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ABSTRACT

Context. The nature of coherent radio emission remains challenging even after more than half a century of pulsar discovery. However,
the general consensus asserts that single-pulse observations are essential for probing the magnetospheric dynamics, especially with
the largest single-dish telescope presently available: Five-hundred-meter Aperture Spherical radio Telescope (FAST).
Aims. This paper is aimed at explaining the observed diversity of single pulse circular polarization and constraining the multiplicity
and Lorentz factor of pulsar magnetospheric plasma, with the mode coupling model in the limiting polarization region.
Methods. Assuming that circular polarization only comes from wave mode coupling, we applied a Bayesian analysis to the FAST
observed single pulse circular polarization spectra, including a numerical solution for the wave-mode coupling equations. We also
analyzed the posterior probability distribution functions of the parameters.
Results. Although the model failed to quantitatively fit most circular polarization spectra, the circular polarization of different fre-
quency evolution was successfully reproduced. For the three chosen pulsars, the Bayesian analysis constrained the multiplicity as
approximately 100∼102, along with a Lorentz factor of approximately 100.5∼102.
Conclusions. Pulsar circular polarization could be induced by wave mode coupling. The plasma flow responsible for coherent radio
emission carries only a very small fraction of the pulsar spin-down energy loss.
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1. Introduction

Even after nearly six decades since the discovery of pulsars,
the physics of cosmic coherent radio emission is not fully
understood. This is likely due to the nature of pulsars, par-
ticularly with regard to pulsar surfaces (e.g., Xu et al. 2026).
New hot topics, such as fast radio bursts (Sironi et al. 2021;
Wang et al. 2022) and long-period radio transients (Qu & Zhang
2025; Zhong & Most 2026), could make this puzzling problem
even more complex. Nevertheless, advanced facilities such as
China’s FAST help to resolve these big questions by providing
high-quality pulsar data for probing pulsar magnetospheres. In
these environments, the physical processes have not been fully
clarified and the related parameters have not been determined
with a high level of confidence. The circular polarization behav-
iors of single pulses detected by FAST are the focus of this paper
to aid in our understanding of pulsar electrodynamics.

Linearly polarized radiation predominates in the pulsar mag-
netosphere, as coherent radio emission typically arises from one
of two orthogonal linear polarization modes. Consequently, the
circular polarization component is essential for understanding
the underlying radiation mechanisms.

? Corresponding authors: guoyj@bao.ac.cn,
r.x.xu@pku.edu.cn

The observed circular components is, in fact closely, asso-
ciated with pulsar magnetospheric properties and its generation
mechanism is based on the modeling of emission mechanisms
or wave propagation processes (e.g., Arons & Barnard 1986;
Kazbegi et al. 1991; Lyubarskii & Petrova 1998; Melrose & Luo
2004; Benáček et al. 2026). Observational studies have already
reported a great diversity among the circular polarization phe-
nomenology of pulsar integrated profiles (Han et al. 1998;
You & Han 2006), pulsar single pulses (Karastergiou et al.
2003), and fast radio bursts (Jiang et al. 2024). However, the
comparisons between observations and theories are usually qual-
itative (or just on an order of magnitude), which stands in
the way of an effective elimination of unhelpful models. A
quantitative comparison between pulsar emission models and
observational data would not only help us better understand the
advantages and disadvantages of certain models, but it would
also provide plausible ways of diagnosing pulsar magneto-
spheric plasmas, as some pioneer research has shown (Petrova
2003; Galishnikova et al. 2020). These studies have been carried
out on the basis of integrated profiles and we hope to achieve
good-quality diagnostics with single pulses.

In this paper, we use the mode coupling model in the
limiting polarization region of pulsar magnetosphere to fit the
longitude-resolved circular polarization spectra of single pulses
observed by FAST. The role of the limiting polarization effect
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has been highlighted in studies of radio pulsar polarization
patterns (Cheng & Ruderman 1979; Lyubarskii & Petrova
1998; Wang et al. 2010; Andrianov & Beskin 2010;
Beskin & Philippov 2012). Certainly, the wave modes in
strongly magnetized plasma are highly linear polarized (e.g.,
Arons & Barnard 1986). However, in the limiting polarization
region of a magnetosphere, the inhomogeneity of the ambient
plasma is strong enough to make the wave modes couple
with each other during propagation. When the magnetic field
orientation changes along the ray trajectory, the original linear
polarization of one single wave mode fails to catch up with the
magnetic field, which results in the emergence of another wave
mode and finally induces a circular polarization component in
the outgoing wave.

The paper is structured as follows. In Section 2, we describe
the wave mode coupling model in the limiting-polarization
region of the pulsar magnetosphere. We clarify the physical
quantities and the assumptions of the model. Section 3 contains
the information of the FAST data we use and how we process
the data. In Section 4, we introduce our settings for the com-
putational methods, including Bayesian analysis and numerical
integration. Section 5 gives the results of Bayesian analysis.
Section 6 presents a discussion of the results, including the
implications for magnetospheric dynamics and particle acceler-
ations. Section 7 concludes our findings.

