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❖Neutron star and equation of  state (EOS) 

• The densest observable object in the universe. For M = 1.4
 , R 10km, average density ~few times nuclear density 

( )
M⊙ ≈
n0 ≈ 2.7 × 1014 g/cm3

Fujimoto+ PRL 2022

• At density  

what is composition?

what is phase state?

≳ 2n0
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❖Connection between neutron star properties and the EOS 

E.g., the one-to-one mapping from EOS to the mass-radius relation, the tidal deformability … 

Ozel+2016
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❖Astrophysical observation for EOS constraining
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❖Astrophysical observation for EOS constraining
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❖From equation of  state to phase state?

• Nucleons?

• Hyperons?

• Quarks?
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❖From equation of  state to phase state?

…“What is less clear is to what extent this progress will allow us to probe aspects associated with the neutron star 
interior, e.g. the state and composition of matter… it is natural to (try to) formulate a seismology strategy”.

“Nevertheless, even if we understand the (effective) 
stiffness of the EoS, a further challenge is the particle 
degree of freedom in cold, dense matter”.

Abbott+2018
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❖Normal modes and Quasi-normal modes

• Basic equations (Newtonian, normal modes)

• Non-rotating star in equilibrium (the background star)

dp
dr

= −
ρM
r2

• perturbation equations

ξ(r, t) = (ξr ̂r + ξhr∇)Ylm(θ, ϕ)eiωt

ℒξ − ρω2ξ = 0

ℒξ = ρ[ − ∇(
Γp
ρ

∇ ⋅ ξ) − ∇(
1
ρ

ξ ⋅ ∇p) + ∇δΦ]

(Euler equation)

δρ = − ∇ ⋅ (ρξ)
In GR, the frequency is a complex, the 
imaginary part represent the damping due 
to gravitational wave radiation.

(Continuity)
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❖Zoo of  modes 

‣f-modes
no nodes, depends on the mean density ∼ Gρ̄ ≈ 2000Hz

‣p-modes

restored by pressure, few kHz, depends on the sound speed  cs = ∂p/∂ρ

‣g-modes
restored by buoyancy,  arise from stable stratification:

‣s-modes
restored by shear force, depends on the shear velocity μ/ρ

‣r-modes
restored by Coriolis force, depends on rotation velocity Ωs

• Density jump at some location, depends on 


• Composition gradient, 

Δρ

∼ N = g (
∂ρ
∂Ye

)p(
dYe

dp
) Brunt-Vaisala frequency



• 13

❖The g-modes reflect the ingredients of  the matter

• Quarks appear in a mixed phase (Gibbs, crossover)?

• Neutron star vs quarks star? (Flores+2017, Fu+2008 PRL)

(Jaikumar+2021, Constantinou+2021) 

• Quarks appear with a sharp 1st phase transition (Maxwell)? (Zhao+2022, MZQ+2024) 

• Superfluid neutrons? (Andersson+2001, Prix+2002) hyperons, muons? (Kantor+2014, Yu+2017,Dommes+2016)
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❖The (discontinuity) g-mode 

Constant-speed-of-sound (CSS) model 

Hadronic EOS: 

NL3ωρ (stiff) and QMF(soft)

MZQ+2024

εt, Δε, c2
s
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❖How can we detect them?

• Different from geoseismology on Earth and helioseismology on Sun, we can’t directly detect the seismic wave of 
NS oscillation and can hardly to resolve the surface emission of NSs.

• GW signals are very faint, only possible for galactic events (like supernova or pulsar glitch) and f-mode.

• We may detect the orbital phase change induced by mode excitation in BNS inspiral.
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❖Stellar response to tidal field

• Oscillation under tidal force

• Decompose into normal modes

• Quasi-equilibrium (static) tide 

aα ∼
eiΩorbt

ω2
α

ωα ≫ mΩorb

• Resonant tide 
ωα ≃ mΩorb aα ∼

eiΩorbt

ω2
α − m2Ω2

orb

• Tidal overlap integral
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❖Stellar response to tidal field

• Oscillation under tidal force

• Decompose into normal modes

• Quasi-equilibrium (static) tide 

aα ∼
eiΩorbt

ω2
α

ωα ≫ mΩorb

• Resonant tide 
ωα ≃ mΩorb aα ∼

eiΩorbt

ω2
α − m2Ω2

orb

• Note: Tide-mode coupling is dominated by f-mode, with Q~0.5

Passamonti+21
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Λ1.4 < 800

❖Quasi-equilibrium (static) tide: observed in GW170817  
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❖Resonant tides

• The resonance is almost instaneous at lower frequency

• The energy transfer from orbit to stellar oscillation is

• Which implies a sudden GW phase change at resonance frequency

Orbit decayResonance

Lai+1994
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❖Signature in gravitational waveform 

2πftc − ϕc −
π
4

+
3
4

(
8πGℳf

c3
)−5/3 + δΨΛ • Before resonance, i.e., f < fa

• After the resonance, i.e., f > fa2πftc − ϕc −
π
4

+
3
4

(
8πGℳf

c3
)−5/3 + δΨΛ−(1 −

f
fa

)δϕa

Ψ( f, ϕc, tc) =

(Flanagan+2007, Yu+2017)
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❖Sensitivity curve with future ground-base detectors 

Fisher Information Matrix

1.4M⊙ − 1.4M⊙@100Mpc

502

SNR = 49

1495

{θi} = {ℳ, q, Λ1, Λ2, dL, tc, ϕc, |δϕa | , fa}
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❖Detectability of  the g-mode

MZQ+2024
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❖Data analysis of  GW170817

MZQ+2024

• H0: model without mode resonance

• H1: model with mode resonance

 No detection of the signal, as BFH1
H0

∈ [0.72,1.11]

• Waveform model: IMRPhenomD_NTidal + resonance
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❖Data analysis of  GW170817

QMF+CSS NL3ωρ+CSS

MZQ+2024
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❖Constraints on EOS

MZQ+2024
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Summary

✓Neutron star seismology, especially the tidal seismology, could serve as a probe for the 

phase state of high density NS cores.


✓A case study of the g-mode resonance in GW170817 data has ruled out the possibility of 

a weak phase transition taking place at low density.

Thank you !


