy source is required.
One of the promising source is the shock interaction happens
between the common envelop ejecta and surrounding CSM
presumably produced by L2 mass loss (Pejcha et al. 2016a,b;
Metzger & Pejcha 2017).
However, the exact mechanism to produce the mass loss

before the merger and resulting CSM profile is still debated.
Here we apply our method to infer the CSM mass for var-
ious assumed ejecta properties. Fig. ?? shows the sample of
bright LRNe L ! 1040 erg s−1, whose luminosity is difficult to
be produced without additional external energy source. We
employ the following various ejecta profiles.

LFS ∼ 4πR2
shρCSM(vsh − vCSM)3 (48)

LRS ∼ 4πR2
shρSN(vSN − vsh)

3 (49)

(50)

4 SUMMARY
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APPENDIX A: メモ
A1 Conservation

基礎方程式の導出を保存則から導出する。特にMetzger et al.
(2014)のEqs. (17) and (18)とMoriya et al. (2013b)のEq. (1)の違いを明らかにしたかった。後者は前者の式で vFS = vRS =
vsh とすることで得られる。まず速度が一定 (各mass shellで vCSM が共通)の CSMについて考える。ある時刻 tでの shellの質量と運動量は

Msh =

∫ Rsh

vCSMt

4πr2ρCSM(r, t)dr +MSN(> Rsh/t) , (A1)

Mshvsh = vCSM

∫ Rsh

vCSMt

4πr2ρCSM(r, t)dr + PSN(> Rsh/t) ,

(A2)

と書ける。ここで
MSN(> V ) =

∫

V

4πρSN(v, t)(vt)
2d(vt) , (A3)

PSN(> V ) =

∫

V

4πρSN(v, t)(vt)
2vd(vt) , (A4)

である。積分値自体は時間によらない (ρSNt
3 ∝ t0)。一方で CSM は膨張しているので一般に半径と時刻で変化する:

ρCSM(r, t). 保存則を時間微分するが、質量の保存に着目すると
Ṁ(τ) = 4πr2ρCSM(r, t)vCSM , (A5)

は距離に依存せず、質量放出が起こった時刻 τ にのみに依存する。ここで t = 0を爆発時刻とし、τ ≡ −t > 0とすると時刻 τに放出された質量の時刻 tでの位置は r = vCSM(t + τ)である
MNRAS 000, 1–14 (2023)
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3.4 Luminous Red Novae

Luminous red novae are a class of transients whose light
curve is characterized by double peak or first peak and long-
duration plateau with red color. The detection of the or-
bital decay in the observation of prototype LRN V1309 Sco
supports the binary merger or common envelope scenario
(Ivanova et al. 2013). The energy source of LRN is still an
open problem. Recently Matsumoto & Metzger (2022) devel-
oped a semi analytical model whose energy source is the ini-
tially deposited internal energy and hydrogen recombination
energy, which cannot explain very luminosity LRN popula-
tion. They concluded an additional energy source is required.
One of the promising source is the shock interaction happens
between the common envelop ejecta and surrounding CSM
presumably produced by L2 mass loss (Pejcha et al. 2016a,b;
Metzger & Pejcha 2017).
However, the exact mechanism to produce the mass loss

before the merger and resulting CSM profile is still debated.
Here we apply our method to infer the CSM mass for var-
ious assumed ejecta properties. Fig. ?? shows the sample of
bright LRNe L ! 1040 erg s−1, whose luminosity is difficult to
be produced without additional external energy source. We
employ the following various ejecta profiles.

LFS ∼ 4πR2
shρCSM(vsh − vCSM)3 (48)

LRS ∼ 4πR2
shρSN(vSN − vsh)

3 (49)

(50)
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APPENDIX A: メモ
A1 Conservation

基礎方程式の導出を保存則から導出する。特にMetzger et al.
(2014)のEqs. (17) and (18)とMoriya et al. (2013b)のEq. (1)の違いを明らかにしたかった。後者は前者の式で vFS = vRS =
vsh とすることで得られる。まず速度が一定 (各mass shellで vCSM が共通)の CSMについて考える。ある時刻 tでの shellの質量と運動量は

Msh =

∫ Rsh

vCSMt

4πr2ρCSM(r, t)dr +MSN(> Rsh/t) , (A1)

Mshvsh = vCSM

∫ Rsh

vCSMt

4πr2ρCSM(r, t)dr + PSN(> Rsh/t) ,

(A2)

と書ける。ここで
MSN(> V ) =

∫

V

4πρSN(v, t)(vt)
2d(vt) , (A3)

PSN(> V ) =

∫

V

4πρSN(v, t)(vt)
2vd(vt) , (A4)

である。積分値自体は時間によらない (ρSNt
3 ∝ t0)。一方で CSM は膨張しているので一般に半径と時刻で変化する:

ρCSM(r, t). 保存則を時間微分するが、質量の保存に着目すると
Ṁ(τ) = 4πr2ρCSM(r, t)vCSM , (A5)

は距離に依存せず、質量放出が起こった時刻 τ にのみに依存する。ここで t = 0を爆発時刻とし、τ ≡ −t > 0とすると時刻 τに放出された質量の時刻 tでの位置は r = vCSM(t + τ)である
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photosphere. We are thus motivated to consider the
case of aspherical CSM, confined into a disk or other-
wise equatorially-focused configuration surrounding the
progenitor (Blondin et al. 1996; van Marle et al. 2010;
Vlasis et al. 2016; McDowell et al. 2018; Kurfürst &
Krtička 2019; Suzuki et al. 2019; Kurfürst et al. 2020;
Nagao et al. 2020), a geometry which is supported by
some observations of type IIn or otherwise peculiar SNe
(Andrews & Smith 2018; Bilinski et al. 2023) more ref?.
Fig. 9 provides a schematic depiction of the envi-

sioned shock interaction. The SN ejecta collides with
a CSM disk starting at its inner edge, forming for-
ward and reverse shocks, sandwiched between which is a
swept-up shell of shocked gas, which expands outwards
in time. Since the portion of the SN ejecta directed
along the polar region expands relatively freely into an
empty space without any interaction, it can envelope
the slower-expanding shocked region. Radiation gener-
ated at the equatorial shock thus di↵uses vertically into
ejecta, serving as an e↵ective internal heating source for
a (one-dimensional) supernova light curve model. We
assume that the shocked CSM expands only into the ra-
dial direction, retaining its initial solid angle. We also
neglect the finite time required for radiation to di↵use
radially out of the disk and into the surrounding super-
nova ejecta; our model thus provides a maximal heating
luminosity and hence a conservative upper limit on the
corresponding heating-extended plateau duration.
We adopt a radial density profile for the equatorial

disk corresponding to that of a steady-wind,

⇢CSM =
Ṁ

4⇡f⌦vCSMr2
, (72)

where f⌦ < 1 is the fraction of total solid angle sub-
tended by the disk, vCSM is the CSM radial velocity,
and Ṁ is the wind mass-loss rate. We estimate the ef-
fective heating rate due to CSM shock interaction as
follows (a more detailed description of the shock evo-
lution, for a generic density profile index, is given in
Appendix B). The time evolution of the shocked region
may be described by the mass and momentum conser-
vation (e.g., Metzger & Pejcha 2017). We assume the
CSM density is su�ciently high that both forward and
reverse shocks are radiative. Since the radial width of
the shocked region is negligible, we assume shocked CSM
can be characterized by a representative radius Rsh and
velocity vsh.
Initially, the shocked expands outwards at roughly a

constant velocity close to that of the supernova ejecta
and the swept-up mass grows as Msh ' Ṁvt/vCSM.

Once Msh becomes comparable to the shocked SN ejecta
mass, f⌦M , the shocked region starts to appreciably de-
celerate. The characteristic timescale for this decelera-
tion can be estimated as,

tdec '
f⌦MvCSM

Ṁv
' 610 day

f⌦,�1M10vCSM,100

v6000Ṁ
�1
�2

, (73)

where vCSM = 100 vCSM,100 km s�1, Ṁ =
10�2

Ṁ�2 M� yr�1, and f⌦ = 0.1f⌦,�1. From mo-
mentum conservation, the radius and velocity of the
shocked shell evolves according to,

Rsh '

8
<

:
vt : t < tdec ,

vtdec

⇣
t

tdec

⌘1/2
: t > tdec ,

(74)

vsh '

8
<

:
v : t < tdec ,

v

⇣
t

tdec

⌘�1/2
: t > tdec .

(75)

The kinetic luminosity of the forward shock dominates
that of the reverse shock, and thus contributes most to
the ejecta heating rate. The forward shock luminosity
evolves according to,

H(t) ⇠ 4⇡f⌦R
2
sh⇢CSMv

3
sh =

Ṁv
3
sh

vCSM
(76)

' 1.4⇥ 1042 erg s�1 v
3
6000Ṁ�2

vCSM,100

8
<

:
1 : t < tdec ,
⇣

t

tdec

⌘� 3
2

: t > tdec .