2. The wave mode coupling model

The polarization transfer equations of waves propagating in
astrophysical plasmas have been studied extensively (e.g.,
Sazonov 1969; Jones & O’Dell 1977). The wave-mode coupling
in an inhomogeneous plasma, as an example, was first studied
for the Earth ionosphere (e.g., Budden 1952) and later applied to
investigations of astrophysical phenomena (e.g., Zheleznyakov
1996). Budden (1952) used the parameter ψ to describe how
large the coupling is

ψ =
i

R2
O − 1

dRO

dh
, (1)

where RO = EO,y/EO,x describe the polarization of the ordinary
(O) mode and h is a coordinate along the ray trajectory. A critical
value of ψ is k|nO−nE|/2, where k is the wave number, while nO,E
represents the refraction indices of the O mode and extraordinary
(E) mode. When ψ increases, coupling becomes significant. In
the case of pulsar magnetosphere, ψ is on the order of 1/r, where
r is the distance from neutron star centroid. So the criterion for
mode coupling could be converted to
ω

c
|nO − nE|r ∼ 1. (2)

Equation (2) defines a limiting polarization radius, rpl, which has
been discussed in detail by Barnard (1986).

For the mode coupling equations, we used the formu-
lae established by Lyubarskii & Petrova (1998) (i.e., Budden-
Zheleznyakov approach in Beskin & Philippov 2012), expressed
as

dax

dz
= −iR[(bx + qy)2ax + (bx + qy)(by − qx)ay],

day
dz

= −iR[(bx + qy)(by − qx)ax + (by − qx)2ay],
(3)

where the parameter R contains the plasma parameters via

R =
ω2

p

2ωcγ3(1 − βz)2 =
4πκnGJ(z)e2/me

ωcγ3(1 − (Ω × r)z/c − vbbz/c)2 · (4)

Table 1. Physical quantities in Eqs. (3)–(8).

Quantity Meaning

a complex electric vector
b direction vector of magnetic field
q b × (Ω × r)/c
Ω angular velocity of pulsar rotation
ω angular frequency of the propagating wave
γ Lorentz factor of e±
vb e± velocity component along magnetic field lines
nGJ |ρGJ/e|, Goldreich-Julian plasma number density

(Goldreich & Julian 1969)
κ multiplicity
me electron mass
c vacuum speed of light
µ magnetic dipole moment of the pulsar
α inclination angle
ζ angle between Ω and k
δ angle between µ and k
z0 starting point of integration
z1 ending point of integration

In Eqs. (3) and (4), the z axis is chosen to be along the ray
trajectory. The meanings of physical quantities are presented in
Table 1.

The derivation of Eq. (3) could be found in
Lyubarskii & Petrova (1998) and Petrova & Lyubarskii (2000).
This form of coupling equations are valid under the following
assumptions:
1. Highly relativistic plasma: γ2 � 1;
2. High frequency waves: Rc/ω � 1 (similar discussions are

made in Beskin et al. 1988);
3. The plasma is cold, with single Lorentz factor;
4. The plasma is strictly frozen on the magnetic field and the

velocity can be written as v = vbb + Ω × r;
5. Refraction is neglected in the limiting polarization region

(nO,E ∼ 1).
In Lyubarskii & Petrova (1998), b and q could be derived in a
simple form under two extra assumptions for the magnetic field
and geometrical parameters:
1. δ � ζ;
2. The region of interest (limiting polarization region) is far

enough from the neutron star surface, and rotation dominates
the change of magnetic field along the ray trajectory.

Following Lyubarskii & Petrova (1998), we set the x axis along
the initial b − (b · k/k)k, in other words, we set the initial by =

0. The initial b is (δ/2, 0, 1 − δ2/8), the orientation of rotation
axis is Ω̂ = (sin ζ sin θ, sin ζ cos θ, cos ζ), and the orientation of
magnetic dipole is µ̂ = (− sin δ, 0, cos δ). The angle θ satisfies
Ω̂ · µ̂ = cosα. Then the rotation matrices are introduced as

Mz(θ) =

cos θ − sin θ
sin θ cos θ

1

 Mx(ζ) =

1 cos ζ − sin ζ
sin ζ cos ζ

 .
(5)

Next, we have the evolution of b viabx
by
bz

 =M−1
z (θ)M−1

x (ζ)Mz(Ωt)Mx(ζ)Mz(θ)

 δ/2
0

1 − δ2/8

 , (6)
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where t = Ω(z − z0)/c. Expanding the expressions to the lowest
order of Ωt, the components of b and q used in Eqs. (3) and (4)
can then be written (for the case of α > ζ) as

bx(z) =
δ

2
−Ω

z − z0

c
sin ζ

√
δ2 − (α − ζ)2

δ
sign((Ω × µ) · k),

by(z) = −Ω
z − z0

c
sin ζ

α − ζ

δ
,

bz(z) =

√
1 − b2

x − b2
y,

(7)
qx(z) =

Ωz
c

sin ζ
α − ζ

δ
,

qy(z) = −
Ωz
c

sin ζ

√
δ2 − (α − ζ)2

δ
sign((Ω × µ) · k),

qz(z) = 0.

(8)

Given the geometry parameters (α, ζ, δ), plasma parameters
(κ, γ), rotation parameters (Ω, Ω̇), and integration limits (z0, z1),
we can calculate ax,y at a frequency of ν = ω/2π. Thus, we can
calculate Stokes parameters (I,Q,U,V), which can then be com-
pared with the observational data.

3. Data reduction

Among the parameters noted in the previous paragraph, (Ω, Ω̇)
can be determined once we have access to data from pulsars that
are well timed. A number of other parameters could be deter-
mined by comparing the observed polarization with modeled
polarization. Since mode coupling makes the polarization posi-
tion angle (PA) deviate from the rotating vector model (RVM,
Radhakrishnan & Cooke 1969), while producing circular polar-
ization (e.g., Petrova 2003; Beskin & Philippov 2012), a full fit-
ting should include both PA and V .

To reduce parameters, we divided the fitting procedure into
two steps. First, we derived the geometry parameters (α, ζ, δ)
from the RVM fitting of integrated pulse profiles. Second, we
fixed the geometry parameters and derived the plasma parame-
ters by fitting the circular polarization. In this work, we chose
data samples from pulsars whose PA curves were well described
by the RVM and we used their single pulses for study. We note
that the propagation process occurs in one single pulse and circu-
larly polarized signals with opposite handedness undergo mutual
cancellation when translating them into averaged profiles.

Employing the catalog in Wang et al. (2023), we chose three
pulsars that have FAST released data1: B0301+19, J0631+1036,
and B0656+14 (monogem). Their basic parameters are listed in
Table A.1, and their locations on the P−Ṗ diagram are shown
in Figure A.1 in Appendix A. The data processing (includ-
ing folding, RFI mitigation, saturation mitigation, calibration,
and timing) was performed with the software packages dspsr
(van Straten & Bailes 2011), psrchive (Hotan et al. 2004), and
tempo2 (Hobbs et al. 2006). We follow the PSR/IEEE conven-
tion for the definition of Stokes parameters (van Straten et al.
2010). We used a Bayesian method to fit for the rotation measure
(RM) of Faraday rotation (Luo et al. 2020) from the calibrated
data. For the linear polarization intensity, L, total polarization
intensity, P, and ellipticity angles, we corrected their biases
using the formulae in Cao et al. (2025). The RVM fitting results

1 Their further information could be found on https://fast.bao.
ac.cn/observation_log/search

are also included in Table A.1 and the fitting details are given in
Appendix A.

To improve the signal-to-noise ratio (S/N), we merged the
4096 (or 1024) frequency channels of the data into eight sub-

bands. We calculated V/P and σV/P =

√
P2σ2

V + V2σ2
P/P

2 for
the fitting. The pulses used in our study were chosen to sat-
isfy that the minimum σV/P in the pulse profile is smaller than
0.2. The number of pulses chosen for three pulsars are given in
Table A.1. For each pulse, we chose three pulse longitudes φ1,2,3,
where σV/Ps are smallest, to get their V/P−ν spectra. Finally, we
had 3 × 8 = 24 data points per pulse for the fitting procedure.

4. Computational settings

If we denote the mode coupling model asM, parameters as Θ,
and data as D, then we can use the Bayes theorem to compute
the posterior probability distribution function (PDF) via

P(M,Θ|D) ∝ P(M,Θ)P(D|M,Θ), (9)

where P(M,Θ) is the priorior PDF and P(D|M,Θ) is the likeli-
hood function. The likelihood function could be written as

P(D|M,Θ) ∝ exp

−1
2

Σφ,ν
[(V/P)D(φ, ν) − (V/P)M,Θ(φ, ν)]2

σ2
V/P(φ, ν)

 .
(10)

Our P(D|M,Θ) contains the numerical solution of
Eq. (3), where we used package odes (Malengier et al.
2018) for solving. We used the python package emcee
(Foreman-Mackey et al. 2013) (version: 3.1.6) for Markov chain
Monte Carlo (MCMC) computations.

We set five parameters in one fitting: κ, γ/κ1/3, and z0,(1,2,3)
for three chosen longitudes. Since the three chosen longitudes
tend to be close to each other, we set κ and γ same for them
(i.e., independently of longitudes). We did not use γ directly as
parameter because, in practice, we find that κ and γ are some-
times highly correlated. The priorior PDFs of the five parame-
ters are chosen to be lg(κ) ∼ U(0, 7), lg(γ) ∼ U(0.5, 3), and
lg(z0,(1,2,3)/RNS) ∼ U(1, 3), where lg is the base-10 logarithmic
function andU(a, b) denotes a uniform distribution in the range
(a, b). In addition, RNS is the neutron star radius and we set RNS
to 10 km. The details of our settings in solving the Bayesian anal-
ysis and Eq. (3) are given below.

4.1. The priorior PDFs

The choice of the priorior PDFs’ ranges firstly satisfies γ2 � 1
and κ ≥ 1. We set wide ranges for γ and κ to explore the param-
eter space. Since the validity of Eq. (3) requires high frequency
waves, we put an extra constraint on the priorior PDFs via

R(κ, γ, z0)c/ωmin < 0.1, (11)

where ωmin = 2π · 1000 MHz. We set 128 Markov chains for
running the algorithm. To generate the required priorior PDFs,
we used random of numpy to generate random values within the
ranges we set. If the generated random values satisfy Eq. (11),
they are sampled.