Interestingly, for a wind-like CSM ⇢CSM / r
�2, the

shock heating rate again evolves following Eq. (55).
Our treatment of the shock as an internal heating

source requires the shocked region remain embedded in-
side the supernova photosphere, i.e.,

Rsh  Rph(= xR) . (77)

After this condition becomes violated, we truncate the
heating rate.
JG: I think there are some useful discussions in recent

Khatami & Kasen paper arxiv:2304.03360
Fig. 10 shows light curves, as well as the evolution

of photosphere radius and velocity, for various values of
the CSM wind mass-loss rate. The inner edge of the
CSM disk is assumed to coincide with the progenitor
star radius, and we fixed the other CSM parameters ac-
cording to f⌦ = 0.1 and vCSM = 100 km s�1 (the results
depend only on the overall CSM density normalization
/ Ṁ/vCSM, provided that vCSM ⌧ vsh). As a general
rule, the SN ejecta is not appreciably accelerated due
to energy injection from CSM interaction because the
source of the ejecta heating is the original kinetic energy
of the SN, ⇠ f⌦Ekin,0, which intercepts the CSM disk.
While the resulting extension of the plateau duration
is only moderate, we find the existence of an optimal
mass loss rate, Ṁ ⇠ 0.1M� yr�1, which maximizes the
plateau duration. While the shock power increases for
larger Ṁ , the duration of this heating phase is corre-
spondingly shorter because of the shorter deceleration
time, resulting in a smaller shock luminosity during the
recombination phase. On the other hand, for smaller Ṁ ,
the shock heating can be sustained for longer timescale,

Shock should be embedded in ejecta

CSM
(Circumstellar Medium)

Shell

MNRAS 000, 1–8 (2023) Preprint 4 April 2023 Compiled using MNRAS LATEX style file v3.0

Research Note —Inferring CSM profile from observed light curve—

Tatsuya Matsumoto1⋆
1Columbia Astrophysics Laboratory, Columbia University, New York, NY 10027, USA

4 April 2023

ABSTRACT進捗をまとめるておき、成文化も行う。やること: (1) Ideal LCについて input parameterに対する結果の違いを吟味
(3/24), (3) RSを含めた計算をできるようにする (3/28), (4) RSの結果についても解釈を行う (3/28),
(2) efficieincyについて議論,
(5) 解析の候補になるイベントを選ぶ,
(6) SN 2021qqp について, (a) パラメータースタディー: εと t0 (4/4), (b) MSN − ESN 図での振る舞いを理解する

(4/3), (c) 理論モデルで予想されるパラメータスペースはどこか? (d) CSM分布の情報 (mass, mass loss history) と制限 (τ = 1) (4/4).

1 METHOD

1.1 Supernova Ejecta

We first consider an ejecta which is ejected instanta-
neously and expanding homologously with a density profile
of ρSN(v, t). The ejecta collides with the CSM at time t0 with
distance Rsh,0. The interaction makes a shell confined by for-
ward and reverse shocks and divided by a contact disconti-
nuity (Chevalier 1982a; Nadyozhin 1985). We assume that
the shell is geometrically thin, and denote the location, ve-
locity, and mass of the shell by Rsh, vsh(= dRsh/dt), and
Msh, respectively. With this assumption, the dynamics of the
shell is given by the equation of motion (Chevalier 1982b;
Moriya et al. 2013b)

Msh
dvsh
dt

= 4πR2
shρSN(vSN − vsh)

2 − 4πR2
shρCSM(vsh − vCSM)2,

(1)

where ρSN and vSN ≡ Rsh/t are the mass density and the
velocity of SN ejecta at Rsh, ρCSM and vCSM are the mass
density and the velocity of the pre-shocked CSM material,
respectively. We assume that the CSM velocity is constant
for simplicity. The shell mass is given by

dMsh

dt
= 4πR2

shρSN(vSN − vsh) + 4πR2
shρCSM(vsh − vCSM) .

(2)

For the SN density profile, we adopt a well-known broken-
power law density distribution (e.g., Chevalier & Fransson
1994; Matzner & McKee 1999):

ρSN(v, t) = A

{
(v/v∗)

−δ : v < v∗ ,

(v/v∗)
−n : v∗ < v ,

(3)

where

v∗ =

√
2(5− δ)(n− 5)ESN

(3− δ)(n− 3)MSN

δ=0,n=10
≃ 3450 km s−1 M−1/2

SN,0 E1/2
SN,51 ,

(4)

A =
(3− δ)(n− 3)MSN

4π(n− δ)(v∗t)3
, (5)

Figure 1. Cumulative momentum distribution of SN ejecta for dif-
ferent power-law indexes n. The other parameters are fixed to
δ = 0, MSN = 10M⊙, and ESN = 3× 1051 erg.

where MSN and ESN are the total ejecta mass and energy of
the SN. The cumulative distribution of the SN mass is useful
in the following analysis, which is given by

MSN(> v) ≡
∫

vSN

4π(vt)2ρSN(v)d(vt) , (6)

where the upper bound of the integral is not important as
long as the density profile is steep enough. We show this dis-
tribution for various power-law index in Fig. 1. Because of
δ ! 2, the distribution is basically flat for v < v∗, while it
declines as MSN(> v) ∝ v3−n for v∗ < v.
In most of the previous works, the CSM density profile was

an input parameter and assumed to obtain the light curve
from the dissipation at the shocked region (Moriya et al.
2013b). Here we inversely derive the density profile as a func-
tion of the observed light curve. This can be done by making
an additional but natural assumption: The observed emis-

© 2023 The Authors
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where MSN and ESN are the total ejecta mass and energy of
the SN. The cumulative distribution of the SN mass is useful
in the following analysis, which is given by

MSN(> v) ≡
∫

vSN

4π(vt)2ρSN(v)d(vt) , (6)

where the upper bound of the integral is not important as
long as the density profile is steep enough. We show this dis-
tribution for various power-law index in Fig. 1. Because of
δ ! 2, the distribution is basically flat for v < v∗, while it
declines as MSN(> v) ∝ v3−n for v∗ < v.
In most of the previous works, the CSM density profile was

an input parameter and assumed to obtain the light curve
from the dissipation at the shocked region (Moriya et al.
2013b). Here we inversely derive the density profile as a func-
tion of the observed light curve. This can be done by making
an additional but natural assumption: The observed emis-
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sion comes from the dissipation of the kinetic energy at the
shocks. The dissipated kinetic luminosity at the FS and RS
are given by

Lkin,FS = 4πR2
shρCSM(vsh − vCSM)3 , (7)

Lkin,RS = 4πR2
shρSN(vSN − vsh)

3 . (8)

Check numerical pre factors. We assume that the observed
SN luminosity is given by

Lobs ≃ εFSLkin,FS + εRSLkin,RS, (9)

where εFS and εRS are the conversion efficiencies at the FS
and RS, respectively. These efficiencies should vary as time
but here we assume that they are the same εFS = εRS = ε.
This assumption will be relaxed later. Therefore, the infor-
mation of the CSM density profile is encoded in the observed
luminosity through Lkin,FS. By using Eqs. (7)-(9), we can
rewrite Eqs (1) and (2) without the CSM density:

Msh
dvsh
dt

= − Lobs

ε(vsh − vCSM)
+

(vSN − vCSM)Lkin,RS

(vSN − vsh)(vsh − vCSM)
,

(10)

dMsh

dt
=

Lobs

ε(vsh − vCSM)2

+
(vSN − vCSM)(2vsh − vSN − vCSM)Lkin,RS

(vSN − vsh)2(vsh − vCSM)2
. (11)

It should be noted that the kinetic luminosity Lkin,RS is cal-
culated if one knows Rsh and vsh for an assumed SN ejecta
profile. These equations with dRsh/dt = vsh can be solved
for an observed light curve Lobs(t) as well as the emission
efficiency ε, the CSM velocity vCSM, and the SN density pro-
file. Once the time evolution of Rsh and vsh are obtained, the
density profile is reconstructed by using Eq. (7).
[Efficiency] We can include the efficiency as

ε ≃
(

tdyn
tdyn + tcool

)(
tdyn

tdyn + tdiff

)
, (12)

where each timescale is defined by

tdyn = Rsh/vsh , (13)

tcool =
ρvsh

2

n2Λ
, (14)

tdiff =
Rshτ
c

, (15)

respectively. The first term suppresses when the shock is adi-
abatic and the latter factor does when the shock is optically
thick. It should be noted that when the CSM density is dense
enough to make the shell optically thick, the dissipated energy
is stored in the shell as a thermal energy. It is finally radi-
ated away or converted to the kinetic energy by PdV work.
However, this effect may not be captured by our assumption
that the kinetic luminosity is converted instantaneously to
the radiated one as in Eq. (9). Therefore, our formalism may
not give a correct result. This point will be checked.

1.2 Wind

This can be an appendix or another paper unless we use this
method in the paper. The extension above formalism to the
shock interaction between steady wind (instead of SN ejecta)

and CSM is easy. In this case, Eqs (8) is replaced with

Lkin,RS =
Ṁ
vw

(vw − vsh)
3 . (16)

As long as we consider a constant velocity wind, this term
can be obtained as a function of vsh (and t and Rsh if one
considers a wind with time evolving mass loss rate). With
this RS luminosity, we obtain a similar set of equations to
Eqs. (10) and (11) by just replacing vSN with vw.
Note that we adopt the steady wind with a mass loss rate

of Ṁ and velocity vw instead of SN ejecta. In this case, the
number of parameters is smaller than the case of SN ejecta,
which we tabulate in Table. 2. It could be used to infer the
wind parameter as well as CSM density for wind-driven tran-
sient with the shock interaction, such as potentially fast blue
optical transients (Uno & Maeda 2020; Metzger 2022).