4.2. From the pulse longitude φ to δ

With φ0 obtained from the RVM fitting, the angle between
wave vector and magnetic axis, δ, could be derived for each
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longitude, φ,

cos δ = k̂ · µ̂ = sinα sin ζ cos(φ − φ0) + cosα cos ζ. (12)

4.3. Considering z0 and z1

In Petrova (2003), there were two additional assumptions
employed when solving the mode coupling equation: The initial
values were set at z ∼ 0, or z � zp. Furthermore, the final states
refer to z → +∞. In practice, we have found that the solution of
Eq. (3) is sensitive to z0; therefore, we set z0 as a parameter to
be fitted for each pulse longitude, while z1 is the altitude where
the magnetic field is too weak to sustain the fourth assumption in
Eq. (3) and could be estimated with the following equation (e.g.,
Petrova 2001):

γω(1 − vb(z1)bz(z1)/c) = 0.1 ·
eB(z1)

mec
= 0.1 ·

eBsurfR3
NS

z3
1mec

, (13)

where Bsurf is the surface magnetic field strength, which could be
derived from P and Ṗ by assuming that magnetic dipole radiation
dominates the pulsar spin-down (e.g., Lorimer & Kramer 2012).
Before running MCMC, we calculated z1 using Eq. (13), of all
(κ, γ/κ1/3, z0, φ) in the posterior PDFs. We chose the smallest z1
(shown in Table A.1) as the ending point of all integrations dur-
ing MCMC. Since z1 actually depends on the pulse longitude, φ,
we only give an approximate value in Table A.1.

4.4. Initial polarization state at z0

The polarization state at z0 refers to the pure linear polarization
as a decoupled solution (Eq. 3.3 in Lyubarskii & Petrova 1998)
of Eq. (3). We chose the initial polarization to be O mode and
expressed as

ax(z0)
ay(z0)

=
bx(z0) + qy(z0)
by(z0) − qx(z0)

· (14)

In practice, we fixed ax(z0) = 1.

4.5. emcee settings

We used the EnsembleSampler function of emcee for our com-
putation. To achieve a quicker convergence, the update strategy
of the coordinates of walkers are set to be a mixture of different
moves: 60% of StretchMove (Foreman-Mackey et al. 2013),
20% of differential evolution Move (DEMove, Nelson et al.
2014), and 20% of snoocker move using differential evolution
(DESnoockerMove, ter Braak & Vrugt 2008). Details on these
moves can be found in the emcee documentation2. After some
tests on the data, we finally set 10 000 steps for running and we
omitted the first 6000 steps as burn-in steps, applicable to all
pulses.

5. Results

Before applying the algorithm to real data, we performed a set of
tests on simulated data. More details are given in Appendix B.

We applied the algorithm to pulses from the three chosen
pulsars. For each pulse, we were able to obtain the maximum-
likelihood parameters, Θm, according to the resulting posterior
PDF of Bayesian analysis. The results could be divided into two

2 https://emcee.readthedocs.io/en/stable

parts: the theoretical curve with a Θm versus data curve and the
posterior PDF of parameters.

Let us first look at the pulses relatively well-described with
the mode coupling model. An example (#751 of B0301+19) is
shown in Figure 1, and more examples are shown in Figure C.2.
The mode coupling model could reproduce the diversity of cir-
cular polarization spectra: the circular polarization could be left-
handedness (#683 of B0301+19) or right-handedness (#751 of
B0301+19) across the frequency band, be approaching 80%
(#751 of B0301+19) or be close to zero (#35 of J0631+1036),
and change its handedness when frequency changes (#1299 of
B0301+19). The V/P versus ν curves could also be significantly
different between neighbor phases (#1299 of B0301+19), under
fixed κ and γ.

A badly fitted pulsation (#2164 of B0301+19) is also shown
in Figure 1 (more in Figure C.2). In those V/P−ν curves, V/P
varies vastly with frequency, but the mode coupling model
only reproduces a part of them (e.g., the second plot of #2164
of B0301+19), or even totally fails to reproduce (#1235 of
B0301+19). It is worth noting that the chosen phases in these
two pulses exhibit PA jumps, which may indicate a more
complex mode mixing than pure-mode coupling described by
Eq. (3). We discuss this further in Section 6.

Three examples of posterior PDFs are presented in Fig-
ures 2 and C.1. The shapes of the posterior PDFs vary manifestly
among different pulses: some are strongly multipeaked (e.g.,
#683 of B0301+19), while some have much simpler shapes that
are closer to single-peaked (e.g., #751 and #2164 of B0301+19).
This is also reflected in the posterior PDFs of simulated data:
in Figure B.1 of Appendix B, we see that z3 is more tightly
constrained than z1 and z2. We used a clustering algorithm with
hdbscan3 package to pick out three peaks in the posterior PDF
of #683 of B0301+19, and to compare the modeling V/P−ν
with the data points. The results are shown in Figure C.1 of
Appendix C, indicating that different groups of parameters could
lead to similar circular polarization spectra.

To evaluate the goodness of fitting, we calculated the reduced
chi-square χ2

r of every pulse,

χ2
r =

1
24 − 5

Σφ,ν
[(V/P)D(φ, ν) − (V/P)M,Θm (φ, ν)]2

σ2
V/P(φ, ν)

· (15)

An evident conclusion could be drawn from the χ2
r distribu-

tion (Figure 3): the mode coupling model is not accurate enough
to quantitatively explain the circular polarization of most chosen
pulses, with lg χ2

r significantly deviating from 0.
To explore whether the properties of the V/P−ν curve affect

the goodness of parameter constraint, first we drew a corre-
lations between the standard deviations, σP,Θ, of the posterior
PDFs of five parameters and the largest absolute V/P values
(|V/P|max). For each pulse, we also calculated the standard devi-
ations of V/P values on each longitude and obtained the largest
one σ(V/P)max out of three longitudes. The correlations between
σP,Θ and σ(V/P)max are also plotted. The results for B0301+19
are shown in Figure 4. A larger circular polarization fraction
or a higher varying circular polarization spectrum tend to con-
strain the parameters more tightly. We quantified the monotonic
dependence between |V/P|max (and σ(V/P)max) and σP,Θ using
the Spearman rank correlation coefficient, ρ. To account for the
nonuniform sampling in A, we assessed the statistical signifi-
cance via a permutation test, in which the σP,Θ values are ran-
domly shuffled while keeping |V/P|max (and σ(V/P)max) fixed.

3 https://hdbscan.readthedocs.io/en/latest/
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Fig. 1. Two pulses (6 V/P−ν curves) with fitting results. The pulsar name and the pulse number after # are marked in every figure. For every
subfigure, the left panels are polarization profiles of single pulses, and the right plots are V/P−ν curves of three chosen pulse longitudes (blue dots
with errorbars: observation data points; orange dots: modeling points with maximum-likelihood parameters). The maximum-likelihood parameters,
and the χ2

r s for fitting the three phases are marked out in the right plots. In the Intensity panel: Black line shows the total intensity (I); red dashed
line shows the linear polarization intensity (L =

√
Q2 + U2); blue line shows the circular polarization intensity (V). In addition, I, L, and V

are normalized by the maximum total intensity of the respective profiles. The horizontal axis is the pulse phase (0 to 1 in a period). Red dots
in the P/I panel with errorbars are the polarization degrees. Green dots in the ψ panel with errorbars are the polarization position angles (PA,
ψ = 0.5 arctan(U/Q)). Magenta dots in the χ panel with errorbars show the ellipticity angel (EA, χ = 0.5 arcsin(V/

√
Q2 + U2 + V2)).

We used a p-value to describe the probability of achieving a more
negative ρ in the permutation test. The p-value p is computed as
(k + 1)/(Nperm + 1), where k is the number of permuted samples
yielding a correlation coefficient more extreme than the observed
one, and Nperm is the number of times of permutation. The ρ and
p are marked in all panels of Figure 4. The observed correlation
is found to be significantly more negative than expected under
the null hypothesis of no correlation.

The distributions of Θms, separated for three pulsars, are
shown in Figure 3. The fitting results are different for them. The
distribution of κ for J0631+1036 is peaked at the lower limit
100, while the distribution of γ for B0656+14 is even more con-
centrated around the lower limit value 100.5. Regarding what is
shown in Figure 3, the χ2

r distribution of B0656+14 generally
deviates from χ2

r = 100, the model fails to quantitatively describe
the chosen pulses of B0656+14.

6. Discussions

6.1. Diversity of single pulse circular polarization

The highly variable single pulse morphology hints at the varia-
tions among the magnetospheric parameters between pulse and

pulse, as well as the variety of parameters, leading to the diver-
sity of single pulse circular polarization. The V/P change of
both absolute value and handedness could be attributed to the
change of the amplitude ratio and phase lag between ax and ay.
The model fails to quantitatively explain all pulses; this is under-
standable since the model is greatly simplified.

The goodness of the parameter constraint depends on the
V/P−ν curve properties. To understand this phenomenon from
the model side, we calculated the V/P−ν curves with a 20 ×
20 × 20 grids of values for lg κ ∈ (0, 7), lg γ ∈ (0.5, 3), and
lg(z0/RNS ) ∈ (0, 3). Then, for each pair of (lg κ, lg γ), we found
the maximum |V/P| and the maximum σ(V/P), and plotted them:
the result is shown in the right two plots of Figure 4. We can
conclude that larger |V/P|max and larger σ(V/P)max have less of
a parameter degeneracy than the smaller ones. They require the
amplitude ratio and phase lag between ax and ay to simultane-
ously be in an appropriate range.

6.2. The effect of orthogonal modes mixture on V/P–ν curves

As already pointed out in Section 5, the two badly fit-
ted cases in Figures 1 and C.2 are associated with 90◦
PA jumps. The PA jumps indicate the incoherent (or
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B0301+19
#751

B0301+19
#2164

Fig. 2. Posterior PDFs of two pulses in Figure 1. The pulsar names and pulse numbers are marked in each plot. The blue curves are marginal PDFs
of parameters and the grey contours are 2D PDFs of each two parameters. The contour profiles mark the credibility regions of probabilities 50%,
80%, and 94%. The orange stars represent the maximum-likelihood parameters.