2 GENERAL PROPERTIES OF THE RESULT

We first apply our method to an idealized transient light curve
to see the parameter dependence and features of the result.
We consider an ideal SN-like light curve powered by shock
interaction and apply our model to see the input parameter
dependence. The model light curve is given by

Lobs(t;L0, t0,α) = L0

(
t
t0

)α

e−(t0/t)
2

, (17)

which rises over an timescale of t0 and decay as ∝ tα. For
L0 = 3 × 1043 erg s−1 and t0 = 20days, the radiated energy
until 300 days is Erad ≃ 1.26 × 1050 erg (α = −1), 4.25 ×
1049 erg (α = −2), and 2.58× 1049 erg (α = −3).
The initial condition is as follows. The CSM interaction

is assumed to happen at ti with the initial shell velocity of
vsh,0. This means as least the initial shell mass is Msh,0 ≥
MSN(> vsh,0) and we take this minimal mass. Additionally,
the location of the shell is given by Rsh,0 = vsh,0ti. At a very
early stage, the shell expands freely at the same velocity with
the SN ejecta, which means Lkin,RS = 0. In this case we just
drop the second terms in Eqs. (10) and (11).
Fig. 2 shows the results for various initial velocities with

fixing other parameters to the fiducial values. For veloci-
ties smaller or much larger than the typical velocity v∗ ≃
5980 km s−1, the shell stalls before 300 days. For the for-
mer case, the shell velocity is already very small to pro-
duce the observed luminosity by shock interaction and needs
larger and larger density and sweeps up comparable mass
to the shell mass and finally stops. However, this is a little
strange because when the shock interaction started, most of
the SN kinetic energy already collide with CSM and forms
a shell. The shell’s initial energy is Esh,kin ≃ Msh,0v

2
sh,0 ≃

ESN(vsh,0/v∗)
2 < ESN. Therefore, most of the SN kinetic en-

ergy is sunk to somewhere. Physically meaningful initial con-
dition is vsh,0 > v∗. In the latter case, the initial shell mass
is so small that the collision with the CSM easily stops the
shell before the rest of unshocked SN ejecta catches up with
the shell to inject the energy. In this case, before stalling the
shell, a significant amount of SN ejecta thrusts to the shell
and produces a bright RS luminosity as shown in the middle
panel of Fig. 2. Too bright RS luminosity actually contradicts
with the observed luminosity. Therefore we can discard this
initial condition.
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are given by
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Check numerical pre factors. We assume that the observed
SN luminosity is given by
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where εFS and εRS are the conversion efficiencies at the FS
and RS, respectively. These efficiencies should vary as time
but here we assume that they are the same εFS = εRS = ε.
This assumption will be relaxed later. Therefore, the infor-
mation of the CSM density profile is encoded in the observed
luminosity through Lkin,FS. By using Eqs. (7)-(9), we can
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Msh
dvsh
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= − Lobs
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+

(vSN − vCSM)Lkin,RS
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,

(10)
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Lobs
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+
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. (11)

It should be noted that the kinetic luminosity Lkin,RS is cal-
culated if one knows Rsh and vsh for an assumed SN ejecta
profile. These equations with dRsh/dt = vsh can be solved
for an observed light curve Lobs(t) as well as the emission
efficiency ε, the CSM velocity vCSM, and the SN density pro-
file. Once the time evolution of Rsh and vsh are obtained, the
density profile is reconstructed by using Eq. (7).
[Efficiency] We can include the efficiency as

ε ≃
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tdyn
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)(
tdyn

tdyn + tdiff

)
, (12)

where each timescale is defined by

tdyn = Rsh/vsh , (13)

tcool =
ρvsh

2

n2Λ
, (14)

tdiff =
Rshτ
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, (15)

respectively. The first term suppresses when the shock is adi-
abatic and the latter factor does when the shock is optically
thick. It should be noted that when the CSM density is dense
enough to make the shell optically thick, the dissipated energy
is stored in the shell as a thermal energy. It is finally radi-
ated away or converted to the kinetic energy by PdV work.
However, this effect may not be captured by our assumption
that the kinetic luminosity is converted instantaneously to
the radiated one as in Eq. (9). Therefore, our formalism may
not give a correct result. This point will be checked.

1.2 Wind

This can be an appendix or another paper unless we use this
method in the paper. The extension above formalism to the
shock interaction between steady wind (instead of SN ejecta)

and CSM is easy. In this case, Eqs (8) is replaced with

Lkin,RS =
Ṁ
vw

(vw − vsh)
3 . (16)

As long as we consider a constant velocity wind, this term
can be obtained as a function of vsh (and t and Rsh if one
considers a wind with time evolving mass loss rate). With
this RS luminosity, we obtain a similar set of equations to
Eqs. (10) and (11) by just replacing vSN with vw.
Note that we adopt the steady wind with a mass loss rate

of Ṁ and velocity vw instead of SN ejecta. In this case, the
number of parameters is smaller than the case of SN ejecta,
which we tabulate in Table. 2. It could be used to infer the
wind parameter as well as CSM density for wind-driven tran-
sient with the shock interaction, such as potentially fast blue
optical transients (Uno & Maeda 2020; Metzger 2022).

2 GENERAL PROPERTIES OF THE RESULT

We first apply our method to an idealized transient light curve
to see the parameter dependence and features of the result.
We consider an ideal SN-like light curve powered by shock
interaction and apply our model to see the input parameter
dependence. The model light curve is given by

Lobs(t;L0, t0,α) = L0

(
t
t0

)α

e−(t0/t)
2

, (17)

which rises over an timescale of t0 and decay as ∝ tα. For
L0 = 3 × 1043 erg s−1 and t0 = 20days, the radiated energy
until 300 days is Erad ≃ 1.26 × 1050 erg (α = −1), 4.25 ×
1049 erg (α = −2), and 2.58× 1049 erg (α = −3).
The initial condition is as follows. The CSM interaction

is assumed to happen at ti with the initial shell velocity of
vsh,0. This means as least the initial shell mass is Msh,0 ≥
MSN(> vsh,0) and we take this minimal mass. Additionally,
the location of the shell is given by Rsh,0 = vsh,0ti. At a very
early stage, the shell expands freely at the same velocity with
the SN ejecta, which means Lkin,RS = 0. In this case we just
drop the second terms in Eqs. (10) and (11).
Fig. 2 shows the results for various initial velocities with

fixing other parameters to the fiducial values. For veloci-
ties smaller or much larger than the typical velocity v∗ ≃
5980 km s−1, the shell stalls before 300 days. For the for-
mer case, the shell velocity is already very small to pro-
duce the observed luminosity by shock interaction and needs
larger and larger density and sweeps up comparable mass
to the shell mass and finally stops. However, this is a little
strange because when the shock interaction started, most of
the SN kinetic energy already collide with CSM and forms
a shell. The shell’s initial energy is Esh,kin ≃ Msh,0v

2
sh,0 ≃

ESN(vsh,0/v∗)
2 < ESN. Therefore, most of the SN kinetic en-

ergy is sunk to somewhere. Physically meaningful initial con-
dition is vsh,0 > v∗. In the latter case, the initial shell mass
is so small that the collision with the CSM easily stops the
shell before the rest of unshocked SN ejecta catches up with
the shell to inject the energy. In this case, before stalling the
shell, a significant amount of SN ejecta thrusts to the shell
and produces a bright RS luminosity as shown in the middle
panel of Fig. 2. Too bright RS luminosity actually contradicts
with the observed luminosity. Therefore we can discard this
initial condition.
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sion comes from the dissipation of the kinetic energy at the
shocks. The dissipated kinetic luminosity at the FS and RS
are given by

Lkin,FS = 4πR2
shρCSM(vsh − vCSM)3 , (7)

Lkin,RS = 4πR2
shρSN(vSN − vsh)

3 . (8)

Check numerical pre factors. We assume that the observed
SN luminosity is given by

Lobs ≃ εFSLkin,FS + εRSLkin,RS, (9)

where εFS and εRS are the conversion efficiencies at the FS
and RS, respectively. These efficiencies should vary as time
but here we assume that they are the same εFS = εRS = ε.
This assumption will be relaxed later. Therefore, the infor-
mation of the CSM density profile is encoded in the observed
luminosity through Lkin,FS. By using Eqs. (7)-(9), we can
rewrite Eqs (1) and (2) without the CSM density:

Msh
dvsh
dt

= − Lobs

ε(vsh − vCSM)
+

(vSN − vCSM)Lkin,RS

(vSN − vsh)(vsh − vCSM)
,

(10)

dMsh

dt
=

Lobs

ε(vsh − vCSM)2

+
(vSN − vCSM)(2vsh − vSN − vCSM)Lkin,RS

(vSN − vsh)2(vsh − vCSM)2
. (11)

It should be noted that the kinetic luminosity Lkin,RS is cal-
culated if one knows Rsh and vsh for an assumed SN ejecta
profile. These equations with dRsh/dt = vsh can be solved
for an observed light curve Lobs(t) as well as the emission
efficiency ε, the CSM velocity vCSM, and the SN density pro-
file. Once the time evolution of Rsh and vsh are obtained, the
density profile is reconstructed by using Eq. (7).
[Efficiency] We can include the efficiency as

ε ≃
(

tdyn
tdyn + tcool

)(
tdyn

tdyn + tdiff

)
, (12)

where each timescale is defined by

tdyn = Rsh/vsh , (13)

tcool =
ρvsh

2

n2Λ
, (14)

tdiff =
Rshτ
c

, (15)

respectively. The first term suppresses when the shock is adi-
abatic and the latter factor does when the shock is optically
thick. It should be noted that when the CSM density is dense
enough to make the shell optically thick, the dissipated energy
is stored in the shell as a thermal energy. It is finally radi-
ated away or converted to the kinetic energy by PdV work.
However, this effect may not be captured by our assumption
that the kinetic luminosity is converted instantaneously to
the radiated one as in Eq. (9). Therefore, our formalism may
not give a correct result. This point will be checked.

1.2 Wind

This can be an appendix or another paper unless we use this
method in the paper. The extension above formalism to the
shock interaction between steady wind (instead of SN ejecta)

and CSM is easy. In this case, Eqs (8) is replaced with

Lkin,RS =
Ṁ
vw

(vw − vsh)
3 . (16)

As long as we consider a constant velocity wind, this term
can be obtained as a function of vsh (and t and Rsh if one
considers a wind with time evolving mass loss rate). With
this RS luminosity, we obtain a similar set of equations to
Eqs. (10) and (11) by just replacing vSN with vw.
Note that we adopt the steady wind with a mass loss rate

of Ṁ and velocity vw instead of SN ejecta. In this case, the
number of parameters is smaller than the case of SN ejecta,
which we tabulate in Table. 2. It could be used to infer the
wind parameter as well as CSM density for wind-driven tran-
sient with the shock interaction, such as potentially fast blue
optical transients (Uno & Maeda 2020; Metzger 2022).

2 GENERAL PROPERTIES OF THE RESULT

We first apply our method to an idealized transient light curve
to see the parameter dependence and features of the result.
We consider an ideal SN-like light curve powered by shock
interaction and apply our model to see the input parameter
dependence. The model light curve is given by

Lobs(t;L0, t0,α) = L0

(
t
t0

)α

e−(t0/t)
2

, (17)

which rises over an timescale of t0 and decay as ∝ tα. For
L0 = 3 × 1043 erg s−1 and t0 = 20days, the radiated energy
until 300 days is Erad ≃ 1.26 × 1050 erg (α = −1), 4.25 ×
1049 erg (α = −2), and 2.58× 1049 erg (α = −3).
The initial condition is as follows. The CSM interaction

is assumed to happen at ti with the initial shell velocity of
vsh,0. This means as least the initial shell mass is Msh,0 ≥
MSN(> vsh,0) and we take this minimal mass. Additionally,
the location of the shell is given by Rsh,0 = vsh,0ti. At a very
early stage, the shell expands freely at the same velocity with
the SN ejecta, which means Lkin,RS = 0. In this case we just
drop the second terms in Eqs. (10) and (11).
Fig. 2 shows the results for various initial velocities with

fixing other parameters to the fiducial values. For veloci-
ties smaller or much larger than the typical velocity v∗ ≃
5980 km s−1, the shell stalls before 300 days. For the for-
mer case, the shell velocity is already very small to pro-
duce the observed luminosity by shock interaction and needs
larger and larger density and sweeps up comparable mass
to the shell mass and finally stops. However, this is a little
strange because when the shock interaction started, most of
the SN kinetic energy already collide with CSM and forms
a shell. The shell’s initial energy is Esh,kin ≃ Msh,0v

2
sh,0 ≃

ESN(vsh,0/v∗)
2 < ESN. Therefore, most of the SN kinetic en-

ergy is sunk to somewhere. Physically meaningful initial con-
dition is vsh,0 > v∗. In the latter case, the initial shell mass
is so small that the collision with the CSM easily stops the
shell before the rest of unshocked SN ejecta catches up with
the shell to inject the energy. In this case, before stalling the
shell, a significant amount of SN ejecta thrusts to the shell
and produces a bright RS luminosity as shown in the middle
panel of Fig. 2. Too bright RS luminosity actually contradicts
with the observed luminosity. Therefore we can discard this
initial condition.
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Figure 4. The same as Fig. 2 but for SN 2021qqp. The ejecta energy is varied instead of the initial velocity. In the left panel, the data points
denote the velocities obtained by line fitting for absorption (black) and narrow emission (gray) components, respectively. The former likely
represents the shell velocity and the latter does the CSM velocity. The other parameters are fixed to the fiducial values. Adopted CSM
velocity is shown by horizontal gray dash-dotted line. The vertical dashed lines in left and middle panels shows the moment at which the
shock interaction happens. In the middle panel, colored-dashed curves show the RS luminosity.

Figure 5. The same as above figures but for MSN = 6M⊙ and ε = 0.3. This parameter nicely reproduces the observed velocity evolution
except for the third epoch. The estimated CSM mass is MCSM ∼ M⊙.

Figure 6.

open problem. Recently Matsumoto & Metzger (2022) devel-
oped a semi analytical model whose energy source is the ini-
tially deposited internal energy and hydrogen recombination
energy, which cannot explain very luminosity LRN popula-
tion. They concluded an additional energy source is required.
One of the promising source is the shock interaction happens
between the common envelop ejecta and surrounding CSM
presumably produced by L2 mass loss (Pejcha et al. 2016a,b;
Metzger & Pejcha 2017).
However, the exact mechanism to produce the mass loss

before the merger and resulting CSM profile is still debated.
Here we apply our method to infer the CSM mass for var-
ious assumed ejecta properties. Fig. ?? shows the sample of
bright LRNe L ! 1040 erg s−1, whose luminosity is difficult to
be produced without additional external energy source. We
employ the following various ejecta profiles.

ρSN ∼ MSN

(v∗t)3

(
v
v∗

)−n

(39)

v∗ ∼
√

ESN/MSN (40)
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points denote the velocities obtained by line fitting for absorption (black) and narrow emission (gray) components, respectively. The
former likely represents the shell velocity and the latter does the CSM velocity. The other parameters are fixed to the fiducial values.
Adopted CSM velocity is shown by horizontal gray dash-dotted line. The vertical dashed lines in left and middle panels shows the moment
at which the shock interaction happens. In the middle panel, colored-dashed curves show the RS luminosity.
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except for the third epoch. The estimated CSM mass is MCSM ∼ M⊙.
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happens between the common envelop ejecta and surround-
ing CSM presumably produced by L2 mass loss (???).
However, the exact mechanism to produce the mass loss

before the merger and resulting CSM profile is still debated.
Here we apply our method to infer the CSM mass for var-
ious assumed ejecta properties. Fig. ?? shows the sample of
bright LRNe L ! 1040 erg s−1, whose luminosity is difficult to
be produced without additional external energy source. We
employ the following various ejecta profiles.

ρSN ∼ MSN

(v∗t)3

(
v
v∗

)−n

(39)

v∗ ≃
(

ESN

MSN

)1/2

(40)

3 SUMMARY
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Figure 7. Distribution of required CSM mass for different SN mass
and energy. The initial velocity is fixed to vsh,0 = 9000 km s−1 and
teh radiative efficiency is ε = 0.3. The black dashed line represents
the maximal mass above which significant deceleration of the shell
causes an overluminous RS (Eq. 36).

ρSN ∼ MSN

(v∗t)3

(
v
v∗

)−n

(39)

v∗ ≃
(

ESN

MSN

)1/2

(40)

vSN =
Rsh

t
(41)

ρCSM = Ar−q (42)
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APPENDIX A: メモ
今までやっていたことの何が近似かを理解するために、
Metzger et al. (2014) の Eqs. (17) and (18) から出発するとどうなるか考えた。Moriya et al. (2013b)の Eq. (1)はこれらの式で vFS = vRS = vsh で得られる。これらは質量と運動量の保存則にのみに関係しており、

Msh =

∫ Rsh

vwt

4πR2
shρwdr +MSN(> Rsh/t) (A1)

Mshvsh = vw

∫ Rsh

vwt

4πR2
shρwdr + PSN(> Rsh/t) (A2)

で与えられることがわかる。CSM massの積分の下端と SN　
cumulative distributionの Rsh/tが大きなポイントである。エネルギー保存則も考えたい。そもそもこれまでの研究のモデルが知りたいので、それらを調べる。

APPENDIX B: REFERENCES

B1 Hint

SN 　 shock と CSM 相互作用による自己相似解はChevalier
(1982a); Nadyozhin (1985)で議論されている。光度曲線の計算までは長い歴史があるが、?で line と関連して議論が始まった。Chevalier & Fransson (1994) も必読。
Chatzopoulos et al. (2012)でさまざまな場合の解析モデルがなされている中でCSMモデルも範疇に入っている。Moriya et al.
(2013b) が解析的にモデル化しているけど自己相似解を使っていない。このモデルを使って type IIn を解析しているのが
?Moriya & Maeda (2014)、ここに候補 SNが載っている。?でいろんな光度曲線を議論しているが CSM もその範疇。よい解説か?Takei & Shigeyama (2020)で数値計算モデルが議論されている。
?に変なイベント iPTF13z が載っている。?も SN2014C で

Moriya et al. (2013b)の結果使っている。候補天体 (SN): 2005ip, 2006gy, 2006jd

B2 Theory

理論の論文。
Maeda & Moriya (2022) Analytical model of CSM interact-

ing type Ibn SN:
Takei et al. (2022) CHIPS
Tsuna et al. (2021) CHIPS
Takei & Shigeyama (2020) CHIPS
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3.4 Luminous Red Novae

Luminous red novae are a class of transients whose light
curve is characterized by double peak or first peak and long-
duration plateau with red color. The detection of the or-
bital decay in the observation of prototype LRN V1309 Sco
supports the binary merger or common envelope scenario
(Ivanova et al. 2013). The energy source of LRN is still an
open problem. Recently Matsumoto & Metzger (2022) devel-
oped a semi analytical model whose energy source is the ini-
tially deposited internal energy and hydrogen recombination
energy, which cannot explain very luminosity LRN popula-
tion. They concluded an additional energy source is required.
One of the promising source is the shock interaction happens
between the common envelop ejecta and surrounding CSM
presumably produced by L2 mass loss (Pejcha et al. 2016a,b;
Metzger & Pejcha 2017).
However, the exact mechanism to produce the mass loss

before the merger and resulting CSM profile is still debated.
Here we apply our method to infer the CSM mass for var-
ious assumed ejecta properties. Fig. ?? shows the sample of
bright LRNe L ! 1040 erg s−1, whose luminosity is difficult to
be produced without additional external energy source. We
employ the following various ejecta profiles.