(i) (ii) (iii)

Fig. 3. (i) Distributions of maximum-likelihood parameters of MCMC results for three pulsars. The third panels of three plots are distributions
of multiplicity times Lorentz factor (logarithmic). In each lg(γ · κ) distributions: the red vertical line represents the maximum potential drop
in polar cap region times the unit charge, e, divided by electron rest energy mec2; the blue vertical dashed line is the inner gap potential drop
×e/(mec2) given in Ruderman & Sutherland (1975); the green vertical dotted line is the charge starvation zone potential drop ×e/(mec2) given in
Arons & Scharlemann (1979). For details, see Section 6.4. (ii) Common logarithmic values of reduced chi-square distributions for the fittings of
three pulsars, in the form of histograms. For the horizontal axis, The (−1, 4) range is divided into 20 bins. (iii) The correlation between averaged
κγ and radio luminosity L for three pulsars. For details please refer to Section 6.4.

partially coherent) superposition of orthogonal polar-
ization modes (OPMs) (e.g., Cheng & Ruderman 1979;
Karastergiou et al. 2005; Oswald et al. 2023). In our compu-
tation, we assumed that before propagating into the limiting
polarization region, the wave is a pure O-mode. This assumption

may break down at PA-jumping longitudes for two plausible
reasons: (1) the amplitude ratio of OPMs is expected to be
frequency-dependent (Petrova 2001) and (2) the partially
coherent superposition of OPMs itself also induces circular
polarization components (Dyks 2017; Oswald et al. 2023;
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Fig. 4. Left two plots: Correlations between standard deviations of posterior PDFs of five modeling parameters and the maximum circular polar-
ization fractions in pulses (left), or the maximum standard deviations of circular polarization fraction spectra in pulses (right). The Spearman rank
correlation coefficients, ρ, and the p-value of permutation tests are marked in all panels. For details, see the main text. Right two plots: Maximum
|V/P| and the maximum σ(V/P) calculated from the mode coupling model, for pairs of (lg κ, lg γ). The calculation details are given in the text. The
blank regions in the plots are the parameter spaces, where Rc/ω � 1 is violated.

Cao et al. 2025); in addition, the frequency dependence of
V/P could be more complex than what could be fitted by the
simple mode coupling model we adopted in this work. This
qualitatively explains the large χ2

r of the fitting of two pulses in
Figure 1.

6.3. The physical meaning of z0

Here, z0 is the point where mode coupling becomes important.
From this aspect, z0 seems to be the limiting polarization radius
defined by Eq. (2). We note that Eq. (2) is only an order-of-
magnitude estimate and does not allow for an exact determina-
tion of z0. A more detailed modeling of pulsar magnetosphere
may be needed for further discussions of z0.

6.4. Implications of derived plasma parameters on pulsar
theories

The multiplicity κ and Lorentz factor γ values of the three pul-
sars are different. In particular, κ is around 100 to 102 and γ
is around 100.5 to 102. Their κ values are generally in accor-
dance with former simulations and theories of the pair cas-
cade in the pulsar magnetospheres Daugherty & Harding (1982),
Gurevich & Istomin (1985), well below the maximum mul-
tiplicity estimated by former modelings, usually around 105

(Beskin et al. 1993; Timokhin & Harding 2015, 2019). In addi-
tion, Petrova (2003) reported κ ∼ 1−100 for PSR B0329+54,
which is close to our results. While Galishnikova et al. (2020)
gives κ ∼ 103 for PSR J1906+0746. A plausible explanation
for the relatively small multiplicity of some pulsars is that the
radiation we measured escapes through low-density “holes” in

the highly nonuniform plasma distributions created by pair cas-
cades, since the nonuniformity is generally suggested in sim-
ulations (e.g., Timokhin & Arons 2013; Philippov et al. 2020;
Benáček et al. 2024).

The question of why our Bayesian analysis does not give
larger κ and γ values might also be related to the energy supple-
ment to the pair cascade. Overall, κnGJγmec2 could be regarded
as the energy density of the secondary particles and should be
restricted by the acceleration processes above the pulsar polar
cap. Assuming that the maximum acceleration potential drop is
Φ and that the initial particle number density is nGJ, we would
expect to have κnGJγmec2 < eΦnGJ, i.e., κγ < eΦ/mec2. We used
three values of Φ for testing the inequality. The first one is the
potential difference between the magnetic axis and the polar cap
boundary (e.g., Beskin 2018):

ΦPC =
1
2

(ΩRNS/c)2RNSBsurf . (16)

The second one is the inner gap potential drop given by
Ruderman & Sutherland (1975):

ΦRS ≈ 1.6 × 1012
( Bsurf

1012 G

)−1/7 (
2π/Ω

1 s

)−1/7

V. (17)

The third one is the charge starvation zone potential drop given
by Arons & Scharlemann (1979):