LFS ∼ 4πR2
shρCSM(vsh − vCSM)3 (48)

LRS ∼ 4πR2
shρSN(vSN − vsh)

3 (49)

(50)

4 SUMMARY
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APPENDIX A: メモ
A1 Conservation

基礎方程式の導出を保存則から導出する。特にMetzger et al.
(2014)のEqs. (17) and (18)とMoriya et al. (2013b)のEq. (1)の違いを明らかにしたかった。後者は前者の式で vFS = vRS =
vsh とすることで得られる。まず速度が一定 (各mass shellで vCSM が共通)の CSMについて考える。ある時刻 tでの shellの質量と運動量は

Msh =

∫ Rsh

vCSMt

4πr2ρCSM(r, t)dr +MSN(> Rsh/t) , (A1)

Mshvsh = vCSM

∫ Rsh

vCSMt

4πr2ρCSM(r, t)dr + PSN(> Rsh/t) ,

(A2)

と書ける。ここで
MSN(> V ) =

∫

V

4πρSN(v, t)(vt)
2d(vt) , (A3)

PSN(> V ) =

∫

V

4πρSN(v, t)(vt)
2vd(vt) , (A4)

である。積分値自体は時間によらない (ρSNt
3 ∝ t0)。一方で CSM は膨張しているので一般に半径と時刻で変化する:

ρCSM(r, t). 保存則を時間微分するが、質量の保存に着目すると
Ṁ(τ) = 4πr2ρCSM(r, t)vCSM , (A5)

は距離に依存せず、質量放出が起こった時刻 τ にのみに依存する。ここで t = 0を爆発時刻とし、τ ≡ −t > 0とすると時刻 τに放出された質量の時刻 tでの位置は r = vCSM(t + τ)である
MNRAS 000, 1–14 (2023)
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3.4 Luminous Red Novae

Luminous red novae are a class of transients whose light
curve is characterized by double peak or first peak and long-
duration plateau with red color. The detection of the or-
bital decay in the observation of prototype LRN V1309 Sco
supports the binary merger or common envelope scenario
(Ivanova et al. 2013). The energy source of LRN is still an
open problem. Recently Matsumoto & Metzger (2022) devel-
oped a semi analytical model whose energy source is the ini-
tially deposited internal energy and hydrogen recombination
energy, which cannot explain very luminosity LRN popula-
tion. They concluded an additional energy source is required.
One of the promising source is the shock interaction happens
between the common envelop ejecta and surrounding CSM
presumably produced by L2 mass loss (Pejcha et al. 2016a,b;
Metzger & Pejcha 2017).
However, the exact mechanism to produce the mass loss

before the merger and resulting CSM profile is still debated.
Here we apply our method to infer the CSM mass for var-
ious assumed ejecta properties. Fig. ?? shows the sample of
bright LRNe L ! 1040 erg s−1, whose luminosity is difficult to
be produced without additional external energy source. We
employ the following various ejecta profiles.

LFS ∼ 4πR2
shρCSM(vsh − vCSM)3 (48)

LRS ∼ 4πR2
shρSN(vSN − vsh)

3 (49)

(50)

4 SUMMARY
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APPENDIX A: メモ
A1 Conservation

基礎方程式の導出を保存則から導出する。特にMetzger et al.
(2014)のEqs. (17) and (18)とMoriya et al. (2013b)のEq. (1)の違いを明らかにしたかった。後者は前者の式で vFS = vRS =
vsh とすることで得られる。まず速度が一定 (各mass shellで vCSM が共通)の CSMについて考える。ある時刻 tでの shellの質量と運動量は

Msh =

∫ Rsh

vCSMt

4πr2ρCSM(r, t)dr +MSN(> Rsh/t) , (A1)

Mshvsh = vCSM

∫ Rsh

vCSMt

4πr2ρCSM(r, t)dr + PSN(> Rsh/t) ,

(A2)

と書ける。ここで
MSN(> V ) =

∫

V

4πρSN(v, t)(vt)
2d(vt) , (A3)

PSN(> V ) =

∫

V

4πρSN(v, t)(vt)
2vd(vt) , (A4)

である。積分値自体は時間によらない (ρSNt
3 ∝ t0)。一方で CSM は膨張しているので一般に半径と時刻で変化する:

ρCSM(r, t). 保存則を時間微分するが、質量の保存に着目すると
Ṁ(τ) = 4πr2ρCSM(r, t)vCSM , (A5)

は距離に依存せず、質量放出が起こった時刻 τ にのみに依存する。ここで t = 0を爆発時刻とし、τ ≡ −t > 0とすると時刻 τに放出された質量の時刻 tでの位置は r = vCSM(t + τ)である
MNRAS 000, 1–14 (2023)
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Figure 8. The same as Fig. 3 but for heating by accre-
tion onto a central compact object, following Eq. (66). Each
shaded region corresponds to the parameter space of plateau
duration and luminosity for di↵erent values of the post-break
index ↵fb. Shaded regions are overlaid such that the curves
for larger ↵fb cover part of the smaller ↵fb curves. All values
of ↵fb are bounded at the bottom by the constant-heating
case. The region for ↵fb = 2 essentially follows the magnetar
heating case (see Fig. 7). Black solid and dashed contours
denote cases of fixed fallback timescale and total accretion
energy for ↵fb = 5/3. A red thick curve shows the case of a
constant heating rate (see Fig. 3), which bounds the high-tpl
edge of the parameter space (see also Fig. 3).

Figure 9. A schematic diagram of the envisioned scenario
for shock interaction between the supernova ejecta and an
equatorial CSM disk. Radiation released by the ejecta-CSM
shocks in the equatorial regions provide a source of internal
(sub-photospheric) heating for bulk of the faster, e↵ectively
freely-expanding ejecta at higher latitudes.

Vlasis et al. 2016; McDowell et al. 2018; Kurfürst &
Krtička 2019; Suzuki et al. 2019; Kurfürst et al. 2020;
Nagao et al. 2020), a geometry which is supported by
some observations of type IIn or otherwise peculiar SNe

(Chugai & Danziger 1994; Leonard et al. 2000; Andrews
et al. 2017; Andrews & Smith 2018; Andrews et al. 2019;
Bilinski et al. 2020, 2023). Indeed, the most luminous
SLSNe-II show no early-time evidence for narrow lines
(e.g., Gezari et al. 2009; Miller et al. 2009), supporting
a configuration in which the CSM shock is initially em-
bedded behind the photosphere. Additionally, a fraction
of SLSNe-II show no narrow lines during photospheric
phase (Inserra et al. 2018; Kangas et al. 2022).
Fig. 9 provides a schematic depiction of the envisioned

shock interaction. The supernova ejecta collides with a
CSM disk starting at its inner edge, forming forward and
reverse shocks, sandwiched between a swept-up shell of
shocked gas, which expands outwards in time. Since the
portion of the supernova ejecta directed along the po-
lar region expands relatively freely without encountering
significant mass, it can envelope the slower-expanding
shocked region (e.g., Metzger 2010; Andrews & Smith
2018). Radiation generated at the equatorial shock thus
di↵uses vertically into the ejecta, serving as an e↵ective
internal heating source for a (one-dimensional) super-
nova light curve model (e.g., Metzger & Pejcha 2017).
We assume that the shocked CSM expands only into the
radial direction, retaining its initial solid angle. We also
neglect the finite time required for radiation to di↵use
radially out of the disk and into the surrounding super-
nova ejecta; our model thus provides a maximal heating
luminosity and hence a conservative upper limit on the
corresponding heating-extended plateau duration.
We adopt a radial density profile for the equatorial

disk corresponding to that of a steady-wind,

⇢CSM =
Ṁ

4⇡f⌦vCSMr2
, (68)

where f⌦ < 1 is the fraction of total solid angle sub-
tended by the disk, vCSM is the CSM radial velocity,
and Ṁ is the wind mass-loss rate. We estimate the ef-
fective heating rate due to CSM shock interaction as
follows (a more detailed description of the shock evo-
lution, for a generic density profile index, is given in
Appendix B). The time evolution of the shocked region
can be described by mass and momentum conservation
(e.g., Metzger & Pejcha 2017). We assume su�ciently
dense CSM that both forward and reverse shocks are
radiative. Since the radial width of the shocked region
is small in this case, we characterize the shell of shocked
gas by a representative radius Rsh and velocity vsh.
Initially, the shock expands outwards at a roughly con-

stant speed close to that of the supernova ejecta, the
swept-up mass growing as Msh ' Ṁvt/vCSM. Once Msh

becomes comparable to the shocked ejecta mass, f⌦M ,
the shell of shocked gas starts to appreciably decelerate,
on a characteristic timescale

tdec '
f⌦MvCSM

Ṁv
' 610 day

f⌦,�1M10vCSM,100

v6000Ṁ
�1
�2

, (69)
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Figure 10. The same as Fig. 5 but for energy injection due

to shock interaction between the SN ejecta and a disk-like

CSM. For the CSM velocity and solid angle covering fraction,

we adopt vCSM = 100 km s�1 and f⌦ = 0.1, respectively. In

the middle panel, dashed curves show the shock radius in

units of the ejecta radius, Rsh/R. Once the photosphere

shrinks such that Rsh < R (intersection of solid and dashed

curves), the shock can no longer supply a source of internal

heating to the ejecta.

but at a value insu�cient to extend the plateau dura-
tion. Furthermore, the freely-coasting shocked region
emerges from the shrinking photosphere, violating the
condition (77).
The above description of the optimal mass loss rate

is supported by Fig. 11, which shows key timescales
as a function of Ṁ . For Ṁ & 0.1M� yr�1, the shock
luminosity during the recombination phase decreasing
with increasing Ṁ . In particular, after the deceleration
phase sets in, the shock luminosity at a fixed time de-
creases as Lsh / Ṁ

�1/2, resulting in shorter plateau
duration. The small increase in the plateau duration
around Ṁ ⇠ 10� 100M� yr�1 is caused by a small tail
in the light curve tracing the shock luminosity, as can
be seen in Fig. 10. For Ṁ . 0.1M� yr�1, the shock

Figure 11. The same as Fig. 2 but for shock interac-

tion heating for di↵erent values of the CSM density profile.

Dashed diagonal lines denote the deceleration timescale be-

fore which the shock expands freely and the shock luminos-

ity is approximately constant. A dash-dotted line shows the

time at which the shock radius becomes larger than the re-

treating SN photosphere.

does not experience significant deceleration during the
recombination phase, and eventually overtakes the pho-
tosphere. In summary, the optimal mass loss rate for
lengthening the plateau duration corresponds to the con-
dition that the shock deceleration and recombination oc-
cur simultaneously. However, even in the optimal case,
the plateau duration can only be extended by a factor
of two relative to the no-heating case. We show that
this conclusion holds for generic (i.e., non 1/r2) CSM
density profiles in Appendix B.

5. DISCUSSION

Fig. 12 summarizes the parameter space of plateau
properties allowed, for the wide range of central heating
sources considered in this paper, again for fiducial pro-
genitor/explosion properties. The presence of an addi-
tional heating source generally acts to boost the plateau
luminosity and duration above those of the zero-heating
case (the latter of which describes most SNIIP, shown
for comparison as brown crosses). While order of mag-
nitude boosts to the plateau luminosity are in principle
allowed for su�ciently powerful heating rates, the in-
crease of the plateau duration is more tightly bounded,
to within a factor . 3 of the zero-heating case. Further-
more, the attainable plateau duration is capped by the
constant heating source case (thick red curve). The lat-
ter can be given by Eq. (54) and the maximal duration
is estimated using Eq. (47), which can be re-expressed
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with increasing Ṁ . In particular, after the deceleration
phase sets in, the shock luminosity at a fixed time de-
creases as Lsh / Ṁ
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around Ṁ ⇠ 10� 100M� yr�1 is caused by a small tail
in the light curve tracing the shock luminosity, as can
be seen in Fig. 10. For Ṁ . 0.1M� yr�1, the shock
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Figure 12. Allowed space of plateau duration and luminosity for di↵erent heating sources. The colored shaded regions

correspond to an accreting compact object (see Figs. 3, 8), bounded by a solid red curve corresponding to constant heating-rate

case. Gray dashed and colored solid curves denote, respectively, radioactive 56Ni heating and CSM shock interaction (for a range

of di↵erent radial density profiles). The ranges of nickel masses and CSM density normalizations follow those in Figs. 6 and

15, respectively. Brown crosses, magenta circles, orange squares show the parameters for type IIP SNe, IIn SNe, and luminous

red novae (LRNe) (data are taken from Martinez et al. 2022a; Nyholm et al. 2020; Matsumoto & Metzger 2022b). Three stars

represent peculiar events, iPTF14hls (Arcavi et al. 2017; Andrews & Smith 2018), SN 2016aps (Nicholl et al. 2020), and AT

2021lwx (Subrayan et al. 2023; Wiseman et al. 2023). For type IIn, SN 2016aps, and AT 2021lwx, we use peak luminosities and

show durations corresponding to the timescale the light-curve remains within . 1 magnitude of peak.

the H < Hpl,max case), we estimate:

Mmin ' 180M� E
3/5
0,52

✓
Lpl

3⇥ 1042 erg s�1

◆�1/5 ✓
tpl

103 day

◆6/5

,

(76)

in rough agreement with the full calculation. If the
ejecta velocity can be measured observationally, the ex-
plosion energy and hence Mmin can be more robustly
constrained. Along each curve, a small circle denotes
the minimum explosion energy in shock-powered scenar-
ios, E0 & tplLpl/f⌦, which is consistent with generating
the radiated energy.
As expected from the Lpl � tpl trajectories, curves of

Mmin terminate at high energies (e.g., at E0 ' 1052 erg
for Lpl = 1043 erg s�1 and tpl = 300 day), and flatten for

lower energy (e.g., E0 . 1051 erg for Lpl = 1043 erg s�1

and tpl = 1000 day). The former behavior occurs be-
cause the Lpl � tpl trajectory rises with increasing E0,
until it no longer touches the given Lpl. The flatten-
ing at low E0 occurs because at high heating rates
H & Hpl,max, the Lpl� tpl trajectory loses sensitivity to
the initial explosion energy (Eq. 53 for the H > Hpl,max

cases). This flattening occurs once the ejecta experi-
ences significant acceleration, leading to a breakdown of
the relations E0 = 3Mv

2
/20, Ekin,0 = E0 and v =

p
2v0

(Eqs. (7)). Contours of constant ejecta velocity are de-
noted by gray dashed diagonal lines in the bottom panel
of Fig. 13).
As an example, we show the Mmin trajectory for

iPTF14hls (tpl ⇠ 103 days; Lpl ' 3 ⇥ 1042 erg s�1) as
a red dashed line in the bottom panel of Fig. 13 (along
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Figure 13. Trajectories of plateau duration and luminos-

ity for the bounding case of a temporally-constant heating

source (H = const), similar to Fig. 3 but now for a range

of the energies E0 = 1050 erg � 1053 erg and ejecta masses

M = 1 � 103 M� as labeled. The range of heating rate val-

ues H along each trajectory, is set to cover Hmin (Eq. 36) so

that the heating-free solutions are present for each parame-

ter set. Two stars represent iPTF14hls and SN 2016aps, as

in Fig. 12.

Figure 14. Minimal ejecta mass Mmin to produce a given

plateau duration and luminosity for each initial energy E0.

Gray dashed lines shows the corresponding characteristic ve-

locity. Along each curve, a circle denotes the minimal en-

ergy in the context of the shock interacting scenario, E0 &
tplLpl/f⌦. A star represents the location of iPTF14hls with

tpl ' 103 day, Lpl ' 3⇥ 1042 erg s�1, and v ' 4000 km s�1.

mass from 1 to 103 M� in steps of 0.2 dex.5 Consistent
with our results in Sec. 3, the maximal plateau duration
increases for more massive or less energetic ejecta.
Fig. 14 depicts the minimal ejecta mass needed to

produce a given plateau duration. Making use of the
Lpl � tpl trajectory (Eq. 54, for the H < Hmax case),
we obtain the minimal mass for a given initial explosion
energy and measured plateau luminosity:

Mmin ' 150M� E
3/5
0,52

✓
Lpl

3⇥ 1042 erg/s

◆�1/5 ✓
tpl

103 day

◆6/5

,

(79)

in reasonable agreement with the results in Fig. 14. In
particular, Mmin is insensitive to the plateau luminos-
ity. For extremely energetic explosions (e.g., 1053 erg),
the plateau luminosity exceeds & 1043 erg s�1 for M <

103 M� and hence Mmin does not exist (see also Fig. 13).
Along each trajectory, the characteristic velocity in-
creases as E0 does. In particular, if the velocity is
obtained by observations, we can constrain the energy
and hence the minimal mass more robustly. For each
curve, the small circle represents the minimal energy
required in the context of shock interacting scenario,
E0 & tplLpl/f⌦.
As an example, we show the minimal mass trajec-

tory for the observed “plateau” duration of iPTF14hls,
⇠ 103 days and luminosity ' 3 ⇥ 1042 erg s�1 by a red
dashed line in Fig. 14. If the velocity obtained from
Fe line, v ' 4000 km s�1 (Arcavi et al. 2017), repre-
sents the characteristic velocity, the initial energy and
minimal mass are constrained to be E0 ' 1052 erg and
Mmin ' 200M�, respectively. Such a large ejecta mass
> would appear to support a pulsational pair-instability
explanation for the explosions/CSM interaction (e.g.,
Woosley et al. 2007; Woosley 2018; Wang et al. 2022;
Chen et al. 2023). This minimal mass is also estimated
from Eq. (79)

Mmin ' 100M�

✓
Lpl

3⇥ 1042 erg/s

◆� 1
2
✓

v

4000 km/s

◆3 ✓
tpl

103 day

◆3

,

(80)

where we used Eq. (7), Ekin,0 = E0, and v =
p
2v0.