ΦRS ≈ 5 × 1012
(

2π/Ω
0.1

)−3/8

V. (18)

The lg(eΦ/mec2) values are plotted in Figure 3. We also com-
pared the power carried by plasma particles, Pe, with the rotating
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energy loss rate, Ė, of pulsars, assuming for the purposes of this
study that Ė is equal to dipole energy loss B2

surfΩ
4R6

NS/6c3 via

Pe

Ė
=
κnGJ(z = RNS)γmec2πR2

PCc

−I∗ΩΩ̇
=

3κγmec4

eBsurfΩ2R3
NS

∼
κγ

ΦPCe/mec2 ,

(19)

where RPC = RNS
√

ΩRNS/c is the polar cap radius and I∗ is
the neutron star moment of inertia. Most derived κγ values are
below those lg(eΦ/mec2) values; therefore, the Pe/Ė ratio is
small. This indicates that acceleration in the inner magneto-
sphere (z . 1000 RNS) is far less efficient than the accelera-
tion taking place in the outer magnetosphere or beyond the light
cylinder.

Since radio emission usually originates from inner magneto-
sphere, we explored the correlation between κγ and radio lumi-
nosity. For each pulsar we chose, the radio luminosity could be
estimated as

L ≈ (S1400/W50)∆νD22π(1−cos πW50) ≈ S1400∆νD2π3W50, (20)

where S1400 is the mean flux density at 1400 MHz and ∆ν =
500 MHz is observation bandwidth, while D is the distance of
pulsar from us and W50 is the full width at half maximum
(FWHM) of the pulse profile in the form of fraction (e.g.,
0.05 = 5% of the period). We obtained S1400 and D from the psr-
cat website4 (Manchester et al. 2005), and set W50 = 0.05. The
correlation between κγ and L is plotted in Figure 3. The verti-
cal errorbar was calculated from the inferred κγ distribution in
Figure 3, while the horizontal errorbar is set as lg 2. There seems
to be a positive correlation between κγ and L. This tendency
is reasonable because radio emission should originate from the
particles we measured, κγ; namely, the inner magnetospheric
plasma particles.

Our algorithm could potentially be applied to more pul-
sars. However, since there might be other various mecha-
nisms contributing to the pulsar circular polarization, more
detailed modeling should be carried out. Finally, we note that
B0656+14 has been observed to have extended high-energy
emission (pulsar wind nebula and pulsar halo, Bîrzan et al. 2016;
Abeysekara et al. 2017). Modeling the radiation spectra of pul-
sar wind nebulae can also constrain the multiplicity (de Jager
2007; Spencer & Mitchell 2025). Therefore, the multiplicity of
B0656+14 may be also derived from high-energy observations
and be compared with the result of this study in the future.

7. Conclusions

We performed a quantitative analysis of the circular polarization
of single pulses observed by FAST, based on wave-mode cou-
pling equations in the magnetospheres of pulsars, put forward
by Lyubarskii & Petrova (1998) in the limiting polarization of a
pulsar magnetosphere. Furthermore, we explored the details of
the model properties. We found that the model could reproduce
the diversity of single pulse circular polarization and could give
some constraint to the plasma parameters, multiplicity, κ, and
Lorentz factor, γ. The goodness of fit and the goodness of con-
straint are all related to the exact shapes of circular polarization
spectra curves. Our derived plasma parameters indicate that the
inner magnetospheric flow power responsible for coherent radio
emission is only a very small fraction of the pulsar spin-down

4 https://www.atnf.csiro.au/research/pulsar/psrcat/

energy loss and the power seems to be positively correlated with
spin-down rate.

Over the past fifty years, various models have been devel-
oped for explaining pulsar radio emission properties. However,
quantitative studies of pulsar radio emission signals are still
insufficient. Now that FAST, MeerKAT, and other facilities are
producing high-quality radio pulsar data, it is now imperative to
test previously established theories with high-quality data to gain
a more comprehensive understanding of pulsar magnetospheres.
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Benáček, J., Timokhin, A., Muñoz, P. A., et al. 2024, A&A, 691, A137
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Appendix A: Information of 3 chosen pulsars, and
RVM fitting

Three selected pulsars are B0301+19, J0631+1036, and
B0656+14 (monogem). Their basic parameters are listed in
Table A.1 and their locations on the P - Ṗ diagram are shown
in Figure A.1.

Table A.1. Parameters of chosen pulsars

Name Period (s) Ṗ (s/s) Nchannel Obs. date (UTC) z1/RNS α(◦) ζ(◦) φ0 Np,chosen

B0301+19 1.39 1.30×10−15 4096 20210912 ∼ 560 52.92 50.23 0.199 679
J0631+1036 0.288 1.05×10−13 1024 20230110 ∼ 1040 177.3 176.9 0.750 85
B0656+14 0.385 5.49×10−14 4096 20230430 ∼ 1090 177.6 176.7 0.769 62

Notes. Nchannel refers to the number of frequency channels. Obs. date
(UTC) indicates the observation data in UTC. α is the magnetic inclina-
tion angle, ζ is the view angle, and φ0 is the phase (0 to 1) of the fiducial
plane where the spin axis, magnetic axis and line-of-sight are coplanar.
Finally, Np,chosen is the number of pulses chosen for the Bayesian analy-
sis.
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Fig. A.1. P - Ṗ diagram. The grey dots are from the psr-
cat (Manchester et al. 2005) website (https://www.atnf.
csiro.au/research/pulsar/psrcat/). The red triangle, blue dot, and
green square mark the three pulsars chosen for our study.