Moriya et al. (2021) constrain the rate of long-lasting
H-rich supernovae observationally, finding ⇠ 40% of
Type IIn have light curves lasting longer than a year,
while the rate of pair-instability supernova is con-
strained to . 0.01 � 0.1% of the total core-collapse su-
pernova rate. The most luminous SLSNe-II show no
early-time evidence for narrow lines (e.g., Gezari et al.
2009; Miller et al. 2009)

5 We have removed those models satisfying E0 = 1050 erg and M &
102.6 ' 400M� because gas pressure dominates over radiation
pressure for these parameters, violating an assumption of our
model (see Eq. (14)).

　　　　　iPTF14hls
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J. Sollerman et al.: Late observations of supernova iPTF14hls

Fig. 7. Left-hand panel: H↵ line profiles from the spectra of iPTF14hls. Right-hand panel: [O i] ��6300, 6364 from the spectra of iPTF14hls. The
black dashed lines mark the position of the 6300 and of the 6364 components, assuming � = 6300 Å at zero velocity.
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H
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Fe II 5169

Fig. 8. H↵, H�, and Fe ii �5169 velocities as measured from the spectra
of iPTF14hls. Left of the vertical dashed line displays measurements
for epochs presented by A17, while the late-time velocities from our
new spectra are displayed to the right of this line. The Fe line velocity
remains constant in time, whereas the Balmer-line velocities continue
to decline slowly.

n = �5/3. Such a decline was already suggested to repro-
duce the emission after the last bump in the bolometric LC by
A17. In Fig. 5 we show that at later epochs this may hold until
about 620 d, when the bolometric LC starts declining faster than
n = �5/3. Alternatively (Fig. 5), the late-time emission between
600 and 900 d could be due to accretion. However, the very
late-time (>1000 d) LC is not consistent with accretion. In fact,

the best-fit PL to the post-950 d bolometric LC has an index of
n = �13.5. The late time LC therefore do not favour the accre-
tion scenario.

6.2. Radioactivity

The radioactive powering scenario – common for SNe II at
late phases – was already ruled out by (for example) A17 and
Woosley (2018). For completeness we mention it here, since the
very late-time LC slope is not so di↵erent from the decay rate of
56Co; the LC slope at 1000–1200 days is 1.4 mag per 100 days
(versus 0.098 mag (100 d)�1 for radioactivity). However, we note
here that the actual mass of radioactive 56Ni that needs to be
ejected in the explosion to power that emission at 900–1200 days
is ⇠140 M�. This could be lowered somewhat by adding 57Co
and 44Ti (e.g. Fransson & Kozma 1993; Sollerman et al. 2002),
but is anyway clearly an unfeasible suggestion, that would also
have made the SN much too bright at peak. This powering mech-
anism can thus be ruled out.

6.3. Magnetar

The magnetar model was not favoured by A17 given the high
model luminosity at early times required to reproduce the late-
time decline. Including di↵usion, Dessart (2018) mediates this
problem and even gets a too dim early-time LC, which could
likely be resolved simply by using a more extended star. The
Dessart (2018) magnetar model for iPTF14hls works well in
terms of reproducing the spectral evolution the first 600 d. In
their model a4pm1, the electron-scattering optical depth scales
like ⌧es / t

�2 and is about 1.3 at 600 d. Therefore, the ejecta are
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Figure 14. Minimal ejecta mass Mmin to produce a given

plateau duration and luminosity for each initial energy E0.

Gray dashed lines shows the corresponding characteristic ve-

locity. Along each curve, a circle denotes the minimal en-

ergy in the context of the shock interacting scenario, E0 &
tplLpl/f⌦. A star represents the location of iPTF14hls with

tpl ' 103 day, Lpl ' 3⇥ 1042 erg s�1, and v ' 4000 km s�1.

mass from 1 to 103 M� in steps of 0.2 dex.5 Consistent
with our results in Sec. 3, the maximal plateau duration
increases for more massive or less energetic ejecta.
Fig. 14 depicts the minimal ejecta mass needed to

produce a given plateau duration. Making use of the
Lpl � tpl trajectory (Eq. 54, for the H < Hmax case),
we obtain the minimal mass for a given initial explosion
energy and measured plateau luminosity:

Mmin ' 150M� E
3/5
0,52

✓
Lpl

3⇥ 1042 erg/s

◆�1/5 ✓
tpl

103 day

◆6/5

,

(79)

in reasonable agreement with the results in Fig. 14. In
particular, Mmin is insensitive to the plateau luminos-
ity. For extremely energetic explosions (e.g., 1053 erg),
the plateau luminosity exceeds & 1043 erg s�1 for M <

103 M� and hence Mmin does not exist (see also Fig. 13).
Along each trajectory, the characteristic velocity in-
creases as E0 does. In particular, if the velocity is
obtained by observations, we can constrain the energy
and hence the minimal mass more robustly. For each
curve, the small circle represents the minimal energy
required in the context of shock interacting scenario,
E0 & tplLpl/f⌦.
As an example, we show the minimal mass trajec-

tory for the observed “plateau” duration of iPTF14hls,
⇠ 103 days and luminosity ' 3 ⇥ 1042 erg s�1 by a red
dashed line in Fig. 14. If the velocity obtained from
Fe line, v ' 4000 km s�1 (Arcavi et al. 2017), repre-
sents the characteristic velocity, the initial energy and
minimal mass are constrained to be E0 ' 1052 erg and
Mmin ' 200M�, respectively. Such a large ejecta mass
> would appear to support a pulsational pair-instability
explanation for the explosions/CSM interaction (e.g.,
Woosley et al. 2007; Woosley 2018; Wang et al. 2022;
Chen et al. 2023). This minimal mass is also estimated
from Eq. (79)

Mmin ' 100M�

✓
Lpl

3⇥ 1042 erg/s

◆� 1
2
✓

v

4000 km/s

◆3 ✓
tpl

103 day

◆3

,

(80)

where we used Eq. (7), Ekin,0 = E0, and v =
p
2v0.

Moriya et al. (2021) constrain the rate of long-lasting
H-rich supernovae observationally, finding ⇠ 40% of
Type IIn have light curves lasting longer than a year,
while the rate of pair-instability supernova is con-
strained to . 0.01 � 0.1% of the total core-collapse su-
pernova rate. The most luminous SLSNe-II show no
early-time evidence for narrow lines (e.g., Gezari et al.
2009; Miller et al. 2009)

5 We have removed those models satisfying E0 = 1050 erg and M &
102.6 ' 400M� because gas pressure dominates over radiation
pressure for these parameters, violating an assumption of our
model (see Eq. (14)).
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mass from 1 to 103 M� in steps of 0.2 dex.5 Consistent
with our results in Sec. 3, the maximal plateau duration
increases for more massive or less energetic ejecta.
Fig. 14 depicts the minimal ejecta mass needed to

produce a given plateau duration. Making use of the
Lpl � tpl trajectory (Eq. 54, for the H < Hmax case),
we obtain the minimal mass for a given initial explosion
energy and measured plateau luminosity:

Mmin ' 150M� E
3/5
0,52
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3⇥ 1042 erg/s

◆�1/5 ✓
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103 day

◆6/5

,

(79)

in reasonable agreement with the results in Fig. 14. In
particular, Mmin is insensitive to the plateau luminos-
ity. For extremely energetic explosions (e.g., 1053 erg),
the plateau luminosity exceeds & 1043 erg s�1 for M <

103 M� and hence Mmin does not exist (see also Fig. 13).
Along each trajectory, the characteristic velocity in-
creases as E0 does. In particular, if the velocity is
obtained by observations, we can constrain the energy
and hence the minimal mass more robustly. For each
curve, the small circle represents the minimal energy
required in the context of shock interacting scenario,
E0 & tplLpl/f⌦.
As an example, we show the minimal mass trajec-

tory for the observed “plateau” duration of iPTF14hls,
⇠ 103 days and luminosity ' 3 ⇥ 1042 erg s�1 by a red
dashed line in Fig. 14. If the velocity obtained from
Fe line, v ' 4000 km s�1 (Arcavi et al. 2017), repre-
sents the characteristic velocity, the initial energy and
minimal mass are constrained to be E0 ' 1052 erg and
Mmin ' 200M�, respectively. Such a large ejecta mass
> would appear to support a pulsational pair-instability
explanation for the explosions/CSM interaction (e.g.,
Woosley et al. 2007; Woosley 2018; Wang et al. 2022;
Chen et al. 2023). This minimal mass is also estimated
from Eq. (79)

Mmin ' 100M�
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3⇥ 1042 erg/s

◆� 1
2
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v

4000 km/s

◆3 ✓
tpl

103 day

◆3

,
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where we used Eq. (7), Ekin,0 = E0, and v =
p
2v0.