The RVM fitting algorithm is same as that in Cao et al.
(2024) and Cao et al. (2025): for each pair of (α, ζ), we calcu-
late the minimum reduced chi-square (χ2

r ) by varying φ0 and
ψ0. For RVM fitting, We chose PA values from pulse longitudes
where linear polarization L is significant enough: L/σL > 10.
This basic algorithm works relatively well for J0631+1036 and
B0656+14. Their χ2

r distributions along with integrated profiles
are shown in Figure A.2.

When applying the algorithm to B0301+19, we find that
the minimum χ2

r is always larger than 50, even when we
chose only highly linearly polarized pulse bins to produce a
highly linearly polarized profile and use its PA (the method
used in Mitra et al. 2023 and Johnston et al. 2024). The radia-
tive geometry of B0301+19 has been measured in former papers
(Everett & Weisberg 2001; Yuan et al. 2023; Sun et al. 2025),
and their results are not all the same. Although not significant
in our chosen observation, B0301+19 profile has an interpulse,
which is also pointed out in Yuan et al. (2023), Sun et al. (2025).
The interpulse longitudes does not satisfy L/σL > 10. But to

better constrain the geometry, we pick two PA points within the
interpulse range, and add them into the highly linearly polar-
ized (L/I > 0.8 and L/σL > 10) PA curve. We do not use the
algorithm of calculating minimum χ2

r for (α, ζ), but just directly
use least-squares method to fit the PA curve. The α, ζ, and
φ0 are given in Table A.1, and the pulse profile with RVM is
also shown in Figure A.2. The fitting result is close to that in
Blaskiewicz et al. (1991), Yuan et al. (2023).

Appendix B: Bayesian analysis of simulated Data

To test how the model works and how the parameters will be
constrained, we generated some simulated V/P versus ν curves
from the model. We set κ = 450, γ = 4.2, z0,1 = 120RNS,
z0,2 = 115RNS, and z0,3 = 412RNS. We then added Gaussian
noise to the simulated V/P values, with standard deviation σ,
and do Bayesian analysis on them. We set 20 simulated V/P -
ν curves using the parameters of B0301+19, for σ = 0.01 and
σ = 0.03 separately.

The χ2
r s of the fitting of simulated data lie within the range

of (0.4, 1.2). Examples of the fitted curves v.s. simulated curves,
and of posterior PDFs are shown in Figure B.1. The fitting is
generally good, with the fitted curves close to simulated curves.
The posterior PDFs are sometimes multi-peaked, which reflects
the degeneracy of parameters of the model.

The distributions of the maximum-likelihood parameters of
20 simulations are shown in Figure B.2. The mode coupling
model seems to constrain the parameters differently. In the case
of our simulation, the κ and γ are not as well constrained as
z0,(1,2,3).

Appendix C: Comparison of parameters of
multi-peaks in posterior PDFs, and more
examples of fitted pulses

The analysis of three peaks in the posterior PDF of #683 of
B0301+19 is shown in Figure C.1. Four pulses with fitted V/P
curves are shown in Figure C.2.
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(a)

(b) (d)

(c) (e)

Fig. A.2. Integrated pulse profiles and RVM fitting results of the three pulsars. (a)(b)(d) are profiles of B0301+19, J0631+1036, and B0656+14,
and (c)(e) are χ2

r distributions for (α, ζ) pairs of J0631+1036 and B0656+14. The meanings of lines and dots in profiles are same as those in
Figure 1, except for the orange-colored RVM curves of fitted parameters.
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Fig. B.1. Bayesian analysis results of a simulated sample with σ = 0.03 (left) and σ = 0.01 (right). The upper plots: simulated V/Ps (blue dots
with errorbars) v.s. modeled V/Ps (orange dots) with maximum-likelihood parameters. The maximum-likelihood parameters are marked in the
plots. The lower plot: posterior PDFs of five parameters. The meanings of plots are same as those in Figure 2. The red diamonds represent the
parameters set for simulation, and the orange stars represent the maximum-likelihood parameters.
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Fig. B.2. The distributions of maximum-likelihood parameters of 20 simulations, for σ = 0.03 (upper) and σ = 0.01 (lower). The blue vertical
lines mark the reference parameters set for simulations.

Fig. C.1. Left: Posterior PDFs of #683 of B0301+19. The meanings of plots are same as those in Figure 2, except that the red triangle, the green
squares, and the cyan regular hexagon are markers of three 5D peaks chosen by using clustering package hdbscan. The comparison between real
data (with errorbars) and modeled V/P - ν curves (with corresponding parameters marked with the red triangle, the green squares, and the cyan
regular hexagon). The pulse profile is also plotted here, and the meanings of lines and dots are same as those in Figure 1.
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Fig. C.2. Four pulses (12 V/P - ν curves) with fitting results. The meanings of plots are same as those in Figure 1.
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