Moriya et al. (2021) constrain the rate of long-lasting
H-rich supernovae observationally, finding ⇠ 40% of
Type IIn have light curves lasting longer than a year,
while the rate of pair-instability supernova is con-
strained to . 0.01 � 0.1% of the total core-collapse su-
pernova rate. The most luminous SLSNe-II show no
early-time evidence for narrow lines (e.g., Gezari et al.
2009; Miller et al. 2009)

5 We have removed those models satisfying E0 = 1050 erg and M &
102.6 ' 400M� because gas pressure dominates over radiation
pressure for these parameters, violating an assumption of our
model (see Eq. (14)).

iPTF14hls



Minimal mass for iPTF14hls

J. Sollerman et al.: Late observations of supernova iPTF14hls

Fig. 7. Left-hand panel: H↵ line profiles from the spectra of iPTF14hls. Right-hand panel: [O i] ��6300, 6364 from the spectra of iPTF14hls. The
black dashed lines mark the position of the 6300 and of the 6364 components, assuming � = 6300 Å at zero velocity.
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H
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Fe II 5169

Fig. 8. H↵, H�, and Fe ii �5169 velocities as measured from the spectra
of iPTF14hls. Left of the vertical dashed line displays measurements
for epochs presented by A17, while the late-time velocities from our
new spectra are displayed to the right of this line. The Fe line velocity
remains constant in time, whereas the Balmer-line velocities continue
to decline slowly.

n = �5/3. Such a decline was already suggested to repro-
duce the emission after the last bump in the bolometric LC by
A17. In Fig. 5 we show that at later epochs this may hold until
about 620 d, when the bolometric LC starts declining faster than
n = �5/3. Alternatively (Fig. 5), the late-time emission between
600 and 900 d could be due to accretion. However, the very
late-time (>1000 d) LC is not consistent with accretion. In fact,

the best-fit PL to the post-950 d bolometric LC has an index of
n = �13.5. The late time LC therefore do not favour the accre-
tion scenario.

6.2. Radioactivity

The radioactive powering scenario – common for SNe II at
late phases – was already ruled out by (for example) A17 and
Woosley (2018). For completeness we mention it here, since the
very late-time LC slope is not so di↵erent from the decay rate of
56Co; the LC slope at 1000–1200 days is 1.4 mag per 100 days
(versus 0.098 mag (100 d)�1 for radioactivity). However, we note
here that the actual mass of radioactive 56Ni that needs to be
ejected in the explosion to power that emission at 900–1200 days
is ⇠140 M�. This could be lowered somewhat by adding 57Co
and 44Ti (e.g. Fransson & Kozma 1993; Sollerman et al. 2002),
but is anyway clearly an unfeasible suggestion, that would also
have made the SN much too bright at peak. This powering mech-
anism can thus be ruled out.

6.3. Magnetar

The magnetar model was not favoured by A17 given the high
model luminosity at early times required to reproduce the late-
time decline. Including di↵usion, Dessart (2018) mediates this
problem and even gets a too dim early-time LC, which could
likely be resolved simply by using a more extended star. The
Dessart (2018) magnetar model for iPTF14hls works well in
terms of reproducing the spectral evolution the first 600 d. In
their model a4pm1, the electron-scattering optical depth scales
like ⌧es / t

�2 and is about 1.3 at 600 d. Therefore, the ejecta are
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Minimal mass:
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Figure 15. Minimal ejecta mass Mmin to produce a given

plateau duration and luminosity for each initial energy E0.

For instance, the minimal mass to produce iPTF14hls with

Lpl ⇠ 1042�43 erg s�1 is ' 10, 50, and 200M� for E0 =

1050, 1051, and 1052 erg, respectively. If ejecta energy is

1053 erg, the plateau luminosity always exceeds 1043 erg s�1

(see Fig. 13), incompatible with iPTF14hls.

Luminous red novae are believed to be a transient pro-
duced during the stellar merger or common envelope
events (Ivanova et al. 2013). While dimmer events with
. 1040 erg s�1 could be powered only by H recombina-
tion energy, bright and long events could be radiation
pressure dominated, similar to IIP SNe, and requires
another energy source (Matsumoto & Metzger 2022).
For such events, our limit is applicapable. In Fig. 13,
we show brightest LRNe by orange squares. Given the
typical velocities of ⇠ 103 km s�1, the minimal mass is
⇠ 0.1M�, which is easily supplied by typical stellar
merger???
There are fraction of luminous type II SNe without

showing narrow lines (i.e., the signature of shock inter-
action) (Kangas et al. 2022). Our model can be applied
to these objects...

6. SUMMARY AND CONCLUSIONS
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APPENDIX

A. ANALYTIC ESTIMATES FOR BROKEN POWER-LAW HEATING PROFILE

TM: This section should be revisitted. We now extend our analytic estimates from §2 for a constant heating rate
to the broken power-law heating rate of the form (55).
We first consider cases in which the heating does not impact the ejecta dynamics. For small heating rates such

that tbr < th, the heating can a↵ect the thermal evolution at times t > tbr when the condition of E ⇠ tH(/ t
1�↵) is

satisfied. Since the internal energy decreases as E / t
�1 prior to this time, heating only has a significant impact for

values of the heating-rate power-law index ↵ < 2, after a critical time

th2 = tbr

✓
th

tbr

◆ 2
2�↵

. (A1)

At times t > th2, the internal energy and e↵ective temperature evolve according to,

E ' H0tbr

✓
t

tbr

◆1�↵

, (A2)

Te↵ ' Ti

✓
H0

Hcr

◆1/4 ✓
t

tbr

◆�↵/4

, (A3)

respectively. The recombination time is obtained by equating Te↵ = Ti:

ti = tbr

✓
H0

Hcr

◆1/↵

. (A4)

When ↵ � 2, the evolution is not significantly modified at any time, follow the same evolution as in the no-heating
case H = 0 until recombination starts.
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Figure 14. Minimal ejecta mass Mmin to produce a given

plateau duration and luminosity for each initial energy E0.

Gray dashed lines shows the corresponding characteristic ve-

locity. Along each curve, a circle denotes the minimal en-

ergy in the context of the shock interacting scenario, E0 &
tplLpl/f⌦. A star represents the location of iPTF14hls with

tpl ' 103 day, Lpl ' 3⇥ 1042 erg s�1, and v ' 4000 km s�1.

mass from 1 to 103 M� in steps of 0.2 dex.5 Consistent
with our results in Sec. 3, the maximal plateau duration
increases for more massive or less energetic ejecta.
Fig. 14 depicts the minimal ejecta mass needed to

produce a given plateau duration. Making use of the
Lpl � tpl trajectory (Eq. 54, for the H < Hmax case),
we obtain the minimal mass for a given initial explosion
energy and measured plateau luminosity:

Mmin ' 150M� E
3/5
0,52

✓
Lpl

3⇥ 1042 erg/s

◆�1/5 ✓
tpl

103 day

◆6/5

,

(79)

in reasonable agreement with the results in Fig. 14. In
particular, Mmin is insensitive to the plateau luminos-
ity. For extremely energetic explosions (e.g., 1053 erg),
the plateau luminosity exceeds & 1043 erg s�1 for M <

103 M� and hence Mmin does not exist (see also Fig. 13).
Along each trajectory, the characteristic velocity in-
creases as E0 does. In particular, if the velocity is
obtained by observations, we can constrain the energy
and hence the minimal mass more robustly. For each
curve, the small circle represents the minimal energy
required in the context of shock interacting scenario,
E0 & tplLpl/f⌦.
As an example, we show the minimal mass trajec-

tory for the observed “plateau” duration of iPTF14hls,
⇠ 103 days and luminosity ' 3 ⇥ 1042 erg s�1 by a red
dashed line in Fig. 14. If the velocity obtained from
Fe line, v ' 4000 km s�1 (Arcavi et al. 2017), repre-
sents the characteristic velocity, the initial energy and
minimal mass are constrained to be E0 ' 1052 erg and
Mmin ' 200M�, respectively. Such a large ejecta mass
> would appear to support a pulsational pair-instability
explanation for the explosions/CSM interaction (e.g.,
Woosley et al. 2007; Woosley 2018; Wang et al. 2022;
Chen et al. 2023). This minimal mass is also estimated
from Eq. (79)

Mmin ' 100M�

✓
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◆� 1
2
✓

v

4000 km/s

◆3 ✓
tpl
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,
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where we used Eq. (7), Ekin,0 = E0, and v =
p
2v0.

Moriya et al. (2021) constrain the rate of long-lasting
H-rich supernovae observationally, finding ⇠ 40% of
Type IIn have light curves lasting longer than a year,
while the rate of pair-instability supernova is con-
strained to . 0.01 � 0.1% of the total core-collapse su-
pernova rate. The most luminous SLSNe-II show no
early-time evidence for narrow lines (e.g., Gezari et al.
2009; Miller et al. 2009)

5 We have removed those models satisfying E0 = 1050 erg and M &
102.6 ' 400M� because gas pressure dominates over radiation
pressure for these parameters, violating an assumption of our
model (see Eq. (14)).



• H-rich SNe have plateau phase = Recombination goes on

• Very-long plateau: Massive star or engine-powered explosion

• Extending one-zone (Popov) model for general heating source

• H=const model gives an absolute boundary of attainable plateau duration

• Minimal mass is obtained for given events with (v,L,t)

       => iPTF14hls: Mmin >~ 200Msun

Summary